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TO BARBARA 



PREFACE 


It may be folly to try to write a book on a subject where previous mile¬ 
stones have been set by books of men like Emden, Eddington, and 
Chandrasekhar. But since the writing of the latest of these milestones 
a rapid development has taken place in the theory of stellar structure. 
Under these circumstances I do hope one may not be thought presump¬ 
tuous for attempting to write a book, for temporary use, which aims to 
summarize the present state of our subject and thus to help prepare the 
next developments. 

And still I would have lacked the courage for this undertaking had it 
not been for three collaborators: Dr. Lyman Spitzer, who critically af¬ 
fected the over-all plan of the book and section by section added essential 
improvements; Mr. Richard Harm, who derived most of the numerical ma¬ 
terial and prepared with care the tables and figures; and my wife, who 
smoothed the English, checked understandability and consistency, and 
bolstered the writer^s persistence. For their collaboration I am deeply 
grateful. 

Martin Schwarzschild 

Princeton University Observatory 
November 1957 
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INTRODUCTION 


A little more than a decade ago research on the stellar interior under¬ 
went a profound change. The central cause of this change was the 
introduction of nuclear physics into astronomy. Nuclear physics has 
provided the theory of the stellar interior with the last—but not the 
least—of the fundamental physical processes which determine stellar 
structure and evolution. Thus a new and feu’-reaching development in 
this field of research became possible. 

Simultaneously with this new theoretical development occurred an 
equally far-reaching upsurge in the relevant fields of observational 
astronomy, an upsurge due largely to the introduction of new spectrographic 
and photoelectric techniques. The combination of these developments 
suddenly opened up an unprecedentedly wide front of contact between 
observation and theory in the research field of the stellar interior, in 
striking contrast with the situation twenty-five years ago, when there 
was (wJy one major point of contact, the mass-luminosity relation. 

The rush of this development continues on a broad front. Under such 
circumstances it cannot be hoped that a technical book like this will 
remain up to date for long. Consequently, the purpose of this book can¬ 
not be to give an account of the theory of stellar structure and evolution 
that is even temporarily definitive. Instead, the purpose is to make the 
methods used and the results thus far obtained more easily available to 
all those who may press the next steps in this exciting part of today’s 
astrophysics. 

The eight chapters of this book are divided into three groups. In the 
first three chapters are assembled the fundamentals for a theory of the 
stellar interior, that is the relevant astronomical observations, the basic 
physical laws and processes, and the necessary mathematical techniques. 
The subsequent four chapters give the detailed construction of stellar 
models, starting with the initial main-sequence models, continuing with 
sequences of models for successive evolutionary phases, and ending 
with the final white-dwarf models. The last chapter contains *a summary 
of the results and conclusions that can be drawn from the available 
model sequences and a description of our present tentative picture of 
stellar evolution. 

To make the last chapter more generally useful, an attempt has been 
made to present the material of this chapter in a form understandable 
without the prerequisite of the preceding four more specialized chapters. 

Most readers will not want to read all the sections of this book. A 
physicist, for example, might just glance through Chapter II to see the 
large variety of topics of his discipline that go into the theory of the 
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stellar interior, and then read the last chapter to acquaint himself with 
the present status of this theory. An applied mathematician might just 
go through Chapter III to see what type of mathematical problem the 
stellar interior presents, and what techniques have thus far been em¬ 
ployed. An observational astronomer might choose Chapter I to orient 
himself as to the observational data that may be of direct import to the 
theory of stellar evolution, and then follow this up with the last chapter 
to see the present results. Only an active student of the theory of the 
stellar interior may want to dive into the details of the model construction 
work described in Chapters IV to VII. 

For a one-term graduate course on the topic of this book it might 
possibly be useful to divide up the available time as follows: 50 percent 
for the fundamentals described here in the first three chapters; then 20 
percent for deriving as an example a particular model, such as one of 
those in §15, and even reconstructing such a model in full numerical 
detail; the following 10 percent for running through the evolution of a 
medium-weight star in a cursory manner, following §§16, 23, and 24; and, 
finally, the remaining 20 percent for a study of the white dwarfs, as 
given here in §§26 and 27, and a summary of the present picture of s tellar 
evolution, according to §§28 to 30 (which, however, will soon have to be 
brought up to date by the addition of the latest publications in this field). 

To keep the size of this book within reasonable bounds the topics to 
be covered had to be restricted to those most directly relevant to stellar 
structure and evolution, and several important topics of the general field 
of the stellar interior had to be omitted. The biggest omissions are the 
origin of the stars, structure and evolution of close double stars, physical 
variability such as pulsations, and the origin of the heavier elements. 
Some of these big topics here omitted have an up-to-date presentation in 
recent books. Some others may not be ripe yet for a full book presentation. 

One further topic has been completely omitted from this book, the 
history of the science of the stellar interior. This omission is a conse¬ 
quence of the central aim to present here as concisely as possible the 
present status of the theory of stellar structure and evolution. Thus 
many investigations of the past, however fundamental and necessary at 
their time, are not described here if they have been followed up subse¬ 
quently by a more direct or a more complete approach. 

Consistent with this aim of presenting the present status, not the 
history, of our subject the text has been kept entirely free from any 
references (except in the headings of tables and figures, where references 
are given to the sources of the specific data shown), and all the references 
have been put together in a special section at the end of the book. This 
procedure, it is hoped, will permit the reader to concentrate more easily 
on the present theory. At the same time it entails one grave danger, that 
the reader may subconsciously assume that the author of this book is 
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also the author of the major part of the investigations described. Nothing 
could be more false, not only with regard to the particular author, but 
also with regard to the circumstances under which the recent develop¬ 
ments of our subject have occurred. These recent developments are 
characterized by the circumstance that they have not arisen mainly by 
the work of one man, but rather by the work of a whole group of men with 
a great variety in special ability and character. It is the results of their 
work which this book aims to present, work done sometimes in active 
cooperation, sometimes in gay competition, always pervaded by that 
deep delight that research brings when new fields open up. 



STRUCTURE AND EVOLUTION 


OF THE STARS 



CHAPTER I 

OBSERVATIONAL BASIS 


i. Luminosities and Radii 

If simple perfect laws uniquely rule the universe, should not pure 
thought be capable of uncovering this perfect set of laws without having 
to lean on the crutches of tediously assembled observations? True, the 
laws to be discovered may be perfect, but the human brain is not. Left 
on its own, it is prone to stray, as many past examples sadly prove. In 
fact, we have missed few chances to err until new data freshly gleaned 
from nature set us right again for the next steps. Thus pillars rather 
than crutches are the observations on which we base our theories; and for 
the theory of stellar evolution these pillars must be there before we can 
get far on the right track. 

Only one chapter of this book will be devoted to all the relevant ob¬ 
servations. The limitation is set by the plan of the book, not by the 
scope or value of the observations. This chapter can give but a slight 
hint of all the ingenuity and effort which had to be applied to wring these 
data securely from the near-mute starlight. That story could well fill 
another book. Here we can only summarize it. 

The Hertzsprung^Russell Diagram 

Soon after its first construction the Hertzsprung-Russell diagram was 
recognized as a powerful tool for the study of stellar evolution. This 
diagram represents the stars according to two readily observable charac¬ 
teristics, the visual absolute magnitude and the spectral type or in 

its place the color index S-P. Fig. 1.1 gives the Hertzsprung-Russell 
diagram for nearby stars with well-known distances and hence good ab¬ 
solute magnitudes. In this figure the points near the top represent luminous 
stars and those near the bottom faint ones: the more negative the magni¬ 
tude, the greater the corresponding brightness; see Eq. (1.2). The points 
at the left represent blue stars with high surface temperatures and those 
at the right red stars with low surface temperatures: the more negative 
the color index, the more negative the blue magnitude B as compared 
with the visual magnitude F, that is the greater the brightness in the 
blue relative to that in the yellow. Points in the lower left-hand corner 
represent stars of small size (low luminosity in spite of high surface 
temperature indicates a small surface area), whereas points in the upper 
right-hand corner represent the stars with the biggest diameters. 

We recognize in Fig. 1.1 the main sequence stretching from the upper 
left-hand cOTner to the lower right-hand corner, with its lower part sharply 
defined by the red dwarfs and its upper part occupied by luminous blue 
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Fig. 1.1. Hertzsprung-Russell diagram of nearby 
stars. (H. L. Johnson and W. W. Morgan, Ap,J. 117, 

313, 1953). 

stars sparsely represented in the small volume of the nearby stars. To 
the right and above the main sequence are the red giants, spread over a 
wide area, while in the lower left corner are the white dwarfs. 

How can it help to sort all stars according to two characteristics 
whose only advantage is the practical one of ready observability? In 
their place, should we not consider the characteristics of a star that are 
basic? We may assume—as we shall find right—that all characteristics 
of a star, including those used in the Hertzsprung-Russell diagram, are 
fixed completely by its mass, its initial composition, and its age. As a 
star grows older it will run through the Hertzsprung-Russell diagram on 
an evolutionary track fixed from the outset by its basic characteristics, 
mass and composition. To derive such evolutionary tracks will be a 
major aim of the theory of stellar evolution. 

No easy clue to evolutionary tracks is provided by the Hertzsprung- 
Russell diagram of Fig. 1.1. The random sample represented by the 
nearby stars certainly includes a large range of masses, possibly some 
variety in initial composition, and most likely a great mixture of stellar 
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ages. A great variety of evolutionary tracks therefore is involved in Fig. 

1.1 and their disentanglement seems somewhat hopeless. This complica¬ 
tion we may overcome if we exploit the infinitely neater sampling which 
stellar clusters provide. 

Fig. 1,2 shows the Hertzsprung-Russell diagram for two galactic clusters 
observed with the highest accuracy. A picture quite different from Fig. 

1.1 emerges. In each cluster the stars, with few exceptions, fall sharply 
along one line. (Most of the exceptions can be explained by unresolved 
double stars which give points lying too high in the Hertzsprung-Russell 
diagram by as much as 0.7 magnitudes.) We must conclude that the stars 
of any one cluster differ from one another in only one basic characteris¬ 
tic, and this must be the mass. That initial composition and age should 
be identical for all stars in one cluster hardly seems surprising in view 
of the common origin strongly suggested by the dynamical unity repre¬ 
sented by a cluster. 

While the stars of one cluster lie along one line in the Hertzsprung- 
Russell diagram, the lines of different clusters differ significantly from 
one another. The two examples of Fig, 1,2 are typical. The fainter 
stars in each cluster follow a line approximately parallel to the main se¬ 
quence of the nearby stars, but the brighter stars turn upwards to the right 
from the main sequence and in some clusters—as for example in Praesepe 
—there are a few bright stars far to the right in the red giant region. 
The turnoff of the brighter stars from the main sequence to the right is a 
phenomenon common to all clusters. The spectral type or color index at 
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Fig. 1.2. Hertzsprung-Russell diagram of two typical galactic clus¬ 
ters. At the left the Pleiades (H. L. Johnson and W. W. Morgan, 
ApJ. 117, 313, 1953), at the right Praesepe (H. L. Johnson, Ap.J, 
116, 640, 1952). The fringe of stars just above the main sequence 
may consist of unrecognized binaries. 
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which this turnoff occurs, however, is different from cluster to cluster. 
Fig. 1.2 shows, for example, that the turnoff occurs in the Pleiades at a 
bluer color than in Praesepe. Thus one can arrange all clusters into a 
simple sequence according to the color index at the turnoff. We shall 
later recognize that by arranging the clusters in this sequence we have 
in reality arranged them in order of their age. 

Let us look at two more Hertzsprung-Russell diagrams of galactic 
clusters, at opposite extremes of the age sequence. These extreme 
cases, shown in Fig. 1.3, present objects that are observationally much 
more difficult than the typical clusters shown in Fig. 1.2. Consequently 
the scatter in Fig. 1.3 is still uncomfortably large at present—not large 
enough, however, to obscure the main features seriously. 

The upper graph of Fig. 1.3 represents an extremely young cluster. 
The turnoff occurs at a very blue color. Only the stars of intermediate 
brightness fall along a line approximately parallel to the main sequence. 
The fainter stars show a peculiar behavior not observed in the older 
clusters: they deviate to the right from the main sequence, for reasons 
quite different from those of ordinary red giants, as we shall see in §19. 

On the other extreme, the lower graph of Fig. 1.3 represents a very old 
galactic cluster. The turnoff occurs at a red color index and the brighter 
stars deviate greatly from the main sequence, reaching far into the red 
giant region. 

In contrast to the extended age sequence of galactic clusters, the 
Hertzsprung-Russell diagrams of globular clusters, though different in a 
variety of detail from one another, seem much alike in their main features. 
A typical example is given in Fig. 1.4. Again the faintest stars follow a 
line parallel to, if not identical with, the main sequence. Again the 
brighter stars turn off the main sequence and occupy a complicated line 
through the red giant and supergiant region, as well as a horizontal 
branch which reaches from the bluest colors at the left all the way to the 
red giant branch. We find that the Hertzsprung-Russell diagram of a 
globular cluster (Fig. 1.4) is quite similar to that of an old galactic clus¬ 
ter (lower graph of Fig. 1.3) in a number of main features, and particu¬ 
larly in the reddish color index of the turnoff from the main sequence. 
Nevertheless several major differences exist, especially in the slope and 
extent of the red giant branch. We shall find an explanation of these dif¬ 
ferences in terms of the third basic characteristic of stars, their initial 
composition. 

It will take all of the theory of stellar evolution described in the sub¬ 
sequent chapters, and more, to explain the observed Hertzsprung-Russell 
diagrams of stellar clusters. In §29 we shall give a summary of the re¬ 
sults as they stand now. In the present section we shall restrict our¬ 
selves to just a preparatory step: the transformation of the two observed 
quantities, magnitude and color index, into two quantities, luminosity and 
radius, more appropriate for the theoretical discussion. 
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Fig. 1.3. Hertzsprung-Russell diagram of two extreme galactic clusters. At 
the top the very young NGC 2264 (M. Walker, ApJ,, Supplement No. 23, 1956), 
at the bottom the very old M67 (H. L. Johnson and A. R. Sandage, Ap.J, 121, 
616, 1955). 
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Fig. 1.4. Hertzsprung-Russell diagram of the globular cluster M3. (H. L. 

Johnson and A. R. Sandage, Ap.J, 124, 379, 1956) 

Transformation to Luminosities and Radii 

The first step in this transformation is the conversion of apparent 
magnitudes into absolute magnitudes. For this conversion distances are 
needed. For the nearby stars the distances are known with fair accuracy 
through the direct measurement of trigonometric parallaxes. Thus it is 
possible to draw the Hertzsprung-Russell diagram for the nearby stars di¬ 
rectly in terms of the absolute magnitude, as in Fig. 1.1. Not so for the 
clusters. 

All the stars within a cluster are at practically the same distance. 
Therefore if we plot the Hertzsprung-Russell diagram of an individual 
cluster in terms of the apparent magnitude, as we have done in Figs. 1.2 
to 1.4, we can then see the relative positions of the stars in the diagram 
correctly and can determine unambiguously the slopes and forms of the 
lines occupied by the stars. But we cannot derive the absolute magni¬ 
tude or luminosity of any star in a cluster without determining the clus¬ 
ter’s distance. 

No cluster is close enough to permit an accurate determination of its 
distance through the measurement of its trigonometric parallax. Only for 
one cluster, the Hyades, can the distance be determined securely by the 
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‘^moving cluster method,” that is by the measurement of the apparent 
contraction of the cluster caused by its motion away from us. Are we 
then restricted to the nearby stars and to the Hyades if we want to derive 
absolute magnitudes and luminosities? No, not if we permit ourselves 
one essential assumption. 

Let us consider for this purpose only that segment in the Hertzsprung- 
Russell diagram of each galactic cluster which runs approximately paral¬ 
lel to the main sequence of the nearby stars* Then let us make the as¬ 
sumption that these segments assembled from the various galactic clus¬ 
ters all fall on one line in the Hertzsprung-Russell diagram, that they 
form one unique relation between the absolute magnitude and the color 
index. We shall call this line the ‘‘initial main sequence,” for reasons 
which we will see in Chapter IV. Under this assumption of the existence 
of an initial main sequence common to all galactic clusters we can now 
easily derive the distances of all these clusters on the basis of the dis¬ 
tance for the Hyades. All that is needed is to plot the Hertzsprung- 
Russell diagram for various clusters in terms of apparent magnitudes 
(Figs. 1.2 to 1.4) and—after correcting the colors for interstellar red¬ 
dening by the three-color method—to superimpose them onto each other 
with such vertical shifts as will force the relevant segments into coin¬ 
cidence. For each cluster the vertical shift relative to the Hyades gives 
its distance. Thus we are set to transform the apparent magnitudes of 
all galactic cluster stars into absolute magnitudes. 

To obtain the distance of a globular cluster we have three choices. 
We may assume that in the Hertzsprung-Russell diagram of the globular 
cluster the segment which runs essentially parallel to the main sequence 
coincides with the initial main sequence of the galactic clusters. Or we 
may assume that this segment coincides with the main sequence deter¬ 
mined from the nearby red dwarfs. Or we may assume that the mean ab¬ 
solute magnitude of the short period variables occurring in globular clus¬ 
ters is identical with that of the nearby short-period variables, the dis¬ 
tances of which can be estimated by a statistical investigation of their 
motiohs. None of these choices seems very safe. When applied to the 
typical globular cluster M 3, however, all three methods give results in 
fair agreement with the others, and the absolute magnitudes thus derived 
seem safe enough for our purposes. 

The next necessary step is the transformation of the visual magnitude, 
which refers to the intensity in the limited visual wave length band, to 
the bolometric magnitude, which refers to the total intensity integrated 
over all wave lengths. This is done by applying the bolometric correc¬ 
tion, B.C., 

^bol=^vis + «-C. (1.1) 

The bolometric correction depends on the surface temperature of the star. 
Since the color index also depends on the surface temperature, we can 
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consider the bolometric correction as a function of the color index. This 
relation is given in Table 1 . 1 . We see that at both ends of the table the 
bolometric correction is quite large, reflecting the fact that at very high 
and very low surface temperatures the visual magnitude measures only 
the tail end of the total intensity distribution. At these extremes the 
basic data for the bolometric corrections are still quite uncertain and er¬ 
rors in the bolometric correction of as much as 25 percent are not excluded. 

After the bolometric absolute magnitude is obtained from Eq.(l.l), it 
can be finally transformed into the luminosity of the star, L, which is 
measured in ergs per second. This last step can be done most easily 
by referring to solar data with the help of the equation 



1 

2.5 


(M 


bol, 


.-Wbol) 


( 1 . 2 ) 


erg 

with L 0 = 3.78 X 10"* — and = + 4.63 

sec ® 


Having transformed the ordinate of the Hertzsprung-Russell diagram we 
turn to the abscissa. The color index—or the spectral type, whichever 
is given by the observations on hand—is a function of the surface tem¬ 
perature. More precisely, we shall here use the effective temperature, 
which is defined by the relation 


L = — r/ X 
4 ® 

with log ac 7 T - - 3.148. 


(1.3) 


According to this relation the effective temperature of a star is defined 
as the temperature of a black body which has the same surface brightness 
as the star. Eq,( 1 . 3 ) can also be written in the following form which is 
more convenient for some applications 


, L /? 

log — = 4 log + 2 log — 

eo ® (1.4) 

with r ^ = 5760° and R^= 6.95 x 10^° cm. 

The effective temperature as a function of the color index is given in 
the last column of Table 1 . 1 , according to the best available data. These 
data are still afflicted by appreciable uncertainties and hence the 
values may still require noticeable corrections, particularly at the top 
and the bottom of the table. Nevertheless, for consistency’s sake, we 
shall use throughout this book the values of Table 1.1 as they stand. 

With the help of Table 1.1 and Eqs.(l.l) and ( 1 . 2 ) we can transform 
the Hertzsprung-Russell diagram from the observed quantities and 

B^V to the theoretical quantities L and T^, If in addition we want to de¬ 
rive the radii, this is easily done through Eq.( 1 . 4 ). 
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TABLE 1.1, 

The bolometric correction and the effective temperature as functions of 
the color index, B-V. (Bolometric correction from G. Kuiper, Ap,J, 88, 
429, 1938; effective temperature from P. C. Keenan and W. W. Morgan in 
J. A. Hynek; ed*, Astrophysics, McGraw-Hill, 1951; color from H. L, 
Johnson and W, W. Morgan, Ap,J, 117, 313, 1953, and H, L. Johnson 
and D. L, Harris, III, Ap.J, 120^ 196, 1954.) 


B-V 

B.C. 

log T 

-0.30 

-4.1 

4.65 

-0.25 

-3.0 

4.46 

-0.20 

-2.3 

4.32 

-0.15 

-1.7 

4.21 

-0.10 

-1.25 

4.13 

-0.05 

-0.95 

4.08 

0.00 

-0.72 

4.03 

+ 0.05 

-0.52 

3.99 

+ 0.1 

-0.38 

3.95 

+ 0.2 

-0.20 

3.91 

+ 0.3 

-0.09 

3.87 

+ 0.4 

-0.02 

3.83 

+ 0.5 

0.00 

3.80 

+ 0.6 

-0.03 

3.76 

+ 0.7 

-0.09 

3.73 

+ 0.8 

-0.18 

3.69 

+ 0.9 

-0.29 

3.66 

+ 1.0 

-0.42 

3.63 

+ 1.1 

-0.57 

3.61 

+ 1.2 

-0.74 

3.58 

+ 1.3 

-0.92 

3.56 

+ 1.4 

-1.11 

3.55 

+ 1.5 

-1.3 

3.53 

+ 1.6 

-1.5 

3.52 

+ 1.7 

-1.7 

3.52 

+ 1.8 

-1.9 

3.51 


The Hertzsprung-Russell diagram of the clusters is reproduced in the 
transformed form in Fig. 1.5. Each cluster is here represented not by its 
individual stars but by its mean line. The additional set of parallel 
diagonal lines in Fig. 1.5 refers to various values of the radii in accord¬ 
ance with Eq.(1.4). 

Fig. 1.5 shows at once the key observational phenomena which the the¬ 
ory of stellar evolution has to explain. It shows the initial main se¬ 
quence towards which all the clusters converge. It shows the turnoff 
from the main sequence, at different points for different clusters. And it 
shows the difference in form of the giant branch between the oldest 
galactic cluster and the globular cluster. 

From Fig. 1.5 we may read the relation between L and for the ini¬ 
tial main sequence. These data are given in Table 1,2 (together with 
the corresponding values of the radius and of the related observational 
auantities), ready for comparison with the theoretical results of Chapter IV. 
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Fig. 1.5. Transformed Hertzsprung-Russell diagram for 
clusters. The diagonals represent lines of constant 
radius; the numbers attached to them give log R/R,^ 


TABLE 1.2. 



Initial Main 

Sequence. 

(A. Sandage 

, Ap. J. 

725, 435, 1957, 

\ 

•j 

M . 

VIS 

B-V 

BaC. 

log 

^bol 

log^ 

log^ 

-2.0 

-0.24 

-2.9 

4.43 

-4.9 

+ 3.81 

+ 0.57 

-1.5 

-0.22 

-2.6 

4.38 

-4.1 

+ 3.49 

+ 0.51 

-1.0 

-0.19 

-2.2 

4.30 

-3.2 

+ 3.13 

+ 0.49 

-0.5 

-0.16 

-1.8 

4.23 

-2.3 

+ 2.77 

+ 0.45 

0.0 

-0.14 

-1.61 

4.19 

-1.61 

+ 2.50 

+0.39 

+ 0.5 

-0.11 

-1.34 

4.15 

-0.84 

+ 2.19 

+ 0.32 

+ 1.0 

-0.06 

-1.01 

4.09 

-0.01 

+ 1.86 

+ 0.27 

+ 1.5 

0.00 

-0.72 

4.03 

+ 0.78 

+ 1.54 

+ 0.23 

+ 2.0 

+ 0.08 

-0.44 

3.97 

+ 1.56 

+ 1.23 

+ 0.20 

+ 2.5 

+0.17 

-0.25 

3.92 

+ 2.25 

+ 0.95 

+ 0.16 

+ 3.0 

+ 0.28 

-0.11 

3.88 

+2.89 

+ 0.70 

+ 0.11 

+ 3.5 

+ 0.39 

-0.03 

3.83 

+ 3.47 

+ 0,46 

+ 0.09 

+ 4.0 

+ 0.47 

-0.01 

3.81 

+ 3.99 

+ 0.26 

+ 0.03 

+ 4.5 

+ 0.55 

-0.02 

3.78 

+ 4.48 

+ 0.06 

-0.01 

+ 5.0 

+ 0.63 

-0.05 

3.75 

+ 4.95 

-0.13 

-0.04 

+ 5.5 

+ 0.72 

-0.11 

3.72 

+ 5.39 

-0.30 

-0.07 

+ 6.0 

+ 0.82 

-0.20 

3.68 

+ 5.80 

-0.47 

-0.07 

+ 6.5 

+ 0.93 

-0.33 

3.65 

+6.17 

-0.62 

-0.09 

+ 7.0 

+ 1.04 

-0.48 

3.62 

+ 6.52 

-0.76 

-0.10 

+ 7.5 

+ 1.16 

-0.67 

3.59 

+6.83 

-0.88 

-0.10 
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Subdwarfs and White Dwarfs 

In the lower left-hand section of the Hertzsprung-Russell diagram there 
exist two kinds of stars we still need to discuss, the subdwarfs and the 
white dwarfs. 

Under the term “subdwarf” astronomers tend to include all the stars in 
the Hertzsprung-Russell diagram between the main sequence and the white 
dwarfs. This large area may well encompass two totally different types 
of stars, those closely related to main-sequence stars—stars in their 
youth, as we shall see—and those closely related to white dwarfs— 
stars nearing their death. In this book we shall use the term subdwarf 
only for the first class while we might call the second class incipient 
white dwarfs. The separation of these two distinct classes, though ob¬ 
viously of importance for the theory of stellar evolution, does not yet 
seem possible with any certainty on the basis of the available observa¬ 
tional data. 

If we want to plot the subdwarfs in the Hertzsprung-Russell diagram we 
encounter two practical difficulties. First, accurate trigonometric dis¬ 
tances have been determined thus far for only a few subdwarfs. Second, 
the spectra of subdwarfs are characterized by an unusual weakness of 
most absorption lines. This affects seriously the spectral type estimates 
as well as the color measurements. In consequence a correction is 
needed for the relation between color index and effective temperature if 
this relation is to be applied to the subdwarfs. But so far this correction 
has been determined only in the roughest approximation. 

With these uncertainties well in mind we may make bold to summarize 
the present observations as follows. The subdwarfs—in our restricted 
sense—fall in the Hertzsprung-Russell diagram in a band parallel to the 
main sequence and just below it. They do not seem to fall on a sharp 
line. Their average distance below the main sequence appears to be ap¬ 
proximately one magnitude, that is the luminosity ratio of a subdwarf to 
an ordinary dwarf of equal effective temperature is given approximately by 


log 


L (subdwarf) 
L (dwarf) 


« -0.4. 


(1.5) 


We shall attempt to explain this ratio in §17 in terms of a composition 
difference. 

The present observational data for the white dwarfs present the same 
difficulties as those for the subdwarfs. The number of white dwarfs for 
which trigonometric parallaxes have been measured is still limited; and, 
owing to the strong peculiarities in the white dwarf spectra, the appro¬ 
priate relation between color and effective temperature is still rather un¬ 
certain. We shall have to approach these data therefore with some caution. 

The Hertzsprung-Russell diagram of Fig. 1.6 represents the observa¬ 
tional data for the white dwarfs as they stand at present. In spite of the 
uncertainties we have just mentioned, we may conclude from this figure 
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Fig. 1.6, White dwarfs in the Hertzsprung-Russell diagram 
(D, Harris, III, Ap.J. 124, 665, 1956; only the U-V colors 
were used for the white dwarfs, and the temperature scale 
of Table 1.1 was accordingly transformed with the help of 
the relation of V-V with B-V for main-sequence stars). 

The straight lines are loci of constant radii; they are 
labelled with the values of log 

with fair confideace that the white dwarfs occupy in the Hertzsprung- 
Russell diagram a strip running approximately parallel to the lines of 
constant R and tliat their radii amount to only about one hundredth that 
of the sun. 


2. Masses 

The wealth of data shown in the Hertzsprung-Russell diagram all re¬ 
fers to two stelleiT characteristics, the luminosity and the radius. These 
two characteristics gain their importance from the circumstance that they 
are observable for many stars. Hence they provide a multitude of clues 
and checks for the theory of stellar evolution. But they are not basic 
characteristics in the sense of being determined by the previous history 
of the star. Instead they are determined from moment to moment by the 
equilibrium conditions which we shall discuss in Chapter II. The basic 
characteristics of a star are rather its mass and its composition. The 
first of these basic characteristics is our topic for this section. 
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Only for one star, the sun, do we know the mass with high accuracy: 

Mq=1.9SS X g. 

Among all other stars masses can be determined directly only for certain 
special binaries. Earlier it had been hoped that the relativistic gravita¬ 
tional red shift could be used for the determination of stellar masses, at 
least for the heaviest stars. But unfortunately this hope had to be aban¬ 
doned since the gravitational red shift was found inseparably entangled 
with effects caused by the motions of the atmospheric gases of these 
stars. 

The restriction to binaries for the purpose of determining stellar 
masses raises one worrisome question: will the selected binaries be 
typical for all the stars? The answer appears to be yes if we consider 
only binaries with well-separated components, but no if we include close 
pairs. In a close pair the equilibrium and evolution of each component 
seems seriously affected by the existence of the other one. This phe¬ 
nomenon is a fascinating topic in itself. But for the purpose of this book 
we shall consider only wide pairs. 

Spectroscopic Binaries 

If for a distant binary the combined spectrum shows the absorption 
lines of both components so that both radial velocity curves can be meas¬ 
ured, and if the binary is an eclipsing variable so that the inclination of 
the orbit can be ascertained, then the semi-major axes of the component 
orbits can be found. Knowing these axes, as well as the orbital period, 
we can compute the masses of the two components directly from Kepler’s 
third law. 

Furthermore, for these binaries the eclipse light curves give the radii 
in terms of the sum of the semi-major axes, which we know already. 
Finally, after estimating the effective temperatures from the spectral 
types, we can derive the luminosities and the absolute bolometric magni¬ 
tudes with the help of Eqs.{1.3) and (1.2) respectively. 

Many spectroscopic binaries have been observed. To select the best 
data we may apply the following rules. Let us exclude all binaries which 
do not have observed radial velocity curves of high accuracy. Let us 
consider only those binaries which are well separated, that is those in 
which the components are distinctly smaller than their “zero velocity 
surfaces,” so that no serious interaction need be feared. Let us include 
only those binaries in which the components differ in luminosity by less 
than a factor 2—thus excluding many cases of uncertain interpretation 
and permitting the use of average values for the two components instead 
of the less certain individual values. Finally, let us for the moment re¬ 
strict ourselves purely to main sequence pairs. 

Under these rules the data now available shrink into the seventeen 
spectroscopic binaries listed in Table 2.1. Before we look into the data 
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TABLE 2.1. 


Masses of main sequence spectroscopic binaries (Z. Kopal, Trans, InU 
Astr. Union, Vol. IX, 1955). The values given are averages for the two 
components. 


Binary 

Sp. T. 


1 * 

V478 Cyg 

BO 

-5.0 

+ 1.16 

Y Cyg 

BO 

-4.6 

+ 1.24 

AH Cep 

BO 

-4.5 

+ 1.18 

V453 Cyg 

B2 

-4.2 

+ 1.20 

CW Cep 

B3 

-3.0 

+ 1.00 

AG Per 

B4 

-2.2 

+ 0.68 

U Oph 

B6 

-1.9 

+ 0.70 

a Aql 

B8 

-1.3 

+ 0.78 

DI Her 

B4 

-1.3 

+ 0.54 

P Aur 

AO 

+ 0.1 

+ 0.37 

AR Aur 

AO 

+ 0.6 

+ 0.39 

RX Her 

AO 

+ 0.6 

+ 0.30 

WW Aur 

A8 

+ 1.8 

+ 0.25 

TX Her 

A6 

+ 1.9 

+ 0.29 

ZZ Boo 

FO 

+ 2.2 

+ 0.24 

VZ Hya 

F6 

+ 3.5 

+ 0.06 

YY Gem 

Ml 

+ 7.8 

-0.19 

shown in this table let us first assemble the corresponding data from the 
visual binaries. 

Visual Binaries 

If a binary is sufficiently nearby so that its components can be resolved 


visually, if the relative orbit of the fainter component around the brighter 
one has been measured, and if the absolute orbit of the brighter compo¬ 
nent (or of the center of light) has been measured against a set of back¬ 
ground stars, then the semi-major axes of the actual orbits of both compo¬ 
nents can be found in seconds of arc. If, furthermore, the trigonometric 
parallax has been determined, then these angular measures can be con¬ 
verted into lineal' ones. Thus again the determination of the semi-major 
axes together with the orbital period permits the computation of the 
masses of both components with the help of Kepler’s third law. 

Few visual binaries are sufficiently nearby to permit accurate determi¬ 
nations of their masses. The data for the five best determined pairs are 
given in Table 2.2, separately for each component. At the bottom of this 
table two additioiial pairs of lower observational accuracy are listed. In 
spite of their observational uncertainties, they are of special interest be¬ 
cause they consisit of very faint dwarfs. Throughout Table 2.2 only those 
pairs are included in which both components belong to the main sequence. 

A compairson of Tables 2.1 and 2.2 shows that the spectroscopic bi¬ 
naries and the visual binaries supplement each other very well since the 
spectroscopic biriaries contain predominantly stars heavier than the sun 
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TABLE 2.2. 

Masses of main sequence visual binaries. (P. van de Kamp, A, J. 59, 
447, 1954; K, Aa. Strand and R. G. Hall, ApJ. 120, 322, 1954; S. L. 
Lippincott, A.J, 60, 379, 1955; P. van de Kamp and E. Flather, A.J, 
60, 448, 1955.) 


Binary 

Sp. T. 

^ol 

M 

log XT 

Mq 

First class determinations: 

OC Cen.A 

G4 

+ 4.4 

+ 0.03 

B 

K1 

+ 5.6 

“0.06 

7] Cass A 

GO 

+ 4.5 

-0.03 

B 

K5 

+ 7.5 

“0.24 

f Boo A 

G8 

+ 5.4 

“0.07 

” B 

K5 

+ 6.7 

“0.12 

70 Oph A 

K1 

+ 5.6 

-0.05 

'' B 

K5 

+ 6.8 

-0.19 

Kru 60 A 

M4 

+ 9.1 

-0.57 

B 

M6 

+ 10.0 

“0.77 

Additional faint dwarfs: 

Fu 46 A 

M3 

+ 8.7 

-0.51 

B 

— 

+ 8.8 

“0.60 

Ross 614 A 

M6 

+ 10.0 

-0.85 

B 

— 

+ 12. 

“1.10 


while the visual binaries consist mostly of dwarfs less massive than the 
sun. 

Mass-Luminosity Relation 

All the data we have assembled above for main sequence stars are 
shown in Fig. 2.1, in which the luminosity is plotted against mass. A 
well-defined relation emerges. This is the mass-luminosity relation, 
which has been and still is one of the most powerful tools in the investi¬ 
gation of the stellar interior. 

The rather moderate scatter in Fig. 2.1 around the mean relation and 
the large range in luminosity covered by the data are convincing wit¬ 
nesses to the growth in quality and quantity of the observations in this 
key field during the past decade. Fig. 2.1 clearly shows the compound 
character of the mass-luminosity relation, its steep slope in the middle 
section and its shallower slopes at both ends. 

Do the data of Fig. 2.1 cover the entire range of stellar masses? Most 
certainly not. On the side of extremely large masses a few spectroscopic 
binaries are known, but they are not eclipsing variables and thus the or¬ 
bital inclination can not be determined. These cases give only lower 
limits to the masses. Some of these lower limits are somewhat more than 
thirty solar masses. It seems probable, therefore, that stellar masses as 
high as 50 solar masses may occur. We seem to have no definite indica- 
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-5 


0 




-t-10 


Fig. 2 1. Empirical mass-luminosity relation for main- 
sequence stars. Data from Tables 2,1 and 2.2, Dots 
represent spectroscopic binaries, circles visual bina¬ 
ries, and the cross the sun. 

tions, however, that stellar masses can reach as high as 100 solar 
masses. 

On the other csxtreme, of very small stellar masses, the available di¬ 
rect data are limited entirely by the great observational difficulties of 
determining the masses of very faint stars. Indirectly, however, the ob¬ 
served high frequency of stars with very low luminosities suggests that 
stEirs with extremely small masses, much smaller than the lowest listed 
in Table 2.2, may exist and may even be quite common. 

Masses of Giants and White Dwarfs 

All the observations we have thus far discussed in this section refer 
to main sequence stars. Regarding the masses of stars not belonging to 
the main sequence, the available accurate data are as yet depressingly 
few. In fact, they are all summarized in Table 2.3. 

Let us turn first to the giants and subgiants in Table 2.3. If we plot 
these three stars in the mass-luminosity relation for main-sequence stars 
of Fig. 2.1, we find that they conform reasonably well to this relation. 
It would seem entirely unsafe, however, to conclude from these three 
stars, none of vNhich lies extremely far from the main sequence in the 
Hertzsprung-Russell diagram, that all giants conform to the mass-lumi¬ 
nosity relation oi main-sequence stars. In fact, data on a number of less 
well measured binaries, as well as other indirect information, seem to in¬ 
dicate that the red giants and in particular the supergiants tend to devi¬ 
ate from the mass-luminosity relation of the main-sequence stars in the 
sense of being somewhat over-luminous for a given mass. 

Finally, there are the white dwarfs, which are represented in Table 2.3 
by three examples with well-determined masses. One glance at their bo* 
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§3. STELLAR POPULATIONS 
TABLE 2.3 

Masses of stars not on main sequence. (Capella: K. 0. Wright, Ap,J. 
119, 471, 1954; Z Her: D. M. Popper, Ap.J. 124, 196, 1956; C Her, 
Sirius and Procyon: P. van de Kamp, AJ. 59, 447, 1954; 40 Eri: 

D. M. Popper, Ap,J, 120, 316, 1954.) 


Star 

\ol 

1 P 

. " 

Giant: _ 

Capella AB 

0.0 

+ 1.0 

+ 0.48 

Subgiants: 

Z Her B 

+ 3.5 

+ 0.4 

+ 0.04 

CHer A 

+ 2.9 

+ 0.3 

+ 0.03 

White dwarfs: 

40 Eri B 

+ 10.3 

-1.8 

-0.36 

Sirius B 

+ 11.2 

— 

-0.01 

Procyon B 

+ 12.6 

-2.0 

-0.19 


lometric magnitudes shows that they are decidedly under-luminous in 
comparison with main-sequence stars of the same masses. 

We will see in §26 that the theory for the white dwarfs gives a definite 
relation between mass and radius. In this connection it is unfortunate 
that for one of the three white dwarfs of Table 2.3, Sirius B, the effective 
temperature has not yet been determined with sufficient accuracy to com¬ 
pute the radius. The observational difficulty lies in the closeness of the 
much brighter component A. This complicating circumstance furthermore 
seems to have prevented thus far an accurate measurement of the gravita¬ 
tional relativistic red shift which, if available, could give the radius, as 
the mass is known from the binary orbit. At present therefore the avail¬ 
able observations for the mass-radius relation of white dwarfs is re¬ 
stricted to just two stars, 40 Eri B and Procyon B, as shown by Table 2,3. 

If you compare this survey of our present knowledge about stellar 
masses with similar surveys of two decades ago you may well be im¬ 
pressed by the strong progress that has been made regarding the main- 
sequence mass-luminosity relation. In contrast you may be struck by the 
unfortunately limited progress made both regarding the mass-radius rela¬ 
tion of the white dwarfs and, worse, regarding the masses of the red 
giants and supergiants. Even one additional well-determined mass of a 
giant or supergiant would be an enormous help to the theory of stellar 
evolution. 


3. Stellar Populations 

The mass of a star is one of the basic characteristics determined by 
the preceding evolution. The age of a star is the changing parameter 
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governing the evolution. If we could determine the age of various stars 
by methods not depending on the theory of stellar evolution, then we 
could apply strong direct tests to this theory. Unfortunately, however, 
such methods exist at present only for one star, the sun. 

Geophysical evidence indicates that the age of the earth is about 4.5 
billion years. I'o derive the age of the sun from the age of the earth we 

have to make an assumption regarding the origin of the solar system. 

Even though present ideas on this subject are still fairly divergent, it 
appears improbable that the origin of the planets occurred much before 
or much after the birth of the sun. We may therefore conclude that the 

sun and the earth are likely to be quite close in age, and hence that the 

sun is approximately 4.5 billion years old. For all other stars, as we 
shall see, we have to rely on the theory of stellar evolution for age 
determinations- 

Even though eit present observations do not permit the direct determi¬ 
nation of stellar ages—except for the sun—they do permit another 
decisive operation: the classification of stars into a sequence of stellar 
populations. And it now appears that this classification in its main 
features amounts simply to sorting the stars in order of their age. 

The art of classifying stars by populations is still in its infancy. A 
variety of unconnected observational data is being used, each by itself 
inaccurate and insufficient, but all put together sufficient to give a first 
outline of an age sequence among stars. 

The three main fields of observation for population classification 
which we shall now discuss are: the brightest stars in stellar systems, 
the kinematical behavior of groups of stars, and spectroscopic peculiarities. 

Brightest Stars in Stellar Systems 

Perhaps the most striking observational phonomenon suggesting the 
classification of stars into populations is the wide difference in color 
between the most luminous stars of different stellar systems. We have 
already encountc;red a first example of this phenomenon in §1 when we 
discussed the llertzsprung-Russell diagrams of various clusters. In 
most galastic clusters the brightest stars are blue supergiants while 
in globular clusters they are luminous red giants. The same differences 
are found in the much larger stellar systems, the galaxies. The galaxies 
which show spiral structure contain blue 0 and B stars as the most 
luminous members while in galaxies of the elliptical type the brightest 
stars are red. Gould this observed contrast in color represent simply a 
contrast in the stars’ ages? The answer is yes with great certainty. 

For the blue supergiants we have two observations, both pointing 
towards extreme youth for these stars. First, blue supergiants are found 
only in or near c. ouds of interstellar gas and dust—an observation which 
suggests that these stars are still so young that they have not had time 
enough to move far from the matter out of which they sprang. Second, 
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several galactic clusters or associations containing blue supergiants 
have been found to expand. Measurement of the expansion rate and of 
the present size gives ages for these clusters—and hence presumably 
for the member stars—of less than a hundred million years. Youthful 
indeed as compared with the sun. 

On the other hand, for the luminous red giants in globular clusters and 
elliptical galaxies we do not have good direct observational evidence 
for their high age, though it may be significant that globular clusters 
and elliptical galaxies appear to be nearly completely void of interstellar 
gas and dust, and that the globular clusters are highly stable dynamical 
systems capable of a long life. The meagerness of direct observational 
evidence will not worry us for long, since we shall see in Chapter VIII 
that the theory of stellar evolution permits the determination of the age 
of globular clusters, and the result is an old age indeed. 

Shall we then conclude that all stellar systems can be divided into 
just two kinds, the very young ones with blue supergiants, called 
Population I, and very old ones with luminous red giants, called Popu¬ 
lation II? Probably not. We shall encounter in the following paragraph 
indications for the necessity of finer population subdivisions. One such 
indication we have already seen in §1: the cluster M 67 appears in many 
ways to be of a type intermediate between the galactic and the globular 
clusters. We may well suspect then that here, as often, it is easier to 
recognize the extremes than to differentiate into finer subdivisions. 

Kinematical Behavior 

Early in the study of stellar populations—in fact before the term 
stellar population’’ was invented—a mysterious but significant corre¬ 
lation was discovered. Stars of different astrophysical characteristics 
showed a different kinematical behavior within the galaxy. This corre¬ 
lation became clear at once when the stars in the solar neighborhood for 
which space velocities had been observed (relative to the local standard 
of rest) were divided into “high-velocity stars” with a space velocity 
(projected onto the galactic plane) in excess of 63 kilometers per second 
and “low-velocity stars” with space velocities below this limit. The 
high-velocity stars were found to contain many red giants, and when 
plotted in the Hertzsprung-Russell diagram gave an array fairly similar 
in the main features to that of the globular clusters. On the other hand, 
the low-velocity stars contained practically all the blue 0 and B stars 
and gave a Hertzsprung-Russell diagram strongly resembling that of the 
galactic clusters. This correlation was strikingly confirmed by the 
clusters themselves: the galactic clusters have on the average low space 
velocities while the globular clusters have very high ones. 

The correlation between astrophysical characteristics of stars and 
their kinematical behavior has been substantiated in many details. For 
example, the smallest average space velocities were found for the 0 and 
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B stars, and this average velocity turned out practically indentical with 
that of the interstellar clouds. Thus once more the close relation between 
the young blue 0 and B stars and the interstellar matter out of which 
they were formed was confirmed. 

On the other extreme, the highest average space velocities were found 
for the RR Lyrae variables and for the subdwarfs. This result for the 
RR Lyrae variables was not a surprise since such variables are quite 
common in globular clusters. The high average velocity found for the 
subwarfs introduces a new aspect, however; it suggests that since 
globular clusters also have very high velocities the main-sequence stars 
found in them may possibly be more closely related to the subdwarfs than 
to the ordinary dwarfs. 

Though these (extreme cases of very high and very low average space 
velocities provide the most striking examples of correlations, we must 
not neglect the equally important fact that all the most common types of 
stars, including the ordinary dwarfs, show an average space velocity 
intermediate betvreen the two extremes we have discussed above. The 
analysis of obs<;rved frequency distributions of stellar velocities is 
always hazardous, but it appears fairly safe to conclude from the pre¬ 
sently available material that the velocity distribution of the common 
types of stars can probably not be interpreted as a mixture of two extremes 
corresponding to the average velocities of the 0 and B stars on the one 
hand and to that of the subdwarfs and RR Lyrae variables on the other 
hand, but rather that the majority of the most common types of stars must 
actually belong to intermediate populations. 

We have used thus far the average space velocity as a criterion for 
the kinematical behavior of a group of stars. We could also use the 
average distance from the galactic plane at which the type of stars in 
question is found. It is easily understandable that these two criteria 
should be closel)' related. If a star has a high velocity perpendicular to 
the galactic plane it can reach great distances from this plane before 
gravity will reverse its velocity. It is not surprising then that we find 
the low-velocity (3 and B stars to be restricted to the immediate neighbor¬ 
hood of the galactic plane, in the form of a “flat subsystem,” whereas 
the high-velocity globular clusters turn out to occupy a large volume 
reaching to great distances from the galactic plane, in the form of a 
more or less “spherical subsystem.” Accordingly, for any particular 
group of stars our choice between the average space velocity and the 
degree of flatness of the subsystem formed by it will be determined 
entirely by which one is easier and more accurately observable. 

Even though on first sight the correlation between kinematical behavior 
and astrophysice.l characteristics of various stellar populations may 
seem mysterious, a possible explanation—at least a speculative one—is 
not lacking. Imagine that our galaxy at the time when it became an 
independent system well separated from nearby galaxies consisted of 
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gases in a highly turbulent state. Any stars formed at this early time 
must have inherited the high random velocities of the gases out of which 
they contracted and cannot have noticeably altered their high average 
velocities since then. As time passed by, the turbulent velocities of the 
remaining gases must have decayed so that the stars born later inherited 
lesser average space velocities. The decay time of the turbulence in 
the interstellar medium can be estimated by order of magnitude from the 
initial velocities, say 100 km/sec., and the size of the galactic system, 
say 30,000 parsecs; the resulting value is approximately a third of a 
billion years. This suggests that all the high-velocity Population II 
stars must have formed in an interval of, say, half a billion years. 

Eventually the turbulence in the interstellar matter must have reached 
rather low average velocities which could be more or less maintained by 
the stirring action caused by bright, hot stars heating the surrounding 
interstellar matter. This stirring action may have reteirded, if not com¬ 
pletely stopped, any further decay of the interstellar turbulent velocities. 
Such a circumstance would explain the relatively smaller differences 
in average velocity of the younger Population I stars. In fact, all Popu¬ 
lation I stars may well have been born with exactly the same low velocity 
dispersion, but the older ones among them may have had time enough to 
be speeded up by encounters with cloud complexes, which may have 
raised their velocities to the slightly higher values now observed. 

Altogether, however uncertain the details of this speculative picture 
may be, it does suggest how the mysterious correlation between kinematical 
behavior and astrophysical characteristics could have arisen. 

Be that as it may, for the purposes of this book we did not introduce 
the kinematical behavior of stars with the intent of studying the dynamics 
of the galaxy but rather with the hope of using the observable kine¬ 
matical behavior to classify stars into a sequence of stellar populations. 
Can this be done? Yes, for groups of stars but not for individual stars. 
The kinematical characteristics are by their nature statistical quantities 
which do not apply to individual stars. In a group of Population II stars 
of high average velocities we should always expect a few individual 
stars with low space velocities, while on the other hand a group of 
Population I stars may well contain a small fraction of high-velocity 
stars belonging to the tail-end of the characteristic velocity distribution 
of this population. The kinematical characteristics can help us therefore 
only in the population classification of groups of stars but not of indi¬ 
vidual stars. 

Spectroscopic Differences 

When the two-dimensional classification of stellar spectra according 
to temperatures and absolute magnitudes was pushed to high accuracy it 
was noticed that certain individual stars could not be classified cleanly 
into the two-dimensional scheme. In particular, some high-velocity stars 
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were found to show certain spectral peculiarities such as abnormal 
weakness of the CN bands and abnormal strength of the CH bands. It 
was immediately recognized that these peculiarities might possibly provide 
the means of a population classification of individual stars directly by 
astrophysical criteria. 

Subsequent investigations on medium-dispersion spectra of stars in 
the spectral range from F5 to K5 considered not only the relative strength 
of the bands already mentioned but also the average strength of the 
fainter metal lines. With the help of these criteria it was possible not 
only to separate the small percentage of Population II stars in the solar 
neighborhood from the common Population I stars, but also to divide the 
latter into two halves, the ‘‘weak-line stars** and the **strong-line 
stars.** It was even found possible to extend this delicate subclassifi¬ 
cation to much fainter stars with the help of objective prism spectra. 

After a sufficient number of stars had been classified in this manner 
into subpopulations, the average space velocity could be computed for 
each subpopulation, and it was found that the weak-line stars have a 
larger average sjjace velocity than the strong-line stars. If one adds to 
this the observation that the high-velocity subdwarfs as well as the 
giants in some globular clusters have unusually weak metal lines one 
recognizes that the subpopulations may be nothing but finer divisions 
in one continuous sequence of stellar populations. 

Under these c ircumstances it appears clearly of importance to exploit 
the existence of these spectroscopic differences between stellar popu¬ 
lations for an ever finer and more extensive population classification. 
The first photometric investigations in this direction have proved most 
encouraging. Measurements on F stars of certain parameters connected 
with the Balmer Jump, as well as photoelectric measurements of the 
strength of the G band in G and K stars have already proven themselves 
adequate for coarse population separations and appear entirely capable 
of being pushed to a much finer population classification. Only the 
future can tell to what extent this new field of fundamental astrophysical 
observations can be developed. 

Sequence of Stellar Populations 

In the preceding paragraphs we have surveyed a motley array of criteria 
for the classification of stars into stellar populations. The results thus 
far obtained from these criteria may be summarized in terms of a sequence 
of stellar populations as indicated in Table 3.1. In this table Population 
I has been divided into three subpopulations and Population 11 into two 
subpopulations. This amount of subdividing appears both justified and 
necessary for the observational data available at present. 

None of the observable criteria, however, suggests that stars are in 
fact sharply divided into populations or subpopulations. On the contrary, 
all evidence seems to indicate that the sequence of stellar populations 
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TABLE 3.1 


Sequence of stellar populations. (The velocity dispersion refers to the 
mean of the two components parallel to the galactic plane.) 


Population 

Typical Members 

Velocity 
Dispersion I 

Subsystem 

Young Pop, I 

blue supergiants, galactic clusters 

10 km/sec 

flat 

Intermed. Pop, I 

‘‘strong-line’* stars 1 majority of 

20 1 


Old Pop. I 

“weak-line” stars J nearby stars 

30 

'intermed. 

Mild Pop. n 

majority of ‘‘high-velocity stars” 

50 J 


Extreme Pop. II 

bright red giants, globular clusters 

130 

spherical 


is continuous and that any divisions are purely a matter of research 
convenience. Nothing appears to contradict the interpretation that in its 
main features the sequence of stellar populations is nothing but the 
sequence of stellar ages. 

How far can we translate the sequence of stellar populations into 
actual stellar ages? We have already mentioned three relevant items. 
First, the expanding clusters indicate that at least a fair portion of the 
youngest subdivision of Population I is not older than a hundred million 
years. Second, for the sun we found from geophysical arguments an 
approximate age of 4,5 billion years. By a careful spectroscopic com¬ 
parison of the sun with other G stars the sun has been classified as a 
weak-line star, that is an old Population I star. This suggests that the 
oldest Population I stars have ages probably not exceeding 5 billion 
years, approximately. Third, the argument regarding the decay of the 
turbulence in the galactic gases suggests that all Population II stars 
were born within an interval probably not exceeding half a billion years. 
Thus it seems likely that even the oldest stars in our galaxy are less 
than 6 billion years old. 

We shall see in §29 to what extent the theory of stellar evolution 
confirms and strengthens this tentative scale of stellar ages. 


4. Abundances of the Elements 

Given the mass of a star and its age, we will find that its entire in¬ 
ternal structure is determined when one more basic characteristic is 
fixed, the initial chemical composition. 

The chemical composition of the stars is an important but unsafe sub¬ 
ject which has been much tossed back and forth between the experts of 
the stellar interior and those of stellar atmospheres. To start with, 
thirty years ago, the two lightest elements, hydrogen and helium, were 
considered of so low abundance as to be ignorable in the stellar interior. 
When the very high abundance of hydrogen in stellar atmospheres was 
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deduced from the relative strength of the Balmer lines, this predominance 
of hydrogen was suspected to be just a skin phenomenon* Only after it 
was realized that the introduction of a substantial amount of hydrogen 
into the stellar interior could remove a discrepancy between the observed 
and the computed mass-luminosity relations which had plagued the theo¬ 
reticians until then, was hydrogen given first place among the abundant 
elements, a placs it has held ever since* 

Helium has had a similar fate* Completely ignored to begin with, its 
importance was realized only when the spectrographic analysis of some 
hot stars with strong helium lines indicated a high helium abundance in 
stellar atmospheres and when the discovery of the relevant nuclear proc¬ 
esses suggested the possibility of a strong helium abundance in the 
stellar interior* Then helium rose to the second place among the abun¬ 
dant elements* 

More than anyl:hing else it is this rise in our estimates of the abundance 
of hydrogen and helium relative to all heavier elements which has caused 
the substantial changes made during the past three decades in our tem¬ 
perature and density determinations for the stellar interior* 

In this section we shall assemble the abundance determinations—as 
they now stand—derived from spectroscopic observations* The abun¬ 
dance determinations derived from the analysis of the stellar interior we 
shall discuss as we come to them at various points in the following 
chapters* The spectroscopic data refer of course directly only to the 
surface layers* There is as yet no evidence, however, to substantiate 
any process of stellar birth which could cause large and systematic dif¬ 
ferences between the composition of the stellar interior and that of the 
surface layers. Therefore it seems safe to assume that the spectro¬ 
scopically-determined surface composition is practically identical with 
the initial composition of the star as a whole* Exceptions are those 
special cases which we shall mention later on in which the abundance 
changes caused by the nuclear burning in the deep interior seem to have 
reached the surface by convection* 

Composition of the Sun 

Perhaps the most striking feature of stellar spectra is their uniformity* 
If you exclude a few special and uncommon types of stars, you can clas¬ 
sify all stellar spectra according to the coordinates of the Hertzsprung- 
Russell diagram, effective temperature and absolute magnitude, and you 
find that all stars of one effective temperature and one absolute magnitude 
show only very small variations in the relative strength of the absorption 
lines in their spectra* This uniformity of stellar spectra—at least for 
the majority of the nearby stars—indicates a fair degree of uniformity in 
composition* It makes it useful to analyze in great detail the spectrum of 
one star (the sun, for obvious practical reasons) and thus obtain the 
initial composition of most stars, at least in first approximation* 
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Table 4.1 contains the chemical composition of the sun according to 
recent spectroscopic analyses. Only the most abundant elements are 
listed in this table; the abundances of the rarer elements, though of great 
interest for the theory of the origin of the elements, have little direct 
influence on stellar structure and evolution. 

Several of the values of Table 4.1 are still rather uncertain in spite of 
the great amount of work and ingenuity applied to this analysis. These 
uncertainties are largely caused by the circumstance that some of the 
most abundant elements, such as helium, are very poorly represented in 
the spectrum of the sun. As a matter of fact, the value given in Table 
4.1 for the relative abundance of helium is based mainly on the spectro¬ 
scopic analysis of some hotter stars which show the helium lines with 
greater strength. In view of these uncertainties we should not be sur¬ 
prised if later on several of the values listed will be found wrong by as 
much as a factor 2. 

We may summarize the data of Table 4.1 in the following manner, as 
we shall see is convenient for the application to the stellar interior. Let 
us lump together all the elements heavier than helium, let us designate 
the abundance of hydrogen by X, that of helium by T, and that of all the 
heavier elements by Z, Finally, let us give these three abundances in 
terras of weight fractions, so that X, for example, represents the weight 
of hydrogen contained in one gram of stellar matter. Under these defini¬ 
tions Table 4.1 gives for the sun 

A = 0.73, Y = 0.25, Z = 0.02. (4.1) 

We again remember that Y as well as Z derived from spectroscopic ob¬ 
servations may still be wrong by as much as a factor 2. 


TABLE 4.1 


Composition of Sun from Spectroscopic Observations. (L. H. Aller, 
Astrophysics, p. 327, 1953.) 


Atomic 

Element Weight 


Abundance 


by number by weight 


H 

1 

1000. 

1000 

He 

4 

80. 

320 

C 

12 

0.1 

1 

N 

14 

0.2 

3 

0 

16 

0.5 

8 

Ne 

20 

0.5 

10 

Mg 

24 

0.06 

1 

Si 

28 

0.03 

1 

S 

32 

0.02 

1 

A 

40 

0.05 

2 

Fe 

56 

0.02 

1 
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There is one further item we shall need from Table 4.1 when we come 
to the nuclear processes. This is the combined abundance of carbon and 
nitrogen. If we express this abundance as a fraction of the abundance 
of all the heavier elements, and if we again use weight fractions, we 
read from Table 4,1 


We shall use this equation when we apply the carbon cycle to the stellar 
interior. 

One final item regarding the solar composition needs mentioning, the 
extremely low abundance of the light elements lithium, beryllium, and 
boron. These lov^ abundances do not surprise us, since we are used to 
them from the chemical analysis of the earth’s crust. As a matter of 
fact, the abundanc^e of beryllium and boron seems to be the same in sun 
and earth as accurately as this can be determined at present. Lithium, 
however, appears to be rarer in the sun than in the earth by a factor 10. 
Can this extra lo\^ abundance of lithium in the sun be explained by nu¬ 
clear processes? We shall return to this question in §§10 and 23. 

Composition Differences between Populations 

Up till now we have stressed the great uniformity in the composition 
of the stars. Now we shall discuss a difference in composition which 
has a significant influence on stellar evolution, as we shall see in §24. 
This composition difference appears when different stellar populations 
are compared. We have already encountered in §3 the first qualitative 
indications of this difference. 

If the purpose of a spectroscopic investigation is the classification of 
stars into the popalation sequence, one may limit oneself to the use of 
just a few criteria. For these criteria one may use spectral features, 
however complex in structure and cause, which show significant dif¬ 
ferences between the populations and which can be recognized on spec¬ 
trograms of sufficiently low dispersion so that the classification is not 
limited just to the brighter stars. On the other hand, if a spectropho- 
tometric investigation has the purpose of determining the actual com¬ 
position differences between populations then many individual lines 
have to be measured on high-dispersion spectrograms so that curves of 
growth can be constructed and actual abundance ratios be determined. 
Only a very few such spectrophotometric investigations have as yet been 
carried out. 

If stars of different populations are to be compared for the purpose of 
determining composition differences, it is advantageous to select stars 
as similar as possible in effective temperature and absolute magnitude so 
as to minimize the effects of differences in these two basic parameters* 
Accordingly, two types of stars appear particularly useful for population 
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comparisons, the F dwarfs and the G and K giants, since both these 
types are well represented among the brighter stars of various populations* 

For these two types of stars spectrophotometric comparisons have 
been carried out between intermediate Population I stars (represented by 
nearby low-velocity stars) and mild Population II stars (represented by 
nearby high-velocity stars). The main result of these measurements is 
this: the abundance of all the heavier elements appears to be smaller in 
Population II stars as compared with Population I stars by about a factor 
3. It does not yet appear certain from these investigations to what de¬ 
gree the various heavier elements share the same differences between 
stellar populations. Indeed, there are some indications that the elements 
of the second period, represented mainly by carbon, nitrogen, and oxygen, 
differ less from population to population than the metals. Here we shall 
ignore this more delicate differentiation and as before consider all ele¬ 
ments heavier than helium in one lump. 

In another high-dispersion spectrophotometric investigation F type 
subdwarfs belonging to the extreme Population II were compared with 
ordinary dwarfs of Population I. Again it was found that the abundance 
of the heavier elements is lower in Population II than in Population I—in 
this more extreme comparison by approximately a factor 10. 

Finally there is the observed phenomenon which we have already rep¬ 
resented in Table 3.1, that the majority of the nearby stars may be divided 
into strong-line stars (intermediate Population I) and weak-line stars (old 
Population I). We may interpret this phenomenon as indicating that the 
abundance of the heavier elements which provide the majority of the lines 
is somewhat lower in stars of old Population I than in stars of intermediate 
Population I. In this case the abundance difference is probably less than 
a factor 2, as one may estimate from the delicacy of the observed dif¬ 
ferences. 

These various observational results are summarized in Table 4.2 in 
terms of Z, the abundance of the heavier elements by weight fraction. 
The dependence of the abundance of the heavier elements on stellar 
population, that is on stellar age, as shown by Table 4.2 has a significant 
influence on stellar evolution, as we shall see. We shall discuss a 

TABLE 4.2 


Approximate Composition Differences between Stellar Populations. 


Population 

Abundance of 
heavier elements 

Z 

Young Pop. 1 

0.04 

Intermed. Pop. I 

0.03 

Old Pop. I 

0.02 

Mild Pop. 11 

0.01 

Extreme Pop. II 

0,003 
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process which may possibly have caused this dependence in the very last 
section of this b<3ok* Here we shall leave these data as they stands but 
emphasize once more their great uncertainty at present; large changes in 
the numerical values listed in Table 4.2 may still be expected. 

One essential question which remains completely unanswered by the 
present spectroscopic data is: do stars of different stellar populations 
differ in their initial helium abundance? It does not seem likely that 
this question will be answered soon by direct spectroscopic observa¬ 
tions. The reason is that the helium lines show up well only in the 
spectra of hot stjirs, and hot stars occur only in Population I, not in the 
older Population II. (Exceptional hot stars in Population II, like those 
of the horizontal branch in the Hertzsprung-Russell diagram of globular 
clusters, will be identified later with very advanced evolutionary phases 
in which the helium abundance even in the atmospheres may well be much 
higher than the initial helium abundance.) There exists, however, another 
possibility of answering the important question about the initial helium 
abundance of Population II through the analysis of the interior of the 
subdwarfs—as we shall see in §17. 

Composition Anomalies 

The composition of the vast majority of stars may be represented in 
fair approximation by the composition of the sun given in Table 4.1, ap¬ 
propriately modified for the population differences in accordance with 
Table 4.2. There exist, however, a few groups of uncommon stars which 
show in their spectra peculiarities strongly suggesting composition 
anomalies. We should at least mention these groups, if for no other 
reason than to avoid being accused of oversimplification. 

On the one hand, there are the magnetic A stars and the metallic-line 
A stars. The magnetic A stars show strong lines of certain normally 
rare elements, it appears plausible that the increased abundance of 
these elements might be caused by nuclear processes in the surface 
layers made possible by electromagnetic acceleration of atoms. It is not 
known as yet whether either the magnetic fields themselves or the com¬ 
position anomalies have a significant influence on the internal structure 
and evolution of these stars. 

Regarding the metallic-line A stars, it does not seem certain at present 
whether their striking spectral peculiarities are caused by composition 
anomalies. Instead, the analysis of these peculiarities suggests that 
they might be caused by a difference in the atmospheric structure. The 
basic reason, however, for such a structure difference does not seem 
clear as yet. 

On the other heind, there are the carbon stars and the S stars. Both 
these groups belong to the red giants. In the carbon stars the abundance 
of carbon is greater than normal by a large factor, whereas in the S stars 
a group of heavy elements—including the unstable technitium—shows 
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an unusually high abundance* It seems significant that these two types 
of composition anomalies occur only in the red giants and not in the red 
dwarfs* We shall see that evolution has gone a long way in the red giants, 
but has not had sufficient time to cause significant changes in the slowly 
evolving red dwarfs* This circumstance suggests that the abnormal com¬ 
position of the carbon stars and the S stars is more likely a consequence 
of stellar evolution than of abnormal initial composition* 

Thus, altogether, none of these special groups of common stars ap¬ 
pears to indicate a definite difference in the initial composition* For the 
purposes of this book we shall therefore ignore them, except that we 
must remember that eventually the theory of advanced stellar evolution 
will have to explain the phenomenon of the carbon stars and the S stars* 

This brings us to the end of our survey of the observations relevant 
to our subject* If after reading this chapter you feel that the observational 
data now available are somewhat slim for our purposes, compare them 
with the data available ten years ago and you will be encouraged by 
their enormous growth* 



CHAPTER II 

PHYSICAL STATE OF THE STELLAR INTERIOR 


5, Hydrostatic and Thermal Equilibrium 

In Chapter I we have surveyed a large body of observational data. 
Now, which of tliese data relate directly to the internal structure of an 
individual star? Even for the best observed stars we find just four basic 
items: the mass, the luminosity, the radius, and the composition of the 
outer layers. Can these four items suffice for us to derive uniquely the 
internal structure? They could not if it were not for one additional ob¬ 
served item; the constancy of stars over long time intervals. 

Intensive astrophysical observations over the past fifty years have re¬ 
vealed no changes for the vast majority of stars. Even variables like 
Cepheids and novae appear remarkably free of sizeable long-term changes 
if one averages their short-term variations. Such observations, however, 
have little weight since fifty years is a minute span compared with the 
lifetime of a star. The two following features are of more weight. First, 
geologists have found fossil algae more than a billion years old. They 
estimate that the temperature of the earth then cannot have differed from 
what it is now by more than 20°C to permit the flourishing of these algae. 
Thus, the luminosity of the sun must have been reasonably constant for a 
billion years. Second, the pulsation periods of classical Cepheid vari¬ 
ables can be measured with striking accuracy. Over the past fifty years 
they have been found to change, but at such a slow rate that it will take 
of the order of a million years to change the period by a large fraction. 
Thus, the internal structure, which determines the pulsation period of 
these stars, must be reasonably constant over at least a million years. 
It is this constancy of the stars which makes a definite analysis of the 
stellar interior possible. It asserts that the stellar interior must be in 
perfect equilibrium and thus limits the necessary analysis to equilibrium 
configurations. 

We shall assemble in this chapter the complete set of equilibrium con¬ 
ditions which must be fulfilled throughout a star. We shall ignore for the 
time being such ])erturbations as rotation, pulsation, tidal distortion, and 
large-scale magnetic fields. In consequence we may assume spherical 
symmetry from the outset. 

Condition of Hydrostatic Equilibrium 

The first condition which has to be fulfilled throughout the stellar in¬ 
terior is that of hy^drostatic equilibrium: all the forces acting on any small 
volume within the star must compensate each other exactly, since a non- 
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vanishing net force would cause motions and hence changes in the struc¬ 
ture. The only forces we need to consider here are the gravitational 
force, which is directed inwards, and the pressure force, which is di¬ 
rected outwards. 

Let us consider a small cylindrical volume at a distance r from the 
star’s center, with its axis pointing toward the center, and with a cross- 
section ds and a length dr. The pressure force acting on this volume 
will be 


iL 

dr 


ds dr 


where P is the pressure, which will be a monotonic decreasing function 
of the distance r from the center. The gravitational force acting on the 
same volume will be given by the mass of the volume times the gravita¬ 
tional acceleration, i.e. 

p ds dr ——. 


Here p is the density and G is the constant of gravitation. We have ex¬ 
pressed the gravitational acceleration in terms of which designates 
the mass in a sphere with the radius r and which can be expressed in 
terms of the density run by 


Jo 


p^nPdr, 


(5.1) 


Setting the two opposing forces equal to each other we obtain the hydro¬ 
static equilibrium condition 


dP 


dr 


-P 



(5.2) 


Eqs.(5.1) and (5.2) are the first two of the basic equilibrium equations 
which govern stellar structure. By themselves they are clearly insuffi¬ 
cient to determine uniquely the runs of pressure, density, and mass dis¬ 
tribution throughout the interior. But they do permit us to gain some in¬ 
sight immediately into the order of magnitude of pressures and tempera¬ 
tures which we will encounter. Let us apply the hydrostatic condition 
(5.2) to a point in the sun midway between center and surface. Let us 
take for the density there—in the roughest approximation—the known 
mean density of the sun, for one-half the solar mass, and for r one- 
half the solar radius. Further, on the left-hand side of Eq.(5.2) let us 
take for dr the radius of the sun and for dP the difference between the 
central pressure and the surface pressure. If we then trust that the sur¬ 
face pressure will be quite ignorable compared with the pressure at the 
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center, the only unknown in Eq.(5,2) is the central pressure, for which 
we get 




GM^ 


R, 


= 6x10*’. 


(Here, as throughout this book, c.g.s. units are used.) 

From this estimate of the pressure we can derive directly an estimate 
of the temperature if we permit ourselves to use the equation of state of 
an ideal gas, which we will find to hold closely in most stars. This 
equation can be put into the form 

P^-pT (5.3) 

m 


where T is the temperature, k is the Boltzmann constant, and m is the 
mean molecular weight. For m we shall use half the proton mass since 
we saw that hydrogen is the most abundant element, and for ionized hy¬ 
drogen one proton and one free electron act like two particles of a mean 
mass of half a proton. Let us apply this equation again to the median 
point in the sun. If we take the pressure there to be about half the pres¬ 
sure in the center, we find for the temperature 

Tq « 10\ 

Thus we find for a typical temperature in the stellar interior 10 million 
degrees. 

These estimates set at once the scene in which we have to work. We 
have to work with gases too hot to contain any chemical compounds and 
hot enough to be highly ionized. We do not need to consider the complex 
physics of solids and fluids. It is this lucky limitation of our working 
scene that permits us now to investigate stellar structure and evolution 
with happy confidence. 

Before we decide on stern obedience to the hydrostatic condition (5.2), 
we should establish what punishment would follow non-obedience. As¬ 
sume that somewhere in a star the gravitational acceleration is not quite 
counterbalanced by the pressure force, with a fraction f left unbalanced. 
The stellar material will then actually be accelerated by the amount 

d^r GM^ 


We may solve this equation for the dt in which the unbalance causes a 
noticeable displacement dr* If we use as this noticeable displacement 
the fraction f of the radius and if we use the same values for the median 
point in the sun as before, we obtain 
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There is no doubt that punishment would follow swiftly for any disobedi¬ 
ence of the hydrostatic law. 

The Energy Stores of a Star 

To insure hydrostatic equilibrium is not sufficient to insure a constant 
star. Thermal equilibrium must also be considered. Perfect thermal 
equilibrium is obtained within a system if all parts of the system have 
reached the same temperature and if no further flow of energy between 
the parts occurs. Such perfect thermal equilibrium cannot hold within a 
star. We have already seen that the interior temperatures are of the order 
of 10 million degrees, whereas the surfaced layers are observed to have 
temperatures of the order of only several thousand degrees. Furthermore, 
we see a flow of energy coming through the surface—as measured by the 
star’s luminosity. The existence of this flux in itself presents a devia¬ 
tion from perfect thermal equilibrium. 

What kind of thermal equilibrium then holds within a star? To answer 
this question we must first find the energy store which feeds the flux 
that we see coming through the surface. There are three types of energy 
to be considered: thermal energy gravitational energy Eq^ and nu¬ 

clear energy E-^, The first two types of energy can each be represented 
by an integral over the star: 


E 

E 




pinr^dr 


3 ^ 

+ Tx W«-h5x KTS 
2 m 



p^nr^dr 



~4x 10"*. 


(5.4) 

(5.5) 


Here the parentheses in Eq.(5.4) contain the thermal energy of an ideal, 
monatomic gas for one gram of stellar matter, while the parentheses in 
Eq.(5.5) contain the energy needed to move one gram of stellar matter 
from its position in the star to infinity after all layers further out in the 
star have already been so removed. The numerical values given in these 
equations give the order of magnitude of the two energies derived from 
the above rough figures for the sun. 

It is no accident that the orders of magnitude of these two energies are 
equal. That this should be so follows directly from hydrostatic equilib¬ 
rium. Multiply Eq.(5.2) by 47rr* and integrate over the star. Using inte¬ 
gration by parts on the left-hand side, you find 



3P X 47rr 


GM^ 

2dr^\ p—^ 

Jo 


X 47rr^dr. 


The left-hand integral is twice the thermal energy, as can be seen by 
comparing Eqs,(5.3) and (5.4). The right-hand integral is directly the 
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negative gravitational energy. Hence, we obtain 

2Erj^~—E^, ( 5 . 6 ) 

This relation is equivalent to the virial theorem of classical dynamics. 
We shall not be dismayed that the relation (5.6) is not fulfilled exactly 
by the numbers of Eqs.(5.4) and (5.5) since these numbers were but 
order-of-magnitucle estimates. 

Let us now follow a contracting star. It decreases steadily in gravita¬ 
tional energy. Exactly one half of this energy decrease will be compen¬ 
sated by an increase in thermal energy, according to the relation (5.6). 
The other half will be lost by radiation from the surface. Thus, the net 
energy store available for radiation from the surface is just equal to the 
thermal energy. How long then will this store cover the radiative surface 
losses? Our numerical estimates for the sun give us for this time, which 
is often called the Kelvin contraction time, 

- « 10^® sec = 3 X 10^ yrs. 

Uq 

This time is short, even compared with the interval since the first occur¬ 
rence of algae o:i the earth. Similarly, we find for the Cepheids, which 
are much more luminous than the sun, a Kelvin contraction time of the 
order of one third of a million years—again short compared with the time 
indicated by the constancy of their pulsation periods, though in this case 
not by a very large margin. Hence we conclude that the thermal and 
gravitational energies of a star are not sufficient to cover the surface 
losses for the whole life of a star, though they may play an important 
role in short, critical phases of stellar evolution. We shall return to this 
problem later on, and now we turn to the third type of energy in a star, 
nuclear energy. 

Nuclear processes release energy which comes from the mass equiva¬ 
lent of the nuclei involved. One might therefore suppose that the total 
available nuclear energy of a star is c^M. This, however, is an over¬ 
estimate since this amount of energy would be released only if complete 
nuclei were annihilated. It appears now fairly certain that annihilation 
of nuclei will not occur at the relatively moderate temperatures encountered 
in stars. We have therefore to consider only such nuclear processes as 
transmute one chemical element into another. The energies released in 
such processes are equivalent to the relevant mass defects, which are 
much smaller than the masses of the whole nuclei. The largest possible 
mass defect is available when hydrogen is transmuted into iron. In this 
process the mass defect released amounts to eight thousandths of the 
nuclear masses involved. 

Does the actual store of nuclear energy of a star approach this theo 
retical maximum'^ Yes, very closely. We have already seen that the 
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spectroscopic evidence strongly indicates that most stars consist mainly 
of hydrogen, the most advantageous fuel for a star to start with. And as 
to the end product, it makes little difference whether or not the transmu¬ 
tations lead all the way to iron; the transmutation of hydrogen just into 
helium liberates a mass defect of seven thousandths. Hence the theoreti¬ 
cal maximum gives a close approximation to the actual nuclear energy 
store of a star. Thus we obtain for the sun 

0.008 

which is over a thousand times more than the thermal and gravitational 
energies. In the case of the sun this store will cover the losses by radi¬ 
ation from the surface over the time interval 


= 3 X 10“ sec = 10“ yrs, 


which is amply long. 


Condition of Thermal Equilibrium 

We conclude from the preceding discussion that the energy loss at the 
surface as measured by the luminosity of the star is compensated by the 
energy release from nuclear processes throughout the stellar interior. 
This condition may be expressed by the equation 


rR 

L = I Bp^nr^dr 
do 


(5.7) 


where £ is the energy released from nuclear processes per gram per sec¬ 
ond. This nuclear energy production £ will depend on temperature, den¬ 
sity, and composition. We will discuss it in detail in §10. 

Do we have to be as careful of the minute-by-minute fulfillment of the 
energy balance condition (5.7) as we have to be with the hydrostatic con¬ 
dition (5.2)? No, not at all. If we were to turn off the nuclear energy 
sources within the sun it would continue to shine, feeding on its gravita¬ 
tional energy store. If we turned on the nuclear sources again after, say, 
a million years—that is long before a Kelvin contraction time had elapsed 
—the sun would not have been seriously upset by the interference. Over 
such times the gravitational and thermal energy store acts like an effec¬ 
tive buffer. However, if we consider averages over times longer than the 
Kelvin contraction time, then the energy balance condition (5.7) must be 
fulfilled exactly. 

Eq.(5.7) ensures energy balance for the star as a whole. But the same 
type of balance must hold for any section within the star. Energy gains 
in one section and energy losses in another section would lead in time to 
a change of the temperature structure of the interior and would thus make 
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the star inconstant. Let us consider a spherical shell with radius r and 
unit thickness. The energy balance for this shell may be written as 


dL 

dr 


- = £p47rr^ 


( 5 . 8 ) 


where is the energy flux through the sphere with radius r. The left- 
hand side of th is equation represents the net loss to the shell caused by 
the excess of the flux leaving the shell through the outer surface over 
the flux entering the shell through the inner surface. The right-hand side 
represents the energy produced within the shell by nuclear processes. 
Eq.(5.8) represents the third of the basic equilibrium conditions which 
must hold throughout the stellar interior. 

Eq.(5.8) has to be modified in the short but critical phases of stellar 
evolution in which the changes in the internal structure are so fast that 
variations in the two minor types of stellar energy—thermal and gravita¬ 
tional—play an important role. In these phases we cannot expect that 
the flux will carry out of a volume just as much energy per second as the 
nuclear reactions produce inside the volume, as expressed in Eq.(5.8). 
Instead we should expect that the energy loss by the flux, the energy 
gain by nuclear reactions, and the work done by the pressure together 
will determine the rate of change of the internal energy of the volume. 

- r. The 

771 

work done by the pressure is —where the specific volume V can be 
replaced by its reciprocal, the density. The nuclear energy released per 
gram per second is by definition £. The net loss of energy by the flux, 
for a complete spherical shell of unit thickness, is dL^/dr, which has to 
be divided by the mass of the shell 47rr^p to get the loss per gram. Hence, 
altogether we have 

d k \ P dp I dL, , , 

dt \2 m j p dt 4i7Tr p dr 

With the help of the equation of state (5.3) this may be brought into the 
more convenient form 


The internal energy of one gram of an ideal gas is given by ~ 



(5.10) 


This equation takes the place of Eq.(5.8) in those phases in which the 
evolutionary changes are unusually fast. It is identical with Eq,(5.8) in 
the normal phases in which the changes are so slow that the time-derivative 
term in Eq.(5.10) can be ignored. 

This far we have only considered the condition which the energy flux 
must fulfill to balance the energy sources. Physically however, the ac- 
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tual flux is determined by the mechanism which provides the energy trans¬ 
port. This may be conduction, convection, or radiation. For all three of 
these mechanisms it is essentially the temperature gradient which de¬ 
termines the energy flux. Therefore we have to consider next these 
mechanisms in detail in order to determine the condition on the tempera¬ 
ture gradient that will produce a flux which just fulfills the energy bal¬ 
ance condition (5.8) or (5.10). 

Conduction turns out to be far too slow to contribute seriously to the 
energy transport through the stellar interior. Because of the high gas 
densities encountered there the free path lengths for the ions and elec¬ 
trons are so short compared with stellar radii that conduction may be 
quite neglected. There is one exception. We will find that the gas is 
degenerate in the white dwarfs as well as in the cores of red giants. In a 
highly degenerate gas the electrons may have very long free paths, which 
lead to very effective electron conduction. We shall return to this spe¬ 
cial mechanism of heat transport in §§25 and 27. In the following two 
sections we shall consider in detail the two transport mechanisms which 
dominate in the stellar interior, namely radiation and convection. 


6. Radiative Energy Transport 

If the stellar interior were isothermal, the radiation intensity would be 
isotropic and a net flux of radiation in any particular direction could not 
exist. In fact, however, there does exist a radial temperature gradient 
throughout the interior. In consequence, if you look from any given point 
inside a star towards the center you receive radiation coming from a 
slightly hotter region than at the given point, and if you look towards the 
surface you receive radiation coming from a slightly cooler region. The 
radiation directed outwards, which comes from the hotter region, will 
have a somewhat higher intensity than the radiation directed inwards, 
which comes from the slightly cooler region. Thus, there will be a net 
flux of radiation outwards. 

How large will this radiation flux be? This will depend on the opacity 
of the gases. If the opacity is low, you will be able to see, from a given 
point, far inwards to much hotter regions and far outwards to much cooler 
regions; the anisotropy of the radiation at a given point will be large and 
the net flux outwards great. Let us represent the opacity by the absorp¬ 
tion coefficient per gram, >c, defined so that 

Y.pdl 

gives the fraction of the energy of the beam which is lost by absorption 
over the distance dl. ^e will see in §9 that the absorption coefficient in 
the stellar interior is generally of the order of magnitude of unity—and 
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in no case very much smaller. If we once again use the mean density of 
the sun as representative, we find that Kp is of the order of unity, and we 
see that in the stellar interior a distance dl of as little as a centimeter is 
sufficient to absorb a large fraction of the intensity of a beam. In fact, a 
thickness of several centimeters of these gases will be effectively com¬ 
pletely opaque. You will therefore not see very far, inwards or outwards, 
from any given point in the interior. The temperature differences over 
this small region will be of the order of only a thousandth of a degree 
since the temperature drop over the entire stellar radius must be of the 
order of 10,000,000 degrees. The radiation field therefore must be very 
nearly isotropic, and we surely would neglect this minute degree of 
anisotropy if the flux it causes were not the essential link between the 
nuclear processes at the center and the radiative losses at the surface. 

The General Radiation Transfer Equation 

Let us now derive the exact relation between the radiation flux and the 
temperature gradient. For this purpose we describe the radiation field by 
the function /(r, 0), which is defined to be the intensity (in ergs per 
square centimeter per second per unit solid angle) of the radiation at a 
distance r from the center and in a direction inclined by the angle 6 to 
the radius vector. Consider now the gains and losses which the radiation 
within the solid angle do} receives per second in a cylinder with cross 
section (fe, length dU and location as shown in Fig. 6.1. There will be a 
gain by radiation entering at the bottom surface 

+ /(r, 6) cfc) ds 

and there will be a corresponding loss at the top surface 

- /(r + dr, 0 + dd) dco ds. 

In the last expression an increment occurs in the first argument since the 
top of the cylinder is further from the center than the bottom, and an 
increment occurs in the second argument since the curvature introduced 


Fig. 6.1. Diagram for the 
derivation of the radiation 
transfer equation. 
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by spherical symmetry causes the vertical at the top of the cylinder to be 
somewhat inclined to that at the bottom. Next, we have the loss by 
absorption over the length of the cylinder 

- / dciids X Mp dL 

Finally, there is the gain by the emission of the gases in the cylinder. 
Let / represent the total energy emitted by one gram per second iso¬ 
tropically in all directions. The emission of all the matter in the cylin¬ 
der in the directions contained within the solid angle dco is then 


+ jp ds dl 


do) 

47T 


If we now apply the condition of thermal equilibrium specifically to the 
radiation field, we must require that the gains of the radiation exactly 
balance its losses, that the sum of the above four terms must be zero. 
This condition, together with the two geometrical relations 

dl = dr/cos dB - — dl sin 6/r, 

gives us 


dl ^ dl sin 

cos (9- — - +Kp/-_;p = 0. (6.1) 

dr dO r 477 

This is the basic equation of radiative transfer, which must hold at every 
point within a star. 

Radiative Equilibrium in the Stellar Interior 

The solution of Eq.(6.1) for the radiation field presents one of the 
main problems in the theory of stellar atmospheres. For the stellar 
interior the solution is greatly simplified by the fact that here the radia¬ 
tion field is so very nearly isotropic. Instead of working with the func¬ 
tion /, which represents the distribution of the radiation over all direc¬ 
tions, let us consider the first three moments of this distribution func¬ 
tion: 


Energy density 

£(r) = i// 

c 

(6.2) 

Radiation flux 

H{r) = // COS0 doi. 

(6.3) 

Radiation pressure 

P jlir) = — J*/ cos^d dco> 
c 

(6.4) 

The physical meaning of the first 

two moments is clear. 

The dynamical 


meaning of the third moment we will discuss in §8. For these moments 
we can obtain differential equations by forming the corresponding mo¬ 
ments of the basic equation (6.1), i.e. by multiplying this equation by 
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powers of cos0 and integrating over eJI directions. The first two mo¬ 
ments of Eq.(6.1) (multiplication by 1 and cosO respectively) are 

^+1h+ cKpE-jp^O, (6.5) 

dr r 

i(3PR-£) + —« = 0. (6.6) 

dr r c 

We have obtained only two equations for the three functions £, and 
Pr. This insufficiency cannot be removed by deriving one more equation 
corresponding to the next higher moment of the basic equation (6.1) 
because this new equation would involve a fourth function representing 
the fourth moment of /. In fact, such an insufficiency is nearly always 
encountered if the method of moments is used to replace a partial dif¬ 
ferential equation, such as Eq.(6.1), by a set of ordinary differential 
equations, such as Eqs.(6.5) and (6.6). To make the entire procedure 
definite, one must find an additional, approximate relation between the 
moments considered. In our case, such an additional relation is easily 
derived because of the near isotropy of the radiation field in the stellar 
interior. 

Let us represent the radiation field at a given point by the series 

/ = 4 + /j cos 0+4 cos^0 + ... (6.7) 

Let us determine the rate of convergence of this series by introducing it 
into the basic equation (6.1). We may for the moment ignore the second 
term of this equation, which arises from the curvature, since this term 
complicates matters but does not affect the rate of convergence. Finally, 
let us assemble terms with the same power of cos 0. This gives us the 
recursion formula 


dl 


^ + Kp /„ = 0. 

dr 


This formula holds for n > 0; the corresponding formula for = 0, which 
involves the / term, does not have to be considered here. Since we want 
to use the recursion formula only for order of magnitude estimates, we 
may replace in it dl^^i by and dr by P. With these replacements we 
obtain 


/n-l 


1 

>CpP 


10 ‘‘°. 


Hence it is clear that the series (6.7) converges extremely rapidly in the 
stellar interior. We may therefore restrict ourselves to the first two terms 
in the series (6.7); we could not restrict ourselves to the first term only 
since then we would have fallen back to an isotropic radiation field 
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without any net flux- If we introduce the first two terms of the series 
(6.7) into Eqs.(6.2) to (6.4) for the three moments, we obtain 


c 3 3c? 


from which follows 


Pn = \E. ( 6 . 8 ) 

The relative error of this relation will be of the order of /a//o> which in 
turn is of the order of No higher accuracy is needed. Eq.(6.8) is 

the additional relation which, together with Eqs.(6.5) and (6.6), com¬ 
pletes the necessary set of three equations for the three moments. 

With the help of the relation (6.8) we may now simplify the two dif¬ 
ferential equations (6.5) and (6.6). First, we may replace the flux per 
square centimeter, by the flux through an entire sphere, Lj.^ by using 
the geometrical relation 

Lj.= ^nr^H. 

Next, we may introduce the appropriate expression for the emission /. 
The emission consists of two parts. The first contribution eurises from 
the normal thermal emission, which according to Kirchhoff’s law is 
proportional to the absorption coefficient K, to the Stefan-Boltzmann 
consteint a, to the velocity of light c, and to the fourth power of the 
temperature of the emitting gases. The second contribution arises from 
the nuclear processes and is equal to the nuclear energy production per 
gram per second, £. The full expression for the emission is therefore 

7 = Ha c + e. 

Finally, we may eliminate £ with the help of the basic thermal equilib¬ 
rium condition (5.8). After these several substitutions our equation (6.5) 
simplifies into 

E = aT\ (6.9) 

This relation between the energy density of the radiation and the tem¬ 
perature of the matter is exactly that which is obtained for perfect 
thermal equilibrium. Hence, we find that this relation is not affected 
by the small anisotropy of the radiation field in the stellar interior. 

After having reduced Eq.(6,5) to a simple form, we still have to do the 
same for Eq.(6.6). The relations (6.8) and (6.9) give for the radiation 
pressure 




3 


( 6 . 10 ) 
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If this is introduced into Eq.(6.6), it takes the form 


H = ~——{a c T*). 
3Xp dr 

Replacing H by Lj. as before we obtain finally 


Lj.- - ^7T1^ 


4ac r* dT 
3 Kp dr ' 


( 6 . 11 ) 


( 6 . 12 ) 


This is our fourth basic equilibrium condition. It fixes the value of the 
net flux of radiation as a function of the temperature gradient and of the 
opacity of the gases through which the radiation flows. 


The Magnitude of Stellar Luminosities and the Mass-Luminosity Relation 

We may use this radiative equilibrium condition (6.12) for a preliminary 
order-of-magnitude estimate just as we have used the hydrostatic equilib¬ 
rium conditions in the preceding section. Let us apply Cq.(6.12) to a 
point in the sun midway between center and surface. There we may take 
for r half the radius of the sun, for T ten million degrees in accordance 
with our previous estimates, for the reciprocal of Xp one centimeter, and 
for the differentials the corresponding differences. With these crude 
estimates we obtain from Eq.(6.12) 

L « 6 X 10”. 

Our result exceeds the luminosity of the sun by a factor of about a 
hundred. The cause of this discrepancy will turn out to be mainly the 
circumstance that our temperature estimate is somewhat too high; in §16 
we shall find from a detailed solution of the basic equations for the sun 
that the temperature at the median point is nearer three million degrees 
than ten million degrees. But rather than fret about the fact that we have 
missed the observed luminosity of the sun by two powers of ten, we 
should emphasize that even these extremely rough estimates, which take 
no account of the detailed structure of the basic differential equations, 
have already given us a luminosity within the general range of observed 
stellar luminosities. 

In the same spirit of roughest approximation we may use the radiative 
equilibrium condition to answer right now another question: how does the 
luminosity of a star depend on its mass? The necessary sequence goes 
as follows. A representative density within a star will vary with the 
mass and radius of the star according to 


P « 




If we introduce this proportionality into the condition of hydrostatic 
equilibrium (5.2), and if we replace the differentials as before by the 
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corresponding differences, we find for the dependence of a representative 
pressure on the mass and radius 


If we introduce these two proportionalities into the equation of state for 
an ideal gas (5.3), we obtain for the temperature 



Now we may introduce the proportionalities just found for P and T into 
the radiative equilibrium equation (6.12), in which we may replace the 
differentials as before with the corresponding differences and in which 
we may assume the absorption coefficient K to be substantially constant. 
Thus, we find 

L ocM\ 

The dependence on the radius has cancelled out and we have derived the 
theoretical mass-luminosity relation in its crudest form. Our result 
indicates that the luminosity of a star should increase with the third 
power of its mass. The observations which we discussed in §2 gave on 
the average much the same power of the mass, through with significant 
variations in the low, intermediate and high mass ranges, as shown by 
Fig. 2.1. But again, detailed comparison with observations is not the 
aim of these preliminary estimates. Their usefulness lies rather in illus¬ 
trating the physical implications of the basic equilibrium conditions. 

Stability of Thermal Equilibrium 

Our last estimates point out that the luminosity of a star is not de¬ 
termined by the rate of energy generation by nuclear processes—for 
which no estimates have entered our discussions this far—but by the 
radiative equilibrium condition (6,12). We may summarize the physical 
reasons for this circumstance as follows. The pressure force must 
counteract gravity according to the hydrostatic equilibrium condition 
(5.2). If the internal pressure is to be high enough for this purpose, the 
internal temperature must have certain relatively high values according 
to the equation of state (5,3), The temperature gradient from the high 
internal temperatures to the low surface temperatures will cause a net 
radiation flux according to Eq.(6.12). The strength of this radiation flux 
will be fixed by the radiative equilibrium condition (6.12) irrespective of 
whether or not the energy loss caused by the radiation flux is compen¬ 
sated by the nuclear energy production in the interior. If the total 
nuclear energy generation is smaller than the energy loss by radiation 
from the surface, the star suffers a net energy loss. The only way this 
loss can be made up is from the gravitational energy by contraction. 
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According to Eq.(5.6), only one half of the gravitational energy released 
during a contraction is available for radiation losses from the surface; 
the other half must automatically go into an increase of the thermal 
energy. During the contraction, therefore, the internal temperatures will 
rise and in consequence the rate of nuclear energy production will 
increase. The contraction will stop when the over-all rate of nuclear 
energy release is equal to the radiative surface losses, that is to the 
luminosity of the star. Thus the star has the ability of balancing its 
nuclear energy source and its radiation loss. It achieves this balance, 
however, not by adjusting its luminosity but rather by adjusting its 
nuclear energy sources through an appropriate contraction or expansion. 

There exist special circumstances in which a star is not able to 
balance its nuclear energy source with its radiation loss by a moderate 
expansion or contraction. This occurs when the internal densities are so 
high that the equation of state (5.3) for an ideal gas does not hold. We 
shall discuss such special circumstances in §§25 and 27. 

We have derived in this section the basic relation (6.12) between the 
energy flux and the temperature gradient for the case that radiation 
provides the energy transport. We now turn to the case where transport 
by convection is essential. 


7. Convective Energy Transport 

Let us assume that in a certain layer of a given star radiative equilib¬ 
rium holds as discussed in the preceding section. If this equilibrium is 
stable against perturbation, then no convective mass motions can persist 
and convective energy transport does not occur. If, however, the radia¬ 
tive equilibrium is found to be unstable, mass motions and convective 
energy transport may be the consequence. Clearly, we should determine 
the conditions under which radiative equilibrium is unstable before we 
investigate convection. 

Stability Condition for Radiative Equilibrium 

Consider the following particular perturbation. Take a volume element 
of small size within a star. Displace this element of matter upwards by 
the distance dr. Let the element expand adiabatically until the pressure 
inside the element is in balance with the pressure of the surroimdings. 
Release the element and determine whether it will start moving down¬ 
wards towards its original position or whether it will continue to move 
upwards. In the first case the radiative equilibrium is stable in the layer 
in question, whereas in the second case radiative equilibrium is unstable 
and convective motions will persist. 

To follow this perturbation in more detail we may use the nomenclature 
indicated in Fig. 7.1; quantities referring to the inside of the element are 
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Fig. 7.1. Perturbation of 
radiative layer to test for 
stability against convec¬ 
tion. 
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designated by an asterisk whereas quantities referring to the surrounding 
unperturbed medium have no asterisk, the subscript 1 refers to the origi¬ 
nal position of the element whereas the subscript 2 refers to the higher 
position to which the element is raised* Before the start of the perturba¬ 
tion the element considered does not differ from the surroundings, so that 

P* = Pi and P^* = Pf 

After the perturbation the pressure is again in equilibrium with the sur¬ 
roundings, but the density within the element may now differ from that of 
the surroundings since the internal density is determined by the adiabatic 
expansion of the element* Thus we have 

P,*=P, and 

where y is the ratio of the specific heats and! has the value 5/3 

for a highly ionized gas* The pressure force exerted on that volume 
which the element occupies after its displacement and expansion has not 
been altered by the perturbation* The gravitational force on the same 
volume, however, will be altered if the density within the element after 
the perturbation differs from that in the surroundings* Specifically, if the 
internal density is larger than the surrounding one, then the gravitational 
force is increased and the element will experience a net force down¬ 
wards so that it will start moving back towards its original position* 
Hence, under the condition 

Pa* > Pa 

any perturbation will immediately be damped out and the layer will be 
completely stable. 

This stability condition may be transformed into a more convenient 
form* First, the asterisked quantities may be eliminated with the help 
of the four relations above so that the stability condition is expressed 
entirely in terms of quantities referring to the unperturbed layer. Second, 
the quantities at the higher position (subscript 2) can be expressed by 
Taylor series in terms of the quantities and their derivatives in the lower 
position (subscript 1). If finally the limit for small displacements dr is 
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considered—so that higher than linear terms can be ignored—one obtains 


y r dr p dr 

This inequality is an exact and general form of the condition for stability 
against convective motions of any layer in a star. 

For the case that the equation of state (5.3) of an ideal gas holds, the 
stability condition can be brought into a still more practical form. Let 
us further specialize to the case of a layer which is homogeneous in 
chemical composition so that the molecular weight m is constant. Now 
by logarithmic differentiation of Eq. (5.3) we can express the density 
gradient in terms of the pressure and temperature gradients and eliminate 
it from the stability condition (7.1). We thus obtain 



P dr 


dT 

dr^ 


(7.2) 


Since the pressure gradient and the temperature gradient are both always 
negative, both sides of this equation contain positive quantities. The 
right-hand quantity is the absolute amount of the actual temperature 
gradient in the layer. The left-hand quantity is often called the “adia¬ 
batic temperature gradient’* since this quantity would represent the tem¬ 
perature gradient in the layer if the pressure and temperature followed the 
adiabatic relation throughout the layer. Condition (7.2) amounts to saying 
that for the layer to be stable the actual temperature gradient must be 
lower, in absolute amount, than the adiabatic temperature gradient. 

The stability conditions (7.1) and (7.2) cannot be applied without 
special considerations to layers with inhomogeneous composition. We 
shall encounter in §20 a typical example of such considerations. 

If a stable model of a star is to be constructed, the stability condition 
(7.2) must be checked at every layer within the model. That is, the 
pressure gradient has to be computed from the hydrostatic equilibrium 
condition (5.2), the temperature gradient has to be derived from the ra¬ 
diative equilibrium conditions (6.12), and both gradients have to be 
inserted into the stability condition (7.2). If this condition is found 
fulfilled, then the layer is stable and radiative equilibrium applies ex¬ 
actly as discussed in the preceding section. But what happens if the 
stability condition (7.2) is not fulfilled? This is the question we have 
now to consider in full detail. This problem is of appreciable conse¬ 
quence for stellar models. In stellar cores very high fluxes per square 
centimeter are often encountered and in stellar envelopes occasionally 
very high opacities occur; according to Eq. (6.12), both these circum¬ 
stances lead to high—and therefore unstable—radiative temperature 
gradients. 
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Convective Equilibrium 

Let us then consider a layer in which the stability condition (7,1) or 
(7.2) is not fulfilled. A perturbed element which is displaced upwards 
will have an internal density lower than the surrounding density. It 
experiences therefore a net force upwards and will in consequence con¬ 
tinue its upward motion. Similarly, an element displaced downwards will 
be too heavy compared with its surroundings and thus continue its motion 
downwards. Hence, upon the slightest perturbation convective motions 
will break out throughout the unstable layer. What thermal consequences 
will these motions have? An upwards moving element has, as we said, 
a density lower than that of the surroundings. Since it has adjusted its 
internal pressure by expansion to equal the surrounding pressure, its 
temperature must exceed the surrounding temperature according to the 
equation of state (5.3); the element carries an excess of thermal energy 
upwards. Similarly, a downwards moving element which has an excess 
density and hence a deficient temperature carries a deficient thermal 
energy downwards. Both the upwards and downwards moving elements 
contribute to a convective energy transport upwards. 

This additional energy flux has the following effect on the structure of 
the unstable layer. Assume for the moment that the layer was in pre¬ 
carious radiative equilibrium with the radiative flux carrying out the 
energy produced by the nuclear processes. Now, because of the insta¬ 
bility convective motions break out throughout the layer. The convective 
flux will transport thermal energy from the lower levels to the upper 
levels of the layer; the temperature at the lower, hotter levels will de¬ 
crease while the temperature at the upper, cooler levels will increase. 
Thus the temperature gradient will be reduced by the convection. The 
lowering of the temperature gradient will immediately reduce the radiation 
flux, according to Eq. (6.12). It will also reduce the convective flux 
since a reduction of the excess of the actual temperature gradient in the 
layer over the adiabatic temperature gradient causes a reduction in the 
average temperature excesses and deficiencies of the moving elements, 
thereby lessening the convective transport of thermal energy. The lower¬ 
ing of the temperature gradient by convection will continue until the 
radiation flux and the convective flux added together have reached a 
value which fulfills exactly the basic thermal equilibrium condition 
(5.8). At this stage radiation and convection together produce an energy 
flux which carries outwards exactly the amount of energy produced fur¬ 
ther in by the nuclear processes and no further temperature changes will 
occur at any level. Thus instability of radiative equilibrium in a layer 
of a star leads to another state of equilibrium—“convective equilib¬ 
rium”—in which convective motions occur throughout the layer. 

Energy Transport by Convection 

We now have to derive the relation between the temperature gradient 
and the total energy flux in this state of convective equilibrium. For 
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this purpose we have to consider in detail the transport of thermal energy 
by the moving elements. The temperature excess of a rising element 
over its surroundings is given by the difference between the adiabatic 
temperature change within the element and the actual temperature change 
in the surroundings from the starting point of the motion to its end point. 
If the element has risen by the distance dr^ its temperature excess will 
therefore be 


dT 



T dP , dT , T ^ 

- X dr - X dr = AV 1 x dr. 

P dr dr 


Here the symbol AVT is defined by 


AVr = 



T_^ 
P dr 


dr 


(7.3) 


and represents the excess of the actual temperature gradient—in absolute 
amount—over the adiabatic temperature gradient. If we multiply the tem¬ 
perature excess by c p we obtain the excess of thermal energy per cubic 
centimeter. If we further multiply by the velocity of the element, v, we 
obtain the energy flux per square centimeter per second 

H = drc pv. (7.4) 

Exactly the same equation holds for downwards moving elements since 
the change in sign of dr compensates the change in sign of v. In fact 
Eq.(7.4) represents the average flux produced by the convective motions 
if dr is taken to stand for the average displacement (that is the vertical 
distance from the level at which the element had the same internal tem¬ 
perature as the average surroundings) and if v is taken to stand for the 
average vertical velocity of all elements at one level. 

Eq. (7.4) already represents the needed relation between the convective 
energy transport and the temperature gradient. It is, however, not yet in 
a useful form since there occurs in it the convection velocity v which 
first has to be determined by the following dynamical consideration. The 
deficiency of density of a rising element over its surroundings can be 
computed, much like the temperature excess, by the following formula 



^ X dr + ^ X cir =-^ AVr X dr. 
P dr dr T 


If this density deficiency is multiplied by the gravitational acceleration, 
the deficiency in gravitational force, the excess force upwards, is ob¬ 
tained. Since this force acts only at the end of the displacement, while 
at the beginning of the displacement the excess force is zero, the average 
excess force is obtained by multiplying by 1/2. By multiplying this 
average excess force by the distance dr, we obtain the work done by the 
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excess force on the element. It is this work which produces the kinetic 
energy of the element. Thus we obtain 

1 p ^ GM 1 

-pv^ = - AVT dr -^ - dr, (7.5) 

2 T r^ 2 

Since both sides of Eq.(7.5) are quadratic in v and dr it holds, like Eq. 
(7.4), for downwards moving elements as well as upwards moving ones. 
Hence we may take Eq. (7.5) to represent the average over all elements 
at one level if we again take v and dr to stand for the appropriate aver¬ 
ages. Eq.(7.5) gives the convection velocity as a function of the tem¬ 
perature gradient. It may be used to eliminate the convection velocity 
from Eq. (7.4) for the flux. At this time we may introduce the average 
mixing length I which is to represent the average vertical distance which 
an element moves before it dissolves into its surroundings. In terms of 
this mixing length we can represent the average distance by which an 
element has moved at an arbitrary moment by 

d?^^L (7.6) 

2 

Thus we obtain from Eqs. (7.4) and (7.5) 

" ■ 'p" iivj r 

Eq. (7.7) represents our final relation between the convective energy 
flux and the temperature gradient. It involves one great uncertainty, the 
value of the mixing length appropriate for convection in stars. In labo¬ 
ratory experiments the effective mixing length is usually found comparable 
to the linear size of the volume in which convection is observed. Cor¬ 
respondingly, we might therefore set the mixing length in our situation 
equal to the depth of an unstable layer. This could, however, be a gross 
overestimate of the mixing length for unstable layers in which the density 
drops by a large factor from the bottom level to the top level—as is the 
case when convective instability occurs in a layer close to the surface. 
For the following estimates we shall use 



We shall see immediately that the uncertainty in this value for the mixing 
length has little consequence for convection zones in the deep interior of 
a star. It does introduce, however, a noticeable uncertainty if convective 
instability occurs in the layers just below the photosphere of a star—as 
is often the case—and thus introduces in some cases a great uncertainty 
in the structure and the extent of the outer parts of a stellar model. In 
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fact, for all but the most advanced phases of stellar evolution the lack 
of a definite theory for the effective mixing length appears to be the 
most serious hole in our present knowledge of the basic physical laws 
which govern the structure of the stellar interior. 

Adiabatic Approximation for Temperature Gradient 

To obtain the complete relation between the total energy flux and the 
temperature gradient we may write 

^ “ ^Radiative ^Convective 

If we introduce here for the radiative flux the value given by Eq. (6.11) or 
Eq. (6.12) and for the convective flux the value given by Eq. (7.7), we 
have obtained a relation which we can solve for the temperature gradient. 
This solution is greatly simplified by the following order-of-magnitude 
estimate. Let us use again our numerical estimates for the median point 
in the sun. Let us furthermore use for the convective flux its upper limit, 
which is the total flux. If we introduce these values into Eq. (7.7) we 
obtain for the temperature gradient excess 

AVr« 2 X 10“'°. 


This value should be compared with the temperature gradient itself, 
which we may estimate to be 


dr 


T 

« 3 X 10“\ 
R 


We see that the excess of the actual temperature gradient over the adia¬ 
batic temperature gradient is only about one millionth of the temperature 
gradient itself. Within our accuracy requirements it is therefore entirely 
permissible to ignore the temperature gradient excess completely and, in 
a convective layer, to set the temperature gradient equal to the adiabatic 
temperature gradient. Thus according to Eq. (7.3) we have 


dr \ y) P dr 


(7.9) 


Because of the large margin of safety, this simple equation holds with 
satisfactory accuracy for the stellar interior even if our estimate of the 
mixing length should turn out wrong by a very large factor. It is only if 
we approach the photosphere, where the density and the mixing length 
must be much smaller, that we cannot expect Eq. (7.9) to remain a good 
approximation. In that case we have to work explicitly with Eq. (7.7) 
with its uncomfortable uncertainty in L 

Character of Convection in Stellar Interior 

With the help of our earlier numerical estimates we may gain a some¬ 
what clearer picture of the motions which occur in a convective layer in 
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the stellar interior. For the average temperature excess or deficiency 
within a moving element over the surroundings we find 

J^=^VT 1°K. 

This is indeed a small fluctuation compared with a mean temperature of 
several million degrees. The average velocity of the moving elements 
can be computed from Eq,(7.5), which gives 

K m 

v « 3 X 10’ - 0.03 —. 

sec 

Again, these velocities are very small compared with the thermal veloci¬ 
ties which amount to several hundred km per sec in the stellar interior. 
Since the convective velocities are smaller than the thermal velocities 
by about four powers of ten, the hydrodynamic effects of the convective 
motions must be smaller than the gas pressure force by about eight powers 
of ten. This circumstance is particularly important because it justified 
our tacit assumption that the convective motions do not disturb the hy¬ 
drostatic equilibrium. 

With the help of our estimate for the convective velocities we may 
compute the Reynolds number in the usual way and we find a value very 
much larger than the critical value for the Reynolds number. This is, of 
course, a direct consequence of the very large linear scale of the motions 
in the stellar interior. It shows that the convection will not occur in 
orderly, semi-stable patterns—such as in Benard cells—but rather in a 
chaotic, turbulent manner. The slowness of these turbulent motions may 
be emphasized once more by computing the average lifetime of a turbu¬ 
lent element 


^ w A w 2 X 10® sec = 20 days. 

V 

This time scale is long from the point of view of turbulence but is ex¬ 
tremely short compared with the time scale of stellar evolution. This 
has the consequence that a convective layer must be extremely well 
mixed. Thus when nuclear transmutations change the composition in the 
hottest parts of a convective region these changes become apparent by 
turbulent mixing in every part of the convective region in a very short 
time. 

We may summarize our picture of the convective motions as follows. 
The motions in a convective layer in the stellar interior are turbulent in 
character and so slow that they have no hydrodynamic effect. The con¬ 
vective motions are highly efficient in transporting energy because of the 
high content in thermal energy of the gases in the stellar interior. The 
turbulent mixing is so fast that a convective region is practically homo¬ 
geneous in composition at all times. 
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From the point of view of the construction of stellar models we may 
extract from this section the following recipe. In every layer of a stellar 
model compute the pressure gradient from the hydrostatic equilibrium 
equation (5.2) and the temperature gradient from the radiative equilibrium 
equation (6.12). Introduce these two gradients into the stability condition 
(7.2). If you find that this condition is fulfilled, convection does not 
occur and the temperature gradient computed from the radiative equilib¬ 
rium condition (6.12) is the correct one. If you find that the stability 
condition (7.2) is not fulfilled, convection does occur and Eq. (6.12) can¬ 
not be used. Instead, use Eq. (7.9) which gives the actual temperature 
gradient in a convective layer with satisfactory accuracy. 


8. Equation of State 

In the three preceding sections we have assembled the equilibrium 
equations which must be fulfilled throughout the stellar interior. If we 
were now to start the building of theoretical stars, we would soon find 
ourselves floundering for lack of certain additional physical data. The 
equilibrium equations contain the pressure, the density, and the tempera¬ 
ture; we shall need the equation of state which relates these three vari¬ 
ables. The opacity is a decisive factor in the equation of radiative 
equilibrium; we shall need to know the opacity as a function of tempera¬ 
ture and density. The basic equation of thermal equilibrium is useless 
without knowledge of the rate of energy production by nuclear processes 
for various conditions of temperature and density. Hence, we still have 
to postpone the attack on our main problem, the construction of theoreti¬ 
cal stars of various masses and ages, and to continue patiently the as¬ 
semblage of all the physical data relevant to the stellar interior. 

The three additional relations we still need—the equation of state and 
the equations for the opacity and the energy generation—we may call the 
“gas characteristics relations.” They differ in two respects from the 
equilibrium equations which we have already discussed. First, on the 
mathematical side, they are explicit relations while the equilibrium con¬ 
ditions take the form of differential equations. And second, whereas we 
managed to write down the equilibrium conditions in a general form with¬ 
out specific regard to the composition of the stellar matter, we shall find 
that the gas characteristics relations will depend explicitly on the com¬ 
position. We shall now concentrate on the equation of state and take up the 
discussion of the opacity and the energy generation in the next two sections. 

Ideal Gas 

The equation of state of an ideal gas—which we have already used in 
§5 for numerical estimates—may be written in the form 


P = NkT. 
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Here N represents the number of free particles per cubic centimeter. 
This simple equation of state holds with high accuracy for gases of low 
density. Its application to stellar atmospheres where the density is of 
the order of 10“^ g/cm* appears therefore amply justified. Its application 
to the stellar interior, however, where the gas densities are very high, 
would not be justified if the temperature were not also very high and the 
matter therefore nearly completely ionized. Under these circumstances 
the effective volume of an individual particle is not the volume of a com¬ 
plete atom but rather a volume of very much smaller dimensions, and 
the deviations from the ideal gas equation caused by the particle volume 
are negligibly small. 

If we now want to relate the number of free particles, /V, to the den¬ 
sity, we have to introduce the composition of the gases explicitly for the 
first time. Let X stand for that fraction of the matter, by weight, which 
consists of hydrogen, Y that fraction which consists of helium, and Z the 
remaining fraction consisting of all the heavier elements. By definition, 
the three fractions must fulfill the relation 

A + y + z = i. 

With this form of designating the composition we can tabulate as follows 
the number of atoms and the number of corresponding electrons per cubic 
centimeter (where H stands for the mass of a proton and A for the average 
atomic weight of the heavier elements): 


Element: 

No. of atoms: 

No. of electrons: 


Hydrogen Helium Heavier 

^ If. fel 

H iH \_Ah} 

^ 2^ La ^ 

H m 2 AH 


( 8 . 1 ) 


The first item in the last column is put in brackets since it is generally 
negligibly small; the abundance of the heavier elements, Z, is of the 
order of a percent as we have seen in §4, and the average atomic weight 
for the heavier elements, /I, is at least as high as sixteen. In the second 
item of the last column we set the number of electrons per atom equal to 
which is exactly true, or nearly so, for most of the heavier ele¬ 
ments. Since in a completely ionized gas all the electrons are free, we 
can obtain the total number of particles per cubic centimeter, A, by a 
simple summation of all the items in the enumeration (8.1): 
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With this expression for the number of free particles per cubic centimeter 
we obtain for the equation of state 

pT with - = 2X+-Y+-Z (8.2) 

H 42 

where we have introduced the molecular weight ^ measured in proton 
masses, 

Eq.(8.2) for the molecular weight does not hold in the outermost layers 
of a star where the ionization is not complete. The limit to which Eq.(8.2) 
is applicable may be determined by computing the degree of ionization of 
the most abundant elements with the help of the Saha equation for vari¬ 
ous temperatures and densities. The results of such computations are 
shown in Fig. 8.1, a temperature-density diagram for the ranges of in¬ 
terest for the stellar interior. In the lower left-hand portion of the dia¬ 
gram are shown three curves. The lowest of these curves represents the 
conditions of temperature and density at which hydrogen is just half 
ionized. The middle curve represents the condition where half of the 
helium is singly ionized, and the highest curve the condition where half 
of the helium is doubly ionized (the exact positions of these three curves 
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Fig. 8.1. Temperature-density diagram for the equation of state. The number? 
in parentheses refer to the relevant equations representing the equation of state. 
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depend somewhat on the composition; in Fig. 8.1 they are based on the 
limiting case of virtually pure hydrogen). The dashed line in Fig. 8.1 
gives for comparison the approximate run of temperature and density in 
the sun from the photosphere (lower left circle) to the center (upper right 
circle). The intersection of this solar line with the three ionization 
curves shows that in the sun hydrogen and helium are practically com¬ 
pletely ionized even at a temperature only a little above a hundred thou¬ 
sand degrees. Since, furthermore, slightly incomplete ionization of the 
heavier elements has little effect because of their low abundance, we 
may conclude that Eq.(8.2) for the molecular weight holds in all but the 
outermost layers of the sun and similar stars. 

Radiation Pressure 

At this point it may be useful to correct an omission which we have 
made in our discussion of hydrostatic equilibrium in §5. There we had 
assumed that the only force which counterbalances gravity is the gas 
pressure. In fact, however, we should add to this the force exerted on 
matter by radiation. Whenever an atom emits a photon it loses momentum 
and when it absorbs a photon it gains momentum. Since an atom emits 
isotropically over all directions no resultant momentum can accrue when 
one averages vectorially over many emission processes. The absorption 
processes, however, are not isotropically distributed since the radiation 
has a net flux outwards. 

The net energy transport per square centimeter per second is H and 
therefore the momentum transport of the radiation per square centimeter 
per second is H/c. Of this momentum transport only the fraction >Cp is 
absorbed by the matter over a vertical distance of one centimeter. The 
momentum absorbed by the matter per cubic centimeter per second, that 
is the force exerted by the radiation on the matter, is then 

^Rad = fi 

c 


This equation for the radiation force may be transformed into a more con¬ 
venient form with the help of Eq.(6.11) for radiative equilibrium, giving 


F 


Rad 




dr 


Thus we see that the quantity which we have introduced in §6 as the 
“radiation pressure” acts in fact as a pressure in the sense that its 
gradient represents a force. We can therefore take the radiation force 
properly into account by simply adding the radiation pressure to the gas 
pressure, thereby obtaining for the total pressure 


_ 1 A; a 

p = -_pr+ 
(JlH^ 3 


(8.3) 
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Under what conditions is the radiation pressure of importance? We 
have drawn in the temperature-density diagram, Fig. 8.1, a line—in the 
upper left-hand portion—which represents the condition at which the 
radiation pressure exactly equals the gas pressure (this line depends 
somewhat on the molecular weight and hence on the composition; we have 
here again used pure hydrogen). To the left of and above this line radia¬ 
tion pressure dominates the gas pressure whereas to the right of and be¬ 
low the line the reverse is true. We see that throughout the sun radiation 
pressure is of no importance. We will find the same to be true in the 
majority of the stars. Only in fairly special circumstances, particularly 
in the heaviest stars, has radiation pressure to be taken into account. 

Degeneracy 

Eq.(8.3) would be our last word about the equation of state if it were 
not for the complicating phenomenon of degeneracy. Degeneracy occurs 
at high densities. It is not caused, however, by the gas density ap¬ 
proaching nuclear densities, that is by the nuclei starting to “touch.’’ 
Nuclear densities are of the order of 10^^ g/cm*, which is more than a 
factor a thousand higher than the highest densities which we will en¬ 
counter. Rather, degeneracy is a direct consequence of the exclusion 
principle. 

Consider for the moment only the free electrons in the gas. The elec¬ 
trons contained in a small volume dx dy dz have, under conditions of low 
density, a velocity distribution given by Maxwell’s law. To visualize 
this three-dimensional distribution function in momentum space we may 
consider a cross-section through it, i.e. we may look at the distribution 
of the X component of the momentum, p^, for just those electrons which 
have y and z momentum components near zero. This one-dimensional 
cross-section has, according to Maxwell’s law, the form of an error curve 
of which the dispersion is determined entirely by the temperature (see 
Fig. 8.2, curve a). If we put twice as many free electrons into our small 
space volume, without however changing the temperature, the distribution 
in momentum space is changed as shown by curve b in Fig. 8.2; the num¬ 
ber density is doubled at every point in momentum space, but the disper¬ 
sion of the distribution is not altered. 

Such an increase in the number density in momentum space is not pos¬ 
sible indefinitely; the exclusion principle sets a ceiling. Take a small 
volume dp dp dx dy dz in six-dimensional phase space and divide 

it into cells of the size where h is the Plank constant. The exclusion 
principle states that at most two electrons—differing from each other in 
their spin—may be contained in each cell. We have therefore for the 
number density of electrons in phase space the upper limit 

2 

^Py dy dz<— dp^ dp^ dp^ dx dy dz. 

Now, if we put still more free electrons into our small space volume than 
shown in curve b of Fig. 8.2, the maximum of the distribution function 
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will soon approach the ceiling; most of the cells at the lower momenta 
will be filled and the majority of the additional electrons have to be put 
into cells further out, at larger momenta, that is at larger energies. The 
distribution function will be deformed by this process as shown by curves 
c, d, and e of Fig. 8.2. Finally, if we put still more electrons in the 
same space volume, the distribution function will approach the form 
shown in curve f of Fig. 8.2: all cells for momenta smaller than a thresh¬ 
old momentum, Pq, are completely occupied, virtually no electrons are 
found at momenta larger than the threshold, the original distribution func¬ 
tion which was governed by the temperature is completely obliterated, the 
new distribution function is entirely determined by the ceiling set by the 
exclusion principle and by the threshold value, that is the electron gas 
is “completely degenerate.” 

Complete Degeneracy 

Let us derive the equation of state for the completely degenerate case. 
For this purpose we have to determine both the density and the pressure 
from the momentum distribution by the appropriate integrals over momen¬ 
tum space. A one-dimensional cross-section across the momentum dis¬ 
tribution is shown in curve f of Fig. 8.2. The corresponding three- 
dimensional distribution function corresponds simply to a sphere with 
radius p^; within this sphere the number density is equal to the upper 
limit given by the exclusion principle, while outside the sphere the num¬ 
ber density is zero. The first integral, that for the number of electrons 
per cubic centimeter, takes correspondingly the simple form 


= Po 


■ /// F * 


2 ^ j 

* " A" 3 ■ 


= 0 
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If we want to relate the number of electrons to the density, we have to 
add up the items listed in the last line of the enumeration (8.1): 


Ap =-with 


1 111 

-^;y + -y + -z = -i + ;y). 

4e 2 2 2 


(8.4) 


If we eliminate N-^ between the last two equations, we obtain for the den¬ 
sity as a function of the threshold po 


J_ 


3 A’ 


(8.5) 


The second integral, that for the electron pressure, may be written as 
|p|-p« 


Iff 


Px ^x IT ^Py dp 2 - 


Here we have expressed the pressure as the rate of transport of momen¬ 
tum, as the momentum of of a cubic centimeter transported through a 
square centimeter at the rate given by the corresponding velocity v^. 
That we here have singled out the x direction is of no consequence since 
the momentum distribution is spherical. To evaluate this integral we 
have to distinguish two cases. In the non-relativistic case the velocity 
and the momentum are related by 


V 


X 


Ex 

m 


where m is the mass of the electron. Introducing this into the pressure 
integral, we obtain by integration 


P = 

^ I5mh^ 


Po 


For the case that most of the electrons have relativistic velocities, the 
total velocity is equal to the light velocity so that an individual velocity 
component is given by 



If we introduce this relation into the pressure integral and perform the 
integration we have 


P 


E “ 


27rc 


Po 


Thus we have obtained for both cases a relation between the electron 
pressure and the threshold momentum. 
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If we express the threshold raomentum in terms of the density with the 
help of Eq,(8.5), we arrive at the equation of state for a completely de¬ 
generate electron gas in the non-relativistic case 


P^=K,x 



with Aj = 


20m H 


= 9.91 X 10“ 


( 8 . 6 ) 


and in the relativistic case 


4 



We still have to consider the atoms since their pressure P ^ has to be 
added to the electron pressure to obtain the total pressure 

P +Pe- 

Are there conditions in stars where the atoms also are degenerate? In 
non-degenerate thermal equilibrium the atoms have on the average the 
same energy per particle as the electrons. Because of their higher mass 
their average momentum must therefore be larger by the square root of 
the mass ratio. In momentum space they are therefore scattered over a 
volume larger by the three-halves power of the mass ratio than that vol¬ 
ume occupied by the electrons. Hence, the atoms have available nearly 
a hundred thousand times more cells in momentum space than the elec¬ 
trons and degeneracy of the atoms would occur only at densities a hundred 
thousand times higher than for degeneracy of the electrons. Such ex¬ 
treme densities will occur in the stellar interior only in the rarest of 
circumstances, if at all. We may therefore continue to use for the atoms 
the non-degenerate equation of state 

P, = with — = A +7 y (8.9) 

where the appropriate molecular weight has been found by adding the 
items in the first line of the enumeration (8.1). The combination of 
Eqs.(8.6) and (8.9) gives the equation of state for nonrelativistic elec¬ 
tron degeneracy while the combination of Eqs.(8.7) and (8.9) gives the 
equation of state for relativistic electron degeneracy. 
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Degeneracy Limits 

To know when to apply which equation of state we must now determine 
two boundaries in the temperature-density diagram, first the boundary be¬ 
tween the non-degenerate region and the degenerate region, and second 
the boundary which divides the latter region into its non-relativistic and 
relativistic parts. 

We define the first boundary as that line where the non-degenerate and 
degenerate formulae give the same electron pressure. Thus, according to 
Eq.{8.6), the condition for this boundary is 


— = 



which gives for the density as a function of the temperature along this 
line 


1 

- p = 


Pe 



-2.40xl0“®xT^. 


( 8 . 10 ) 


The boundary, given by this equation, is represented in the temperature- 
density diagram Fig. 8.1 by the heavy diagonal line (the position of this 
line depends somewhat on the moleculeu* weight, i.e. the composition; 
since degeneracy usually occurs in the stellar interior in regions in 
which the hydrogen has already been exhausted, we have used here a 
composition of pure helium). We see that conditions all through the sun 
fall into the non-degenerate region. On the other hand, we will find that 
conditions in the interior of white dwarfs fall well within the degenerate 
region—as is already suggested by the high mean densities of white 
dwarfs. Degeneracy will occur also during certain evolutionary phases of 
red giants, as we shall see in §24. 

The second boundary, which divides the degenerate region into its 
non-relativistic and relativistic parts, may be defined as the line where 
Eqs,(8.6) and (8.7) for the two cases of degeneracy give the same elec¬ 
tron pressure. Accordingly we have at this boundary 


=1.916x10*. (8.11) 

This boundary is represented in Fig. 8.1 by the vertical line at the right 
(here again we have used a composition of pure helium). Clearly, very 
high densities have to be reached for relativistic degeneracy to occur. 
So far such high densities have been encountered only in the case of 
white dwarfs. 


Partial Degeneracy 

In the temperature-density diagram in the vicinity of either of the two 
boundaries just discussed the equation of state is obviously not accurately 
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represented by any of the simple forms we have derived. Near the first 
boundary the momentum distribution takes the distorted form shown in 
curve c of Fig, 8.2, which is intermediate between the error curve charac¬ 
teristic for non-degenerate conditions and the square form characteristic 
for degeneracy. Near the second boundary part of the electrons will have 
relativistic velocities and part non-relativistic ones. In both boundary 
regions the exact equation of state can be derived by the same principles 
we have employed thus far. We shall not give these derivations here but 
rather only report the results. 

In the neighborhood of the first boundary, which separates the non- 
degenerate region from the degenerate region, that is in the region of partial 
degeneracy, the exact equation of state can be written in the parametric 
form 


— p = ^ {2mkT)T H F, (^) (8.12) 

Me A -T 

(2mAr)|- kT F, (^) (8.13) 

3 « 2 

where the two new functions are defined by 

-L J_ 

Fx (lA) = f —- du and F^ {xjj) = f —— -dit. (8.14) 

^ Jo e“-'/'+l ^ Jo e“-'A+l 

For large negative values of ijj Eqs.(8.12) and (8.13) go over into the equa¬ 
tion of state for an ideal electron gas, as can be seen from the limiting 
behavior of the two F functions, 

for iff << 0: Fy {ifi) » e'^, F^ (^) w — e^, 

T T 2 

On the other hand, for large positive values of these equations go over 
into the degenerate equation of state (8.6), as follows from the limiting 
behavior of the two F functions, 

for i/r > > 0: (i/f) « — i/r^, F^xjj) » ^ 

T 3 2 0 

Semi^Relativistic Degeneracy 

In the neighborhood of the second boundary, which separates the non- 
relativistic degenerate region from the relativistic degenerate region, the 
electron pressure is accurately given by 

Pe = ^ /W (8-15) 

with fix) = xi2xf — 3)ix^ + 1)^ + 3 arc sinh x 


( 8 . 16 ) 
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and X = —(8*17) 

me 

These equations together with Eq.(8.5) give the equation of state in 
parametric form. For smaller densities this set of equations goes over 
into Eq.(8.6) for non-relativistic degeneracy since we have 

g 

for po < < mCy i.e. x <<1: f{x) « -- x^. 

D 

For higher densities it goes over into Eq.(8.7) for relativistic degeneracy 
since we have 

for Pq> > mCj i.e. a: > > 1: fix) - 2 

Summary 

By now we have collected for each relevant portion of the temperature- 
density diagram the equations which accurately represent the equation of 
state. In Fig. 8.1 we have indicated in each region the relevant equa¬ 
tions by numbers in parentheses. All these equations together determine 
the pressure as a function of temperature and density uniquely and con¬ 
tinuously throughout that portion of the temperature-density diagram rele¬ 
vant to stars. The fact that the equation of state cannot be given by one 
equation for this entire region is a bother in practice but not a difficulty 
in principle. 


9. Opacity 

The radiative opacity of the matter which makes up a star is one of 
the most essential factors in the structure of the stellar interior. For the 
astronomer who tries to reconstruct the stellar interior the opacity is by 
feir the most bothersome factor in the entire theory. The opacity is 
caused by a multitude of atomic processes involving many elements and 
many stages of ionization. The sum of all these processes can not be 
represented by simple formulae in most cases, at least not with high 
accuracy over large regions of the temperature-density diagram. 

This troublesome situation has been enormously alleviated in recent 
years by the publication of extensive tables which are based on detailed 
computations and which give the absorption coefficient for many different 
compositions and for a large number of points in the temperature-density 
diagram. Because of the existence of these tables it does not appear 
useful to describe the necessary computations here in full detail. In¬ 
stead, in this section we shall first enumerate the main atomic processes 
which cause the opacity. Next we shall give the principle steps and 
equations used in the computation of the absorption coefficient, and 
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finally we shall discuss the commonly used approximate equations which 
represent the opacity with rough accuracy. 

Atomic Absorption Coefficients 

The three atomic processes which contribute most to the opacity are, 
first, photoionization, the bound-free transition of an atom which absorbs 
a photon and in the process frees a formerly bound electron; second, 
free-free transitions in which an electron while passing an atom absorbs 
a photon and jumps from one free orbit to another more energetic one; and 
third, Thompson scattering of free electrons. 

Consider first the bound-free transitions. Since hydrogen and helium 
are practically completely ionized in the interior, bound-free transitions 
have to be considered only for the heavier elements. Because even the 
heavier elements are very highly—though not completely—ionized in 
the interior the hydrogenic approximation for the atomic transition prob¬ 
abilities is applicable with good accuracy. In this approximation the 
absorption coefficient for one bound electron in one atom is given by 


647r^me^° g 

3V3cA‘ v’ 


(9.1) 


Here is the effective charge of the ion considered, n is the principal 
quantum number of the electron considered, ly is the frequency of the light 
absorbed, and g is a non-dimensional factor called the Gaunt factor, 
which is of the order of unity and varies only slowly with n and u, 

Eq.(9.l) can hold only for frequencies for which the corresponding 
photon energies exceed the ionization energy i.e. 


, 27T^me* 

*->X.-^ 


(9.2) 


Hence, a specific bound-free transition causes an absorption continuum 
which is zero at low frequency, which jumps abruptly to its maximum at 
the critical frequency, and which tapers off at the higher frequencies 
proportionally to the reciprocal of the cube of the frequency. The absorp¬ 
tion coefficient of a specific ion as a function of frequency will consist 
of the sum of several bound-free continua corresponding to several values 
of the principal quantum number n —with substantial contributions 
usually only from the few lowest n values. The absorption coefficient of 
a particular element will consist of one or two such series of continua 
corresponding to the one or two stages of ionization of the element which 
prevail at a given temperature and density. Altogether, therefore, the 
absorption coefficient of a mixture of the heavier elements will consist 
of an appreciable number of individual bound-free continua and corre¬ 
spondingly will tend to have a rather irregular behavior with frequency 
as well as with temperature and density. 
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Next consider the free-free transitions. The absorption coefficient for 
one atom and one free electron per cubic centimeter can be written in the 
hydrogenic approximation as 


^ ^ iLf 

3\/3 chm^ V 


(9.3) 


Here v is the velocity of the electron and is again the Gaunt factor. 
This absorption coefficient varies smoothly from high values at low 
frequencies to low values at high frequencies, and there are no restric¬ 
tions in the frequency range since photons of all energies can be absorbed 
by free-free transitions. In consequence, summation over the relevant 
ionization stages and elements produces an over-all free-free absorption 
coefficient which—except for minor variations caused by the Gaunt 
factor—is well behaved as a function of frequency, temperature, and 
density. 

The last and simplest of the three absorption mechanisms is electron 
scattering. The absorption coefficient per electron is given by 




Stt 

3 rri^ 


(9.4) 


This absorption coefficient is independent of frequency. 

The Over-all Absorption Coefficient 

How do we compute now from the three basic atomic absorption co¬ 
efficients the over-all absorption coefficient of a cubic centimeter of 
stellar matter? To start again with the bound-free transitions, we have 
to multiply the atomic absorption coefficient by the number of atoms 
per cubic centimeter of atomic weight A, which is given by X^p/AH if 
represents the abundance (by weight) of this element. We have 
further to multiply by the number of electrons, N^ per atom which 
are bound in the nth state. We may compute this number with the help of 
the Saha equation as a function of the temperature and the number of free 
electrons per cubic centimeter. Finally, we have to sum over all ele¬ 
ments and their various states of ionization and also over the various 
contributing values of n. Thus we obtain for the over-all absorption 
coefficient from bound-free transitions 

XbfWxp= (9.5) 

A,n 

A similar procedure is applicable to the free-free transitions. Again 
we multiply the atomic absorption coefficient by the number of atoms 
per cubic centimeter. Next we have to multiply by the number of free 
electrons per cubic centimeter Since the atomic absorption co¬ 

efficient for free-free transitions depends on the velocity of the electron 
we must here use the number of electrons as a function of velocity. 
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which is given by the Maxwell distribution, and then integrate over all 
velocities. Finally, we again sum over all relevant elements. Thus we 
obtain for the over-all absorption coefficient by free-free transitions 


Kjj {v) X p 


= E /“« 


X X Aj. (v)dv 

AH 


(9.6) 


For electron scattering we obtain the absorption coefficient per cubic 
centimeter simply by multiplying the atomic absorption coefficient Oj, by 
the number of electrons per cubic centimeter, thus obtaining 

(9.7) 


^ P ~ ^ 


Now we add the contributions from the three atomic processes 

>c(i/) = (^) + (9.8) 

and thus obtain the total absorption coefficient as a function of frequency. 

The actual computations of the absorption coefficient are often trickier 
than our simple summary may have implied. For accurate computations 
it is necessary, for example, to take into account the perturbations by 
neighboring particles, which alter both the atomic transition probabilities 
and the ionization equation. Here we shall not enter upon these com¬ 
plicating features but shall rather continue with our survey of the 
principal steps. 

The Rosseland Mean 

Eq.(9.8) does not yet give the absorption coefficient in the form in 
which we need it. This equation presents the coefficient in its full 
frequency dependence, while in our discussion of radiative equilibrium 
in §6 we have used in every layer only one absorption coefficient, which 
clearly must stand for an appropriate mean over all frequencies. How is 
this mean to be taken? 

If we consider radiative equilibrium not for the total radiation as we 
did in §6, but for monochromatic radiation, we find that all the derivations 
of §6 hold for monochromatic radiation up to Eq.(6.8). In particular, we 
obtain from Eqs.(6.6) and (6.8) 


3 ^ 


(9.9) 


The monochromatic energy density Hiy) and the monochromatic net flux 
H{v) give the total energy density E and the total net flux H —to which 
we want to return as soon as we can—by straight integration over all 
frequencies: 


E - E{v)dv and H = ( H{v)dv 

•'n 


■/ 

•'o 


(9.10) 
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The absorption coefficient occurring in Eq.(9.9) has been given an 
asterisk to indicate the following correction which we have to add here. 
In §6 we had completely ignored stimulated emission. It can be shown 
that this as well as the relations between the three Einstein coefficients 
for emission and absorption are accurately taken into account if one uses 
a reduced absorption coefficient defined by 

K*(i/) = kM X (1 - (9.11) 

With this correction the absorption coefficient given by Eq.(9.8) can 
be introduced into Eq.(9.9). But before we can average this equation 
over all frequencies we must consider the frequency dependence of the 
monochromatic energy density, E{v). The energy density is determined 
according to Eq.(6.2) by integrating the intensity over all directions. 
The outwards radiation passing a given point arises from a region 
slightly further in and at a somewhat higher temperature. Its intensity 
therefore is a little higher than the black body intensity corresponding 
to the temperature at the given point. This excess is very nearly exactly 
compensated by tne corresponding deficiency in the inward radiation. 
Therefore to obtain the energy density to a very high degree of accuracy 
we may use the black body formula 

E{v) = S (v, D = — X X -1)-‘ (9.12) 

c c 

We see that in the stellar interior the frequency dependence of the energy 
density is not affected by the frequency dependence of the absorption 
coefficient. 

The same thing can not be said at all for the flux, H{y)> For a fre¬ 
quency at which the absorption coefficient is hi^ the outwards radiation 
passing a given point will arise from a region only just a little further in 
and hence only just a little hotter than the given point, and similarly the 
inwards-going radiation will arise from a nearby point only a very little 
cooler than the given point. Hence, the excess of the outwards radiation 
over the inwards radiation, that is the net flux, will be small. The 
reverse will be true for frequencies at which the matter is particularly 
transparent. Here the radiations will come from relatively more distant 
points with larger temperature differences and hence the net flux will be 
large. We may say that the net flux seeks those frequencies at which it 
experiences the least absorption. Thus no simple formula, corresponding 
to Eq.(9.12), can be given for the frequency dependence of the net flux. 

In consequence it would not be useful to average Eq,(9.9) over all 
frequencies as it stands, but rather we shall first divide this equation by 
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the absorption coefficient and then integrate over all frequencies, 
obtaining 

r 1 dE{v) ^^ 

^ ^ c r°° 1 dE{v) c dE dr 

3pJ K*M dr 3p dr .oo 

- dv 

J * 

‘'o 


This equation goes over into our original Eq.(6.1l) for radiative equilib¬ 
rium if we define the absorption coefficient by the following means 


1 

K 



1 dE{v) dT 
dT dr 

dE{v) dT 
dT dr 


dv 


1 (1 dv 

^ k ( u ) __ dr 


P dBCv.T) 

dT 

Jo 


which is called the Rosseland mean. Thus we have completed our 
description of how one derives the mean absorption coefficient from the 
atomic data. 


Kramers^ Law for Hound^Eres Transitions 

We shall now drop all considerations of accuracy and derive some very 
approximate formulae for the absorption coefficient. For bound-free 
transitions we may obtain a rough estimate of the absorption coefficient 
from Eq.(9.5) as follows. First we have to determine from the ionization 
equation the average number of electrons per atom which are bound 

in the nth state. For the case of high ionization, the Saha equation gives 




+ X„/kT 


2(277 m k T)'^ 


(9.14) 


The first factor, Ag, represents the number of free electrons per cubic 
centimeter, which is given by Eq.(8.4), and the second factor, n\ arises 
from the statistical weight of the nth state. Next we introduce this 
equation as well as Eq.(9.1) for the atomic absorption coefficient into 
Eq.(9.5) and obtain 

^''*"3 VT A '\_nkT 



Z(l+Y)^^ (9.15) 
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Here we have assembled the various factors in the following way. Two 
of the powers of from Eq.(9.l) we have combined with the A from the 
denominator of Eq.(9.5). The ratio of these two quantities does not vary 
greatly from element to element if one considers only the more abundant 
of the heavier elements and we may use as a representative value 



The remaining two powers of from Eq.(9.l) we have replaced by the 
ionization potential, which is given by Eq,(9.2). We have multiplied 
and divided kT in such a way that in Eq.(9.15) both the ionization 
potential and hv occur always divided by kT, The summation over the 
elements was performed by simply summing over the abundances 
which gives Z, since hydrogen and helium do not contribute noticeably to 
the bound-free transitions. The summation over the various states was 
ignored since the lowest state with n = 1 usually provides the main 
contribution. 

Consider now the factors in the bracket of Eq.(9.15). At any given 
temperature and density those particular elements and ionization stages 
which contribute most to the absorption coefficient will be those having 
ionization energies of the order oi kT; those with much lower ionization 
potentials have too few bound electrons to be effective—as is the case 
for hydrogen and helium throughout the interior—while those with much 
higher ionization potentials require energies too high for the average 
photon at the given temperature. We may therefore take y /kT to be of 
the order of one—at least as long as there exist some ionization poten¬ 
tials in the element mixture considered which are high enough for this 
condition to hold; and in reality the metals provide high enough ioniza¬ 
tion potentials for all temperatures and densities for which the bound-free 
absorption coefficient is of importance. The ratio hv/kT likewise can 
be taken to be of the order of one since this gives the frequency just of the 
order of magnitude which occurs with highest weight in the Rosseland 
mean of Eq.(9.13). Hence all the factors in the bracket of Eq.{9.15) are 
of the order of unity. Therefore after introducing all these numerical 
factors, we may write Eq.(9.15) in the form 

= 4.34 X 10“ X I X Z(1 + AO ^ (9.16) 

This is Kramers’ Law of Opacity. It gives in a simple, though only very 
approximate, form the dependence of the bound-free absorption coefficient 
on temperature, density, and composition. 

The factor g in Eq.(9.16) represents the mean Gaunt factor, and t 
represents an appropriate mean for the other factors in the bracket of 
Eq.(9.15); both these correction factors are of the order of unity as we 
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have seen. We may also take t to include all the other modifying phe¬ 
nomena which we have not included in this very rough derivation. In 
particular it should include the following correction, which tends to 
reduce the bound-free absorption coefficient. For low temperatures the 
ionization equation (9.14) which holds only for high degrees of ioniza¬ 
tion, leads to an overestimate of the number of bound electrons per atom 
since this number can at most rise to the number of sub-states contained 
in the nth principal state. When this number is reached the guillotine 
falls on any further increase of the number of bound electrons and the 
absorption coefficient falls below the value otherwise expected. The 
factor t which takes care of this important correction in Kramers’ Law 
(9.16) has therefore been named the guillotine factor. 

Eq.(9.16) may be used from another point of view. Assume that this 
equation represents the exact bound-free absorption coefficient. Then 
this equation may be considered to define the guillotine factor, which in 
a strict sense now is a function of temperature, density, and composition. 
In fact, Eq.(9.16) has frequently been used in this sense; the results of 
detailed and accurate computations of the absorption coefficient have 
been given not in tables of the absorption coefficient itself but in tables 
of the corresponding guillotine factor—or, more precisely, in tables of 
the guillotine factor divided by the mean Gaunt factor. For the limited 
range of conditions occurring within a particular star one can often 
represent the guillotine factor with fair, though not high, accuracy by 

= = [(1+^)p]“ (9.17) 

g \gj 0 

Here the coefficient with zero subscript and the exponent OC are two 
available constants which should be adjusted so that the interpolation 
formula (9.17) represents the accurate tabular value of the guillotine 
factor—or of the absorption coefficient itself—as well as possible. 
The numerical values for the coefficient usually range between one and 
ten and those for the exponent between zero and one-half. If Kramers’ 
Law (9.16) is used not with a constant, average guillotine factor but 
with a varying guillotine factor as given by Eq.(9.17), it is often referred 
to as Modified Kramers’ Law. 

Kramers* Law for Free-Free Transitions 

We continue the derivations of simple, approximate formulae for the 
absorption coefficient and turn now to the free-free transitions. In this 
case we have to consider only hydrogen and helium since for a mixture 
of the heavier elements the free-free transitions are fairly negligible 
compared with the bound-free transitions. 

We proceed by introducing the atomic absorption coefficient of Eq.(9.3) 
into Eq.(9.6). Again the factor /A occurs; for hydrogen and helium 
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this factor is exactly one. The integration over the electron velocities 
prescribed by Eq.(9.6) results in two factors. The first factor arises 
from the reciprocal velocity occurring in Eq,(9.3). Averaging over the 
Maxwellian distribution gives 



The second factor is the total number of free electrons per cubic centi¬ 
meter, which again can be replaced with the help of Eq.(8.4). The 
frequency dependence of the atomic absorption coefficient of Eq.(9.3) 
can be averaged——accurately except for the Gaunt factor—with the help 
of Eq.(9.13) for the Rosseland mean. The result is 

^ (kT\^ 

V -196.5 j 

This rather large value for the mean frequency reflects the fact that the 
free-free transitions give a much higher transparency at high frequencies 
than at low ones and that it is transparency, that is the reciprocal of the 
opacity, rather than opacity which is averaged in the Rosseland mean. 
Finally, the summing over the abundances in Eq.(9.6) gives here 
X ■¥ Y, When these various factors are introduced into Eq.(9.6) this is 
transformed into 


X.. = - 
3 


Vf 


1 


196.5 


x[g„]x(X + y)(l + X)^ 


(9.18) 


= 3.68 X 10“ X gjj X (Z + y)(l + i?) 

Thus we see that—in this rough approximation—the free-free absorp¬ 
tion coefficient of hydrogen and helium has the same dependence on 
temperature and density as the bound-free absorption coefficient for the 
heavier elements. However, the numerical coefficient is very much 
smaller. Only when the abundance of the heavier elements is small will 
the absorption by hydrogen and helium play an important role. If we take 
the average Gaunt factor of Eq.(9.16) to be about equal to that of Eq.(9.18), 
and if we use a typical guillotine factor of ten, we find that the bound- 
free absorption by the heavier elements will dominate the free-free 
absorption of hydrogen and helium as long as the abundance of the 
heavier elements, Z, is of the order of two percent or larger—as is 
probably the case for the young Population I stars. However, free-free 
transitions of hydrogen and helium will dominate the absorption processes 
of the heavier elements if the abundance of the latter is of the order of 
one half of one percent or less—as may well be the case for the extreme 
Population II stars. 
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Electron Scattering 

Turning finally to the last of our three atomic processes, we can 
obtain an explicit equation for the absorption coefficient arising from 
electron scattering extremely simply. If we introduce into Eq,(9.7) the 
atomic absorption coefficient from Eq.(9.4) and the expression for the 
number of electrons from Eq. (8.4), we are finished since stimulated emis¬ 
sion does not occur for electron scattering and since the evaluation of the 
Rosseland mean can be skipped for a frequency-independent absorption 
coefficient.Thus we obtain for electron scattering, without approximations, 


>‘f = —-r^,><(l + ^)=0.20x(l + X) (9.19) 

3 c^Hm^ 

Temperature-Density Diagram {or the Opacity. 

At what temperatures and densities is electron scattering more im¬ 
portant than the other sources of opacity? Electron scattering will 
dominate where Kramers’ Law gives an unusually small absorption 
coefficient. This occurs according to Eq.(9.16) at low densities or at 
high temperatures. In the temperature-density diagram one may define the 
demarcation between the two opacity sources as given by that line where 
Eqs.(9.T6) and (9.19) give the same absorption coefficient. On this line 
we have 


p = 4.4 X 10"" X X 

This line is shown in Fig. 9.1 for the representative values Z = 0.01 and 
t/'g = 3 (if we had used the corresponding demarcation between electron 
scattering and free-free absorption by hydrogen and helium, the line in 
Fig. 9.1 would have to be shifted just a little to the right. We see that 
conditions throughout the sun, which are indicated approximately by the 
dashed line in Fig. 9.1, fall into the region dominated by Kramers’ Law. 
We shall find, however, that electron scattering plays an important role 
in the cores of the heavier stars, both on the main sequence and among 
the red giants. 

To complete our discussion of the temperature-density diagram shown 
in Fig. 9.1 we may remark—as we have already mentioned at the end of 
§5—that under conditions of degeneracy conduction by the free electrons 
is highly effective so that energy transport by conduction is much more 
important than energy transport by radiation. We have therefore copied 
the demarcation line between degenerate and non-degenerate conditions 
from Fig. 8.1 on to Fig. 9.1. Thus the temperature-density diagram is 
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Fig. 9.1. Temperature-density diagram for the opacity. The numbers in paren¬ 
theses refer to the relevant equations representing the absorption coefficient. 


divided into three regions, electron scattering at the upper left, bound- 
free and free-free absorption in the middle, and electron conduction to 
the ri^t. 

Mixed Opacities 

To return to the approximate equations for the absorption coefficient, 
we still have to discuss the appropriate formulae for the transition 
region around the demarcation line between the electron scattering 
region euid the region of bound-free and free-free transitions. In this 
transition region we may be tempted simply to add the two relevant 
absorption coefficients—either Eqs.(9.16) and (9.19) or Eqs.(9.18) and 
(9.19). This procedure is not strictly correct since according to Eq.(9.8) 
we should add the monochromatic absorption coefficient before we take 
the frequency average of the Rosseland mean by Eq.(9.13). The simple 
addition of the average absorption coefficients will, however, represent 
the true total absorption coefficient with tolerable accuracy in many 
cases. 

For the particular case of negligible abundance of the heavier elements 
it has recently been shown that the absorption coefficient in the transi- 
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tion region is well represented by 


= 1.6 X 10“ X (1 + A) X ' (9.20) 

This formula represents the absorption coefficient with an accuracy of 
about ten percent over the range 

4 X 10"” < _P. < 10““ 

ya.s 

This range of applicability contains only a rather narrow strip of the 
transition zone. It is, however, of particular importance since it in¬ 
cludes much of the interior conditions in sub-dwarfs. 

When in the subsequent chapters we make extensive use of Eqs.(9.l6) 
to (9.20) for the absorption coefficient, even thou^ we have here greatly 
emphasized their approximate nature, we do so in the understanding that 
their use is only a poor—but often efficient—substitute for the use of 
the detailed tables now available. We will consider the use of these 
formulae justified only if they are checked with and adjusted to the 
tabular values for every sample star. 


10, Nuclear Reactions 

Nuclear physics has provided the last missing link in the chain of 
basic phenomena which determine the structure and evolution of stars. 
Our knowledge of the nuclear processes in the stellar interior is still 
fascinatingly surrounded by the thrill of the new. But not only for such 
subjective reasons must we ascribe exceptional importance to the nuclear 
processes; it is they which provide the immense energies needed to main¬ 
tain the stars as luminous bodies for their long life, it is they which pro¬ 
vide the one-way transmutations that cause the stars to evolve. 

Nuclear Processes at Stellar Temperatures 

Over two hundred stable isotopes of all the elements are known. Each 
of these isotopes might undergo nuclear reactions with any other one. 
Can we hope to master this complex cookery sufficiently for our stellar 
purposes at this early date in the art of nuclear physics? Against this 
doubt we may guin confidence by the following happy circumstance. At 
a temperature of ten million degrees, typical for the stellar interior, the 
thermal energy of a particle is on the average only 
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This is a small energy indeed if one compares it with the potential barrier 
between two nuclei caused by the Coulomb repulsion. If we take the 
distance over which nuclear forces are effective to be of the order 10“^^ cm 
and if we consider only particles with the lowest charges, we obtain for 
the Coulomb potential 


E 


Coulomb 


Z{ Z' e^ 


« 2 X lO*"® « 1000 kev 


This barrier is a thousand times higher than the average thermal energy. 
It has to be overcome if the nuclear forces are to enter into action. 

Now a particle does not need to have a thermal energy exceeding the 
Coulomb potential to penetrate this barrier. Even at lower energies it has 
some chance of succeeding. However, the penetration probability, Pp, 
rapidly decreases with decreasing particle energy. On the other hand, as 
the energy increases above the thermal average the number of particles of 
a given energy rapidly decreases, according to Maxwell’s Law. Clearly 
then, the main contribution to nuclear processes will arise from particles 
in an intermediate energy range, such as 

^Stellar “ 20 keV 

where the energies are sufficiently large so that the penetration proba¬ 
bility is still not too small and where at the same time the number of 
particles is still not vanishingly small. We will see that the battle be¬ 
tween these two factors produces just the right rate of nuclear reactions 
in the stellar interior as long as we consider only particles of low charge. 
For particles of higher charge the Coulomb barrier becomes prohibitively 
high compared with the thermal energies at ten million degrees. 

We have therefore to consider only reactions between particles of very 
low charge. Thus our ingredients are restricted to, say, the fourteen 
stable isotopes below oxygen, and the cookbook for these few and simple 
ingredients appe£u*s completely known even at this date. This abridged 
cookbook already contains the two most fundamental recipes, the proton- 
proton reaction and the carbon cycle. These two processes represent 
alternatives for the transmutation of hydrogen into helium, which is the 
most powerful source of stellar energy. 

After a star has exhausted its hydrogen, it is forced to contract and its 
internal temperature will rise. When the central temperature reaches the 
order of one hundred million degrees, the thermal energies of the parti¬ 
cles are sufficiently increased so that appreciably higher Coulomb bar¬ 
riers can be penetrated and a whole new set of nuclear reactions sets in. 
There may still exist some justified doubt whether our present list for 
this second course of nuclear processes is complete as yet. It already 
contains, however, one most important item, the transmutation of helium 
into heavier elements, which is the second—and possibly the last—of 
the main nuclear energy sources in the star. 
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When a star has also exhausted its helium fuel, it will again contract 
and again raise its internal temperature. When at the center the tempera¬ 
ture reaches the order of one billion degrees, a wild multitude of new 
nuclear reactions breaks out. It appears not impossible that this event 
should be identified with the supernova phenomenon. Preliminary, specu¬ 
lative surveys of this event have indicated a fascinating set of possible 
phenomena. Neither the nuclear data nor the astronomical data regarding 
supernovae, however, appear sufficient at this time to permit a detailed 
analysis. We will restrict ourselves here, therefore, entirely to the 
nuclear reactions occurring at temperatures below a billion degrees. 

We will now turn to the discussion of the three main energy-producing 
processes, the proton-proton reaction and the carbon cycle, both of which 
produce the transmutation of hydrogen into helium, and the triple-alpha 
process, which produces the transmutation of helium into heavier ele¬ 
ments. Since an expert and up-to-date monograph on this subject is 
available we restrict ourselves here to a summary of the results. 

The Proton-Proton Reaction 

A proton-proton reaction consists of the following three steps 

-f + e'*' + V + 1.44 ^^ev (14 x 10® yrs) 

D"+H'-^He' + y + 5.49 Mev (6 sec) (10.1) 

He' + He' He" + H' + H" + 12.85 Mev (10" yrs) 

In the first step, two protons collide and produce a deuteron, a positron, 
and a neutrino. The positron immediately combines with an electron, and 
the pair disappears with the emission of two gamma rays. The neutrino, 
however, has a reaction cross-section that is virtually zero and thus will 
pass straight through the entire star, leaving it forever. The proton- 
proton interaction, because of a very unfavorable nuclear transmutation 
probability, is very slow in spite of the favorably low Coulomb barrier. 

The build-up process is continued by a collision between the deuteron 
and another proton, which form He' with the emission of a gamma ray. 
This interaction has a very high probability and follows virtually immedi¬ 
ately after the formation of the deuteron. The build-up of helium may be 
completed by a variety of reactions. The one given in the third line of 
Eq.(lO.l) is by far the most frequent of the various alternatives under 
stellar conditions. It consists of the collision of two He' particles which 
form a He" nucleus with the re-emission of two protons. Since this third 
step uses two He' particles, the build-up of one He" nucleus necessitates 
that the first and second reactions of Eq.(lO.l) each occur twice. 

The total amounts of energy liberated in each of the three reactions 
are listed in Eq.(lO.l). Not all of this energy, however, is available to 
the star since a fraction of the energy liberated in the first step (on the 
average 0.26 Mev) is carried away by the neutrino and thus is lost perma- 
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nently to the star. If we subtract this little loss and remember that the 
first and the second reactions have to occur twice, we obtain for the 
total energy liberated per helium atom formed 

E = 26.2 Mev = 4.2 x lO"* erg (10.2) 

PP 


The Carbon Cycle 

An alternative way of transmuting hydrogen into helium exists in the 
carbon cycle, which consists of the following six reactions 


N“ + y 
N'" + e+ + V 

+ y 

^ 0^® + y 
0^® ^ N'® + e+ + V 
N'5 + ^ C'" + He^ 


+ 1.95 A^ev (1.3 X 10^ yrs) 
+ 2.22 Mev (7 min) 

4- 7.54 Mev (2.7 x 10® yrs) 
+ 7.35 Mev (3.2 x 10* yrs) 
+ 2.71 Mev (82 sec) 

+ 4.96 Mev (1.1 X 10® yrs) 


To start with, the collision of a proton with a common carbon nucleus 
produces a particle with emission of a gamma ray. The N'® particle 
is not stable but decays—in seven minutes, on the average—into the 
heavy carbon isotope with the emission of a positron and a neutrino. 
Again, the positron disappears together with an electron and the neutrino 
leaves the star. The next build-up step is taken when a second proton 
collides with the heavy carbon isotope, forming a common nitrogen nucleus. 
The third step follows when another proton collides with the nitrogen and 
forms the unstable 0^® which decays—in 82 seconds, on the average— 
into the heavy nitrogen isotope, N^®, with the emission of a positron and 
neutrino, whose fate we know. The final step in the build-up process is 
taken when a fourth proton collides with the heavy nitrogen nucleus, very 
rarely forming 0*^® but nearly always forming plus a helium nucleus. 
It is this last step which makes the carbon cycle a true cycle in which 
the catalyst, is re-formed at the end so that the net effect is solely 
to produce one helium nucleus out of four protons—just the same as for 
the proton-proton reaction. 

The energies liberated in the six reactions comprising the carbon cycle 
are listed in Eq.(10.3). In the decay of a particle the neutrino takes 
away on the average 0.72 Mev and in the decay of a 0^® particle 0.98 
Mev. If we again add up the energies liberated minus the neutrino losses, 
we find per helium nucleus formed 

E - 25.0 Mev = 4.0 x 10“® erg (10.4) 

cc 

This value for the energy generation is slightly lower than the value in 
Eq.(l0.2) for the proton-proton reaction because of the slightly larger 
losses by neutrinos in the carbon cycle. Both these values differ by 
small amounts from the value directly computed from the mass defect of 
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one helium atom compared with four hydrogen atoms—a value which we 
have already used for our rough estimates at the end of §5. These small 
differences arise, of course, from the neutrino losses. 

Nuclear Reaction Rates 

It is not enough to have isolated the particular nuclear reactions which 
liberate the main store of stellar energy. It is the rates of these reac¬ 
tions which we need. The individual processes which make up the proton- 
proton reaction as well as the carbon cycle are all of one type—with the 
exception of the two beta-decays in the carbon cycle, for which the rates 
are well known. The type of process in question is the collision of two 
completely ionized atoms with subsequent nuclear interaction. The rate 
of such a process, that is the number of interactions per cubic centi¬ 
meter per second, can be given by the equation 


r= r N,N, vq{v)P^ iv) D{T, v) dv 

Jo 


(10.5) 


The various factors in this equation arise as follows. The total number 
of reactions per cubic centimeter must be proportional to the number of 
atoms of the first kind, and the number of reactions per atom of the 
first kind must be proportional to the number of atoms of the second kind, 
Aj. These numbers of atoms follow the proportionalities 

Ai « p and Aj oc p Aj 


where and are the abundances by weight of the two kinds of atoms. 

The frequency of collisions between one atom of the first kind and one 
atom of the second kind is proportional to the product of the relative 
velocity v and the effective cross section q. The effective cross section 
for collisions which can lead to nuclear interactions is given by the 
square of the de Broglie wavelength so that 


1 



Not all collisions can lead to nuclear interactions, but only those in 
which the Coulomb barrier is penetrated. The penetration probability, 
Pp , depends on the relative velocity in the following form 

1 

Pp (v) cc e” * 

This formula represents both the rapid drop of the penetration probability 
with decreasing velocity and the great disadvantage of reactions between 
atoms of high charges, Z' and Z' , circumstances which we have already 
discussed above. 
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Even penetration does not assure nuclear interaction. The probability 
of nuclear interaction, does not depend appreciably on the relative 
velocity v in most cases, but does depend sensitively on the particular 
interaction and thus is the critical factor in Eq.(10.5). Our knowledge of 
the nuclear reaction probabilities comes from two sources, theoretical 
computations and laboratory experiments. Theoretical computations can 
now be made with good assurance for the simplest reactions. Thus a 
fairly accurate theoretical determination for the first step in the proton- 
proton reaction is available. That this particular theoretical determina¬ 
tion is now possible is a lucky circumstance since the interaction be¬ 
tween two protons is so rare an occurrence—however you arrange the 
laboratory conditions—that it is entirely outside the realm of experi¬ 
mental measurement. On the other hand, all the other reactions listed 
under Eqs.(lO.l) and (10.3) are as yet hardly accessible to theoretical 
computations. For them, however, the available experimental data give 
the reaction probabilities with reasonable certainty. 

Let us turn to the next factor in Eq.(10.5). Since the collision fre¬ 
quency as well as the penetration probability depends sensitively on the 
relative velocity v, we have to multiply by the frequency distribution of 
velocities and then integrate over all velocities. The Maxwellian veloc¬ 
ity distribution is represented by 


D {T,v) oc Ji-.e 

rf 


~HA 


1,2 


where the reduced atomic mass is given by 


A 


A, + A, 


It is the dependence of the velocity distribution on temperature which 
causes the nuclear reactions to be temperature sensitive. 

The evaluation of the integral of Eq.(10.5) is made easy by the fact 
that a rather narrow range in velocity contributes nearly the entire value 
—as we have already surmised above. This range is centered at the 
velocity for which the combined exponent of the two combatting factors 
Pp and D has its maximum. Using this simplifying circumstance, one 
finds in good approximation for the integral 




3(2 7r^e 


^2 ^ 1,2 


h}k 


( 10 . 6 ) 


2 


This formula for the reaction rate of nuclear processes of the type here 
considered shows explicitly the dependence on temperature, density, and 
composition while all the nuclear characteristics, including the critical 
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factor Pjj, are collected in the constant , which varies from reaction 
to reaction. 


Mean Reaction Times and Equilibrium Abundances 

The main applications of Eq.{10.6) will be for the determination of the 
rate of energy generation £. But before we enter upon this question let 
us use Eq.(10.6) to gain some insight into the relative speeds of the 
various reactions which make up the proton-proton reaction and the car¬ 
bon cycle. We may define the ‘‘mean reaction time per particle of the 
first kind” by dividing the number of particles of the first kind per cubic 
centimeter by the number of reactions per cubic centimeter per second, 
i.e. by 



(10.7) 


Combining Eqs. (10.6) and (10.7) one sees that for each reaction the 
mean reaction time depends only on the temperature and the density of 
the particles of the second kind, pX^ , besides of course the known nu¬ 
clear constants occurring in Eq.(10.6). In the proton-proton reaction and 
the carbon cycle, as we have chosen to write them in Eqs.(lO.l) and 
(10.3), the role of the second kind of particle is always played by the 
proton except in the last reaction of Eq.(lO.l) where this role is taken 
by He^. If we choose as representative sample conditions for the center 
of stars 


T = 13 X 10\ p X (IP) =100, pX (He") = 0.01 

(a justification for the last value we will find in a minute), we obtain for 
the mean reaction times the values listed in parentheses in Eqs.(10.1) 
and (10.3). 

The mean reaction times differ from reaction to reaction enormously. 
In the carbon cycle, for example, has a reaction time twenty times 
longer than one hundred times longer than C"" and three thousand 

times longer than —not to mention the two unstable isotopes and 
0^® for which we have already noted the extremely short decay times. 

How can the reactions of the carbon cycle follow one another in a 
balanced manner if the reaction times are so greatly at variance? Imagine 
that we started with a mixture of and in the ratio 1 to 3 and with 
very little of the heavier isotopes, as would be fairly characteristic of 
the earth’s crust. Then let the carbon cycle start. After some ten million 
years, much of the will have undergone transmutations, but very 
little will as yet have happened to the In fact, most of the will 

have changed into through the first three reactions of Eq.(10.3) while 
very little of the will have changed back into through the last re¬ 
actions of Eq.(10.3). Thus the abundance ratio of to will be 
steadily changing, and simultaneously, of course, a certain amount of the 
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heavier isotopes will be built up. These changes will continue until the 
abundance of has fallen so low that the reaction rate per cubic centi¬ 
meter of the first step in Eq.(10.3), which transmutes has become 
just as low—in spite of its fast reaction time per particle—as the rate 
of the fourth step in Eq.(10.3), which transmutes 

When equilibrium is finally reached, after a time of the order of one 
hundred million years, each isotope involved in the carbon cycle is formed 
just as fast by one reaction as it is destroyed by another one. This 
means that in equilibrium the reaction rates per cubic centimeter must be 
equal for all six steps in the carbon cycle. If we express these equilib¬ 
rium conditions in terms of Eq.(10.6) for the four non-decay reactions of 
the carbon cycle, we may solve for the equilibrium abundance ratios for 
the four stable isotopes involved. Using the known nuclear constants for 
these four reactions we obtain 

Z {C^^)/X (C^^) = 4.3± 1.6 

X {n^*)/X (N'®) = 2800 ± 1200 (10.8) 

+ ^^n/X = 21 ± 8 

These values for the abundance ratios do not depend on the density since 
all four reactions depend on the same power of the density, which can¬ 
cels out when the four rates are set equal to each other. The first two of 
these values do not depend perceptibly on the temperature either; how¬ 
ever, the third one does, since the exponent in Eq.(10.6) differs slightly 
between the carbon isotopes and the nitrogen isotopes because of their 
difference in charge. Here we have used again a temperature of thirteen 
million degrees. The errors indicated in Eq.(10,8) represent rough esti¬ 
mates of the present uncertainties in the nuclear constant for the four 
relevant reactions. 

The equilibrium value for the carbon isotope ratio is of interest in it¬ 
self since it is very much smaller than the ratio found in the earth’s 
crust. Thus, if we find a low ratio similar to the equilibrium value of 
Eq.(10.8), as we do in the majority of the carbon stars, rather than a high 
value characteristic for the earth and the atmospheres of most normal 
stars such as the sun and the normal red giants, we may confidently con¬ 
clude that here we have direct evidence of the workings of the carbon 
cycle. Similar equilibrium considerations hold also for the proton-proton 
reaction. The only modification arises from the fact that two reactions of 
each of the first two steps of Eq.{10.1) are needed for one reaction of the 
last step. Hence, in equilibrium the reaction rates of the first two steps 
must be equal to each other and must be twice as large as the rate of the 
third step. From these conditions we obtain for the two relevant abun- 
dance ratios 

X (D")/A (H‘) = 3 X 10-" 

X (He>)/A (H‘) = 10-" 


(10.9) 
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These numerical values were again computed for a temperature of thirteen 
million degrees. The abundance ratio of He^ to H depends sensitively on 
the temperature; for eight million degrees it is about one hundred times 
larger than for thirteen million degrees (its value for thirteen million de¬ 
grees has already been used above in the computation of the mean reac¬ 
tion time). 

Bate of Energy Generation by Proton-Proton Reaction 
and Carbon Cycle 

Now we are ready to use Eq.(10,6) for determining the rate of energy 
generation by the proton-proton reaction and by the carbon cycle. Since 
the reaction rates are equal for the six steps of the carbon cycle, we may 
single out one of these six reactions, compute for it the rate per cubic 
centimeter from Eq.(10.6), multiply this rate by the total energy liberated 
per cycle according to Eq.(10.4), and thus obtain the rate of energy gen¬ 
eration per cubic centimeter, i.e. 

Ep = rE. (10.10) 


The same equation holds for the proton-proton reaction if we use for the 
rate half the reaction rate of the first or second step in Eq.(10,l) and if 
we use for the total liberated energy the value given by Eq.(10.2). 

Which particular reaction shall we single out from the proton-proton 
process and from the carbon cycle for the determination of the rates? For 
the proton-proton reaction we shall obviously single out the first step 
since this permits us to express the energy generation in terms of no 
other abundance but that of hydrogen itself. In the carbon cycle we shall 
single out the fourth step—again the slowest—since its rate depends on 
the abundance of N^^, the most abundant among the isotopes involved. 
In fact, according to the equilibrium abundance ratios (10.8), we do not 
commit any appreciable error if we set the abundance of N^^ equal to the 
abundance of all carbons and nitrogens together, . This substitution 
has the following great advantage. The onset of the carbon cycle does 
change the abundances of the individual carbon and nitrogen isotopes. It 
does not, however, change the total amount of carbon and nitrogen com¬ 
bined. Hence, we may use spectroscopically determined values for 
^CN some justification, a procedure which would not be safe for the 

individual isotopes. 

With these selections we obtain from Eqs.(10.6) and (10.10) our final 
formulae for the energy production by the proton-proton reaction and by 
the carbon cycle 


pp 


= 2.5 X 10® X pX^ X 




( 10 . 11 ) 

( 10 . 12 ) 




X e 
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These equations give the rate of energy generation as a function of tem¬ 
perature, density and composition. The uncertainty in Eq.(lO.ll) caused 
by the uncertainty in the nuclear transmutation probability of a proton 
amounts to about 25 percent at present while that of Eq.{10.12), caused 
by the uncertainty in the nuclear transmutation probability of still 
amounts to about a factor 2. 

The energy generation according to Eqs.(lO.ll) and (10,12) is repre¬ 
sented as a function of temperature in Fig. 10.1. The graph shows that 
the proton-proton reaction dominates the carbon cycle at the lower tem¬ 
peratures while the reverse is true at the higher temperatures. That this 
should be so follows directly from the much higher Coulomb barriers act¬ 
ing in the carbon cycle compared with those of the proton-proton reaction. 
The two energy generation rates cross at a temperature somewhere be¬ 
tween fifteen and twenty million degrees; the exact crossing temperature 
depends slightly on the carbon-nitrogen abundance. In this transition 
range the total energy generation is given by the sum of the two contribu¬ 
tions. Thus, the proton-proton reaction and the carbon cycle together 
present the energy generation by hydrogen burning as one continuous 
function of temperature and density. 

Fig. 10.1 permits us to estimate right now which stars have their main 
energy source provided by the proton-proton reaction, and which by the 
carbon cycle. The average rate of energy generation throughout a star is 
given by L/M. The rate in the central region in which the energy genera¬ 
tion actually occurs must be higher than the average rate by an appreci¬ 
able factor, say 30. We may thus compute an approximate value of the 



Fig. 10,1. Nuclear energy generation as a function of 
temperature (with pX^ — 100 and = 0.005^ for the 

proton-proton reaction and the carbon cycle, but = 10* 
for the triple-alpha process). 





§10. NUCLEAR REACTIONS 


83 


rate of energy generation in the central region of any star for which L and 
M are known. Such values are indicated in Fig. 10.1 for three representa¬ 
tive stars. We may estimate from these indications that the carbon cycle 
is dominant in stars as bright or brighter than Sirius A, but that the 
proton-proton reaction is dominant in stars as faint or fainter than the 
sun. We shall see these estimates confirmed by the detailed models of 
§ §15 to 25. 

Following are two more minor modifications of the basic Eqs.(10.11) 
and (10.12). First, to relate the carbon-nitrogen abundance to the abun¬ 
dance of all the heavier elements, Z, we will frequently use the relation 


Z 


CN ^ 



(10.13) 


This equation, based on earlier spectroscopic data, differs somewhat 
from Eq.(4.2), which we deduced from the most recent data; but this dif¬ 
ference can hardly cause serious errors. Second, we may substitute a 
simple exponential form for the somewhat complicated temperature- 
dependent factors of Eqs.(10.11) and (10.12). This will be sufficiently 
accurate, in most cases, since in any one star the temperature range in 
which the bulk of the nuclear generation occurs is rather small. We may 
therefore replace the accurate equations by the interpolation formulae 

Epp = e,xpX^x 
PP ‘ ^ \lQ6j 

®cc = X P^^CN ^ ^Yo*) 

Appropriate values for the coefficients and the exponents in these inter¬ 
polation formulae are given in Table 10.1 for various temperature ranges. 


(10.14) 

(10.15) 


The Triple-Alpha Process 

We leave now the temperature range of around ten million degrees, 
enter the next higher range of around one hundred million degrees, and 

TABLE 10.1 


Constants for interpolation equations (10.14) and (10.15) for various 
temperature ranges. (Bosman-Crespin, Fowler, Humblet, PulL Soc, 
Royale Sciences Liege, No. 9-10, 327, 1954.) 


Sp 

^cc 

r/io‘ 

log El 

V 

r/io* 

log 6i 

V 

4-6 

-6.84 

6 

12-16 

-22.2 

20 

6-10 

-6.04 

5 

16-24 

-19.8 

18 

9-13 

-5.56 

4.5 

21-31 

-17.1 

16 

11-17 

-5.02 

4 

24-36 

-15.6 

15 

16-24 

-4.40 

3.5 

36-50 

-12.5 

13 
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turn to the transmutation of helium into carbon by the triple-alpha process. 
This process consists of the two reactions 


He^ + He^ Be* + y - 95 kev 
Be* + He^ + y + 7.4 Mev 


(10.16) 


In the first step the collision between two alpha particles leads to the 
formation of a Be* nucleus. This nucleus is not stable, however; the re¬ 
action is endothermic—in contrast to all other reactions discussed so 
far-—and requires 95 kev. The unstable Be* nucleus will break down 
again into two alpha particles, which is the reverse process to the first 
reaction of Eq. (10.16). These continuous build-up and break-down 
processes will establish thermal equilibrium between the alpha particles 
emd the Be* particles. Hence, we may use the usual Saha equation to 
determine the number of Be* particles per cubic centimeter, for which we 
find 


N (Be*) « (He") x 


1 

— xe 
pr 


Here stands for the negative binding energy of Be*, which amounts to 
95 kev as we have already mentioned. Since this binding energy is about 
ten times larger than the average thermal energy of a particle at one 
hundred million degrees, the value of the exponent in the Saha equation 
is rather large and consequently the number of Be* particles will be quite 
small—about one in ten billion alpha particles. This small amount of 
the unstable beryllium isotope is nevertheless sufficient to permit the 
second step of the triple-alpha process to proceed at a sufficient rate. 

This second step, according to Eq.(10.16), consists of a collision be¬ 
tween a Be* particle and a third alpha particle, which leads to the forma¬ 
tion of Again the rate of this process can be found with the help of 

Eq.(10.5)—with one important change, however. The carbon-forming re¬ 
action which we are just considering has a strong resonance at an energy 
of 


= 310 kev 

This means that the nuclear transmutation probability is not approximately 
constant, as it is for the other reactions we have discussed, but rather 
has a sharp and high maximum for particle velocities corresponding to the 
resonance energy. The main contribution to the integral of Eq.(10,5) 
arises therefore from a narrow range of velocities around the resonance 
velocity. In this narrow range we can in good approximation treat all 
factors of the integrand in Eq.(10.5) as constant except the factor , 
which integrated over the critical velocity range gives a constant char¬ 
acteristic for the particular reaction. We note that the velocity distribu- 
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tion function 0, though independent of the particle velocity over the 
critical range, depends on the temperature as follows 

D {T, v) - ^ X e“ 

ft 

If we introduce into Eq.(10.5) this expression for D the above Saha 
equation for the number of Be* particles and also our usual designation 
for the number of alpha particles 

N (He") ocpY 

we obtain 


„ Xb-^^Xr 

r — C x y* X — - X 6 ^ ^ 

r ji3 


(10.17) 


This equation gives the reaction rate, that is the number of reactions per 
cubic centimeter per second, for the formation of carbon as a function of 
temperature, density, and helium abundance. The constant C for this 
reaction, which depends mainly on the width of the determining resonance, 
can be estimated but is still uncertain by easily a factor 10. 

Before we apply Eq.(lO.lO) to determine the rate of energy generation 
from the triple-alpha process, we note that the total amount of energy 
liberated by the formation of a C^^ particle according to Eq.(10.16) 
amounts to 

= 7.3 Mev = 1.17 x 10"’ erg (10.18) 


With this value and with Eq.(10.17) we obtain from Eq.(lO.lO) 


"3 a ' 




4670 


l(f 


X e 


(10.19) 


This formula gives the rate of energy generation from the transmutation 
of helium into carbon, which is the second major source of stellar energy. 
This energy source is represented in Fig. 10.1 by the curve on the right. 

For convenience in subsequent computations we may again represent 
the basic Eq.(10.19) by a simple exponential interpolation formula. Thus, 
we obtain for a temperature range around 140 million degrees. 


£ 


3a 


10 “® 



( 10 . 20 ) 


Rate of Change of Hydrogen and Helium Abundances 

We have completed the consideration of nuclear reactions as far as 
energy generation is concerned. We still have to consider their equally 
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important effects on the chemical composition. The principal effects of 
the nuclear reactions on the composition are, of course, the reduction of 
the hydrogen abundance X by the proton-proton reaction and the carbon 
cycle, the accompanying increase in the helium abundance F, and finally 
the reduction of the helium abundance by the triple-alpha process. The 
corresponding rates of change of the hydrogen and helium abundances can 
be expressed in the simplest form if they are related to the rates of 
energy generation. 

In Eqs.(10.2), (10.4), and (10.18) are given the amounts of energy re¬ 
leased per particle formed in each of the three major processes. If we 
divide each of these values by the weight of the particle formed, we ob¬ 
tain the energy released per gram of transmuted matter. Thus, we have 


E era 

^ = 6.0 X 10“ — 

"" 4^ g 


( 10 . 21 ) 


Now the rate of change of a particular abundance by a particular process 
is obtained simply by dividing the rate of energy production of that process 
by the amount of energy released per gram. Hence, the rates of change 
of the hydrogen and helium abundances are given by 


dX 



(10.22) 

dt 
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(10.23) 
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Eqs.(10.22) and (11.23)—although as yet not often applied in their ex¬ 
plicit form—contain the core of stellar evolution; the changes of the 
hydrogen and helium abundances produced by the nuclear reactions within 
a star* particularly within its core, are the main cause for the variations 
of the luminosity and radius of a star during its evolution. 

Trcaismutations of the Heavier Elements 

We conclude this section by a brief description of two groups of nu¬ 
clear processes which neither contribute noticeably to the energy produc¬ 
tion nor affect seriously the hydrogen and helium abundances, but which 
do affect the abundances of the heavier elements and thus may provide 
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us with critical clues. The first group involves only elements lighter 
than carbon and comprises the following processes 


D* + ^ He’ (T^, = 0-54 x 10") 

Li® + He’ + He" (T„ = 2.0 x 10") 

Lr + H' 2He" (T„ = 2.4 x 10") 

Be® + 2H^ He’ + 2He" (7^,= 3.2 x 10") 

+ 2 H^ 3 He" (T^ = 4.9 x 10") 

B“ + H^-^3He" = 4.7 X 10") 


(10.24) 


Several of the processes given in Eq.(10.24) do not consist of a single 
nuclear reaction but rather of a group of them for which we have given 
only the net result. All these processes turn out to have very large 
nuclear transmutation probabilities so that they occur at appreciable 
rates in the low temperature range around one million degrees. In the 
parentheses of Eq.(10.24) we have given for each process the critical 
temperature at which the mean reaction time reaches the value of five 
billion years (the critical temperatures depend but slightly on the density; 
the values here given are based on the relevant densities in the solar 
envelope). 

conclude from the numerical values listed in Eq.(10.24) that deu¬ 
terium, lithium, beryllium, and boron have long been burned up in the 
interior of stars like the sun and can exist now only in shallow surface 
layers where the temperature is lower than the respective critical tem¬ 
peratures. But even in the surface layers these light elements may have 
disappeared if the surface layers are mixed by convection with deeper 
layers hotter than the critical temperatures. Now, spectroscopic ob¬ 
servations show that in the solar atmosphere lithium—though of an 
extremely low abundance even compared with the earth’s crust—as well 
as beryllium do exist. We have to conclude that the solar atmosphere 
cannot be mixed by convection with those deeper layers in which the 
temperature exceeds 2.5 million degrees. We shall make use of this 
essential clue when we construct a model for the sun in §23. 

The second group of processes still to be mentioned occur in the high 
temperature range around one hundred million degrees. They are proc¬ 
esses which are capable of building up really heavy elements. We have 
already seen how the triple-alpha process (10.16) builds up carbon. It 
may be followed by subsequent captures of additional alpha particles 
leading to the formation of O'", then to Ne'°, and so on. From the point 
of view of energy production these processes following the triple-alpha 
process are not very important since they would amount at most to a 50 
percent addition to Eq.(10.19). But they may build up heavier elements, 
possibly up to Ca"®. Because of the higher Coulomb barrier of the heavier 
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elements, their build-up will occur, of course, only at temperatures some¬ 
what higher than that required by the triple-alpha process. 

A quite different chain of reactions may, however, lead to the build-up 
of really heavy elements at temperatures even a little lower than the 
critical temperature for the triple-alpha process. The starting reaction is 

+ He^ « 1(f) (10.25) 

The importance of this alpha particle captured by a heavy carbon isotope 
lies not so much in the formation of oxygen but rather in the production 
of free neutrons. These neutrons are not handicapped by any Coulomb 
barriers. They may be captured by any atom, with a special preference 
for the heavier atoms because of their larger cross sections. Thus a 
continuous build-up of the heavy elements appears possible, limited only 
by the supply of C^^ which, as we have seen, occurs in an appreciable 
abundance in the equilibrium established by the carbon cycle. It does 
not appear impossible that this will build up elements as heavy as those 
occurring with exceptionally high abundance in the S-stars. If this is 
true, we may take the S-star phenomenon as a clue for stars which have 
reached central temperatures as high as one hundred million degrees or 
higher. 

Summary 

Our nuclear cookbook is turning out somewhat complex. In the future 
the basic principles may become more unified and simpler, but the par¬ 
ticular data needed for the theory of stellar evolution and of the forma¬ 
tion of the elements is bound to become even more manifold and complex. 
For the time being let us summarize our various recipes as follows. 

In the low temperature range around one million degrees no major 
energy sources are available. Deuterium, lithium, beryllium, and boron 
all burn up. 

In the medium temperature range around ten million degrees hydrogen 
burns into helium either by the proton-proton reaction or by the carbon 
cycle. This provides the greatest energy source for stars. 

la the high temperature range around one hundred million degrees helium 
burns into carbon by the triple-alpha process, which provides the second 
major stellar energy source. Heavier elements can be produced by a 
succession of further alpha particle captures. The alpha particle capture 
by the heavy carbon isotope produces free neutrons, and successive 
captures of these neutrons may lead to the formation of very heavy 
elements. 

The extreme temperature range around one billion degrees we exclude 
from this book. 



§11. SURFACE LAYERS 
11, Surface Layers 


89 


In the preceding six sections we have assembled the broad physical 
conditions which must hold throughout the stellar interior. We still have 
to clear up the one untidy section of a star, its surface layers. 

The Zero Boundary Conditions 

The temperature at the surface of most stars is in the order of a few 
thousand degrees. This is about one thousandth of the internal tempera¬ 
tures. An even smaller ratio is found for the pressures in the atmospheres 
of stars compared with the internal pressures. It is tempting therefore to 
neglect the surface temperatures and surface pressures entirely and to 
accept the following boundary conditions for the theory of the stellar 
interior. 

Atr = R: r = 0, P = 0. (11.1) 

Obviously these “zero boundary conditions’* will not lead to a good 
representation of the surface layers. Will they lead to a good representa¬ 
tion of the interior from the center to where the temperature has dropped 
to, say, three hundred thousand degrees? To answer this question we 
have first to formulate the accurate physical boundary conditions and 
next to investigate how sensitive the solution in the interior is to changes 
in the boundary values. 

The Physical Boundary Conditions 

The first surface condition, that for the temperature, is easily formu¬ 
lated precisely. Let us define the “surface” of the star as that layer in 
which the actual temperature is equal to the effective temperature 
According to the definition of the effective temperature in terms of the 
luminosity and the radius of the star, we have then 

L= 477/?^x—V. (11.2) 

The second surface condition, that for the pressure, follows from the 
fact that the atmospheric layers above the “surface” must have a certain 
optical thickness; an excessive transparency would cause too large a 
radiation from the surface while too high an opacity would cause too 
small a radiation. This condition on the optical depth of the atmosphere 
may be written as 



where the numerical value is taken from the theory of radiation transfer 
in stellar atmospheres, in its roughest approximation. 
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Generally, the absorption coefficient will be a function of height in 
the atmosphere* If we here permit ourselves the approximation of setting 
the absorption coefficient equal to its value at the surface, we may take 
X outside the above integral and thus express the optical depth at the 
surface by the product of the absorption coefficient times the mass of the 
atmosphere above the ‘‘surface^^ per square centimeter* On the other 
hand, the mass of the atmosphere is related to the pressure by the con¬ 
dition that the pressure at the surface must be equal to the gravitational 
acceleration multiplied by the mass of the atmosphere per square centi¬ 
meter, i*e* 


P 


R “ 


GM 



If we now eliminate the mass of the atmosphere between these two 
equations, we obtain 




2 GM 

3 


(11.3) 


This equation is not exact because of the approximate value used for the 
optical depth at the surface and because of the neglect of the variation 
of absorption coefficient with height* However, by comparing this relation 
with the results of accurate computations for stellar atmospheres one 
finds that Eq* (11*3) appears to hold rather generally with the error not 
exceeding a factor 1.5—an accuracy sufficient for our present purpose* 
Since the atmospheric absorption coefficient can be considered a known 
function of pressure, temperature, and composition, we can take Eq. 
(11.3) as the looked-for condition for the surface pressure* 

The Pressure^Temperature Relation in Stellar Envelopes 

Eqs*(11.2) and (11.3) are the physical boundary conditions which de¬ 
termine the surface temperature and the surface pressure for a star of 
given mass, luminosity, radius, and atmospheric composition* Now we 
have to investigate how seriously the solution for the interior is affected 
if these proper boundary conditions are replaced by the zero conditions 
( 11 . 1 ). 

One might fear that for this purpose we will get involved in the full 
set of equilibrium equations assembled in the preceding sections* Lucky 
circumstances, however, permit us to study the relationship between the 
pressure and the temperature throughout the envelope of a star without 
simultaneously considering all the other factors which determine the 
complete structure of the envelope* If we divide the hydrostatic equilib¬ 
rium condition (5.2) for the pressure gradient by the radiative equilibrium 
condition (6.12) for the temperature gradient and if we represent the ab- 
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sorption coefficient for bound-free and free-free transitions, according to 
Eqs* (9.16) and (9.18), by 


K= Kopr'"*'* 


We obtain the differential equation 

dP _ 4ac ^ttGM T®*® 

If ^ 

The distance from the center, r, does not appear in this equation. Fur¬ 
thermore, we have replaced by its surface value M since in the enve¬ 
lope where the density is rather low is substantially constant, ac¬ 
cording to Eq. (5.1). Similarly, we have replaced by its surface value 
L since in the envelope the temperatures are too low for nuclear energy 
generation to occur so that according to Eq. (5.8), is constant. Thus, 
the only variables occuring in this differential equation after the den¬ 
sity has been eliminated with the help of the equation of state (8.2) for 
an ideal gas—are the pressure and the temperature. The solution of the 
differential equation is 

pa=J_ ^ A i!!^xr-*+C (11.4) 

8.5 3 H pKoL 

where C is the integration constant. 

Eq. (11.4) represents the general relation between pressure and tem¬ 
perature in stellar envelopes in which radiative equilibrium holds and in 
which the absorption coefficient is given by Kramers’ law. For the par¬ 
ticular solution which fulfills the zero conditions (11.1) at the surface, 
C must be zero and therefore 

A (11.5) 

\8.5 3 H 

This radiative zero solution is shown in the temperature-density diagram 
of Fig. 11.1, with numerical values chosen roughly appropriate for the 

sun. .If 

Let us consider the general solution (11.4) first for negative values of 

C and then for positive values. If C has a negative value, the temperature 
approaches a finite limiting value as the pressure goes to zero. These 
solutions have the approximately isothermal character shown by the four 
samples at the left in Fig. 11.1. They all converge extremely strongly 
toward the radiative zero solution. This is caused by the high exponent 
of T occurring in Eq.(11.4); following a solution inwards, we find that a 
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small rise in the temperature causes a big rise in the temperature-de- 
pendent term on the righthand side of (11,4), which makes the integration 
constant C negligible. Hence the solution, after a small rise in the tem¬ 
perature, is indistinguishable from the radiative zero solution for which C 
is strictly zero. This strong convergence has the happy consequence 
that two solutions fulfilling quite different surface conditions approach 
rapidly the same solution for the interior. 

A similar convergence holds to some extent for the solutions with 
positive values of C. In this case the pressure approaches a limiting 
finite value as the temperature goes to zero. However, long before this 
limiting status is reached these radiative solutions have to be terminated 
because they become convectively unstable. For any particular solution 
(11.4) with a definite value of C it is easy to determine the termination 
point according to the stability condition (7.2). Fig. 11.1 shows four 
such radiative solutions with their termination points; they fall very close 
to the radiative zero solution. 

To follow these solutions further out we must use the adiabatic rela¬ 
tion (7.9) which is appropriate for convective equilibrium. If we consider 
for the moment only temperatures above, say, fifty thousand degrees where 



Fig. 11.1. Temperature-density diagram for envelope of sun (left 
lower quadrant of Fig. 8.1). 






§11. SURFACE LAYERS 


93 


hydrogen and helium are practically completely ionized, we may use for y 
the constant value 5/3. This permits the integration of the adiabatic 
equation (7.9) with the result 


y 

p , yr-i ^ rf 
or with the help of the equation of state (8.2) 

1 

p oc = (11.6) 

With these relations we may continue the solutions beyond the termina¬ 
tion points as shown in Fig. 11.1 by the set of five steep straight lines. 
Altogether therefore we find for temperatures above fifty thousand degrees 
a strong convergence of all possible solutions (11.4) to the one particular 
radiative zero solution (11.5) 

The Ionization Zone of Hydrogen and Helium 

Unhappily, this convenient convergence does not hold at lower tem¬ 
peratures—and obviously we have to concern ourselves with these lower 
temperatures since most stars have surface temperatures far below fifty 
thousand degrees. At temperatures around twenty thousand degrees 
hydrogen is partially ionized, and the same is true for helium at some¬ 
what higher temperatures, as shown by Fig. 8.1. Under these conditions 
the ionization energy must be taken into account in the derivation of the 
adiabatic equation. If this is done, one finds for the adiabatic tempera¬ 
ture-density relation the form shown by the lower portions of the five 
adiabats of Fig. 11.1. The shallow slopes of these curves reflect the 
fact that in an adiabatic compression of a partially ionized gas the tem¬ 
perature rises relatively slowly since most of the compression energy 
goes into the increase of the ionization. Fig. 11.1 clearly shows that 
the peculiar character of the adiabatic relation in the ionization zones of 
hydrogen and helium badly delays the otherwise rapid convergence of the 
entire family of solutions to the one radiative zero solution. 

Consider the case of the sun. The physical boundary conditions (11.2) 
and (11.3) give for the sun the surface temperature and the surface den¬ 
sity represented by the circle in the lower left corner of Fig. 11.1. Pro¬ 
ceeding inwards in the solar atmosphere, one finds that after a short rise 
of the temperature—marked by the dot in the figure—radiative equilibrium 
becomes unstable and convection commences. Following from this point 
inwards along the appropriate adiabatic relation we find that the solution 
becomes radiatively stable again and converges to the radiative zero 
solution, but only at a temperature of about one million degrees. 

It is clear that this exact solution for the structure of the solar enve¬ 
lope is complicated. One additional serious complication has still to be 
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mentioned* At the point just below the surface where radiative equilib¬ 
rium becomes unstable, the temperature and density are still so low that 
our order-of-magnitude estimates at the end of §7 do not apply at all. In 
fact, convection there is not a very efficient mechanism for the energy 
transport and in consequence the excess of the actual temperature gradient 
over the adiabatic value will not be negligible. Therefore, one has to 
use in this layer the explicit Eq. (7.7) for the convective heat transport. 
This involves us directly with the poorly known average mixing length /. 
It appears at present fairly certain that the mixing length in the outer 
convection zone of a star is determined by the scale height, that is by 
the distance over which the pressure falls by a factor e. But it has not 
yet been possible to determine the exact numerical factor which relates 
the mixing length and the scale height. This uncertainty in one of our 
basic physical relations produces an uncomfortable uncertainty in the 
present theoretical models of the envelopes of many stars. 

The Practical Boundary Conditions 

Under these circumstances, what recipes shall we apply for determining 
the appropriate—and practicable—boundary conditions? Our first recipe re¬ 
fers to stars of spectral type earlier than, say, A5. From the theory of stellar 
atmospheres it appears fairly likely that stars of early spectral type have 
either no outer convection zone or only such a shallow one that it is of 
practically no consequence to the structure of the interior. We may there¬ 
fore bank for these spectral types on the fine convergence of all the 
radiative solutions (11.4) to the one radiative zero solution (11.5). 
Hence, our recipe for the early spectral types is: use the zero boundary 
conditions (ll.l) and assume that the stellar envelope is in radiative 
equilibrium all the way to the edge. 

For the later spectral types, from say GO on, the theory of stellar at¬ 
mospheres makes it appear likely that deep convection zones are the 
rule. In these cases we can clearly not use the radiative zero solution. 
This does not mean, however, that we have to take into account the full 
complexity of the exact solution for the outermost layers; an intermediate 
way appears most effective at present. This intermediate way works as 
follows. Compare the exact solution—for example for the sun as given 
in Fig. 11.1—with the ‘‘convective zero solution,’’ which is the straight 
extrapolation of the simple adiabatic relation (11.6) all the way out to 
the surface. You find that the exact solution and the convective zero 
solution differ from each other appreciably only at temperatures lower 
than fifty thousand degrees. Since errors restricted to such very low 
temperatures will have virtually no consequences for our results for the 
stellar interior, we may use the simple adiabatic relation (11.6) through¬ 
out the convection zone out to the very edge. This gives us 

P =KT^ 


(11.7) 
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The constant K of this relation must in principle always be determined 
by the theory of the stellar atmosphere. In practice, however, we will 
consider K a free parameter for which the theory of stellar atmospheres 
provides only approximate values. 

Our second recipe, applicable to the later spectral types, is then: 
apply again the zero condition (11.1) at the surface, but assume that the 
stellar envelope is in simple convective equilibrium so that Eq. (11.7) 
holds. For the parameter K use values of the order indicated by the 
theory of stellar atmospheres—that is, if you cannot determine more 
accurate values directly by considerations of the stellar interior alone. 

We have tidied up the last complication we had left, the star’s surface 
layers. We are now ready to look at the problem presented by all the 
physical conditions as a whole and to develop the mathematical tech¬ 
niques necessary for its solution. 



CHAPTER m 

MATHEMATICAL TECHNIQUES 


12. The Over^cdl Problem 


The physical relations and processes which we have assembled in the 
preceding chapter pose the following over-all problem for the theory of 
the stellar interior. The four basic equilibrium conditions—^the hydro¬ 
static equilibrium conditions (5.1) and (5.2), the thermal equilibrium con¬ 
dition (5.8), and the energy transport condition (6.12) or (7.9)—-give the 
four differential equations 


dP GM^ 


( 12 . 1 ) 


dM 

_r 

dr 


= 4 nr^p 


—— = 4 7rr*pe 

dr 


( 12 . 2 ) 

(12.3) 


dT 

dr 


4ac T’ 4 wt* 


(radiative) 


dT 

dr 


f l\TdP ^ 

(1-)— — (convective) J 

\ yj P dr 


(12.4) 


The last of these differential equations has two alternative forms. Which 
of these forms is applicable under any given circumstances is uniquely 
determined by the stability condition (7.2). (The case of energy transport 
by electron conduction in a degenerate gas is here not listed separately 
since it can be expressed in the form of the first of Eqs.[l2.4] if the ab¬ 
sorption coefficient is given the equivalent, very low values.) 

In addition to these differential equations which characterize general 
conditions we have three explicit relations which characterize more spe¬ 
cifically the behavior of the interior gases. They are the equation of 
state, the equation for the absorption coefficient, and the equation for 
energy generation by nuclear processes. We may represent them formally 
by 


p=p(p, r,x, Y) 
X = X (p, r, X, Y) 
e = e (p, r, X, Y) 
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(12.5) 




§12. THE OVER-ALL PROBLEM 


97 


The specific forms which these relations for the gas characteristics take 
under various circumstances have been discussed in §§8, 9, and 10 re¬ 
spectively. All three of these *‘gas characteristics relations’^ depend di¬ 
rectly on the composition, which we represent here by the hydrogen abun¬ 
dance X and the helium abundance Y. We do this with the understanding 
that more composition parameters have to be introduced in those special 
cases in which serious deviations from the normal proportions among the 
heavier elements need be considered, 

Eqs.(12.1) to (12.5) must all be fulfilled in every layer of the star. We 
have still to add the particular conditions for the boundaries. For the 
center must hold 

atr = 0: Af, = 0, = 0, (12,6) 

which follows directly from the definitions of and L^* At the siirface 
holds, according to §11, 

at r - : either T - 0, P - 0 

orr = 0, (12.7) 

withK=K (M, L,R, A, y). 

The first of these two alternative surface conditions applies for stars 
with radiative envelopes and the second for stars with convective envel¬ 
opes. Which of the two alternatives applies to a given star is uniquely 
determinable—at least in principle—from mass, luminosity, radius, and 
composition from the theory of stelleu* atmospheres. The same is true of 
the parameter K, which occurs in the second alternative. 

Uniqueness of the Solution 

Eqs.(12.1) to (12.7) comprise the basic problem of the stellar interior. 
What is its mathematical character? If we use the gas characteristics re¬ 
lations (12.5) to eliminate p, K, and e from the differential equations 
(12.1) to (12.4), these four equations contain, in addition to well-known 
constants, nothing but the five variables P, M^, L^, T, and r. Thus our 
basic problem consists of four simultaneous, total, non-linear first order 
differential equations for four variables, all functions of the fifth vari¬ 
able. These four differential equations, together with the four boundary 
conditions (12.6) and (12.7), two at the center and two at the surface, 
represent a typical, well-defined boundary value problem. If we remember 
that all the five variables, according to their physical definitions, must 
be everywhere positive, and if we do not worry about unlikely cases of 
mathematical degeneracy, we conclude that our basic problem has a uni¬ 
que solution. 

The physical meaning of this conclusion is most easily formulated if 
we first perform a simple transformation of the equations. Let us change 
the independent variable from r to The corresponding changes in the 
four differential equations are achieved by replacing Eq.(l2.2) by its re- 
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ciprocal and by dividing Eqs.(12.1), (12.3), and (12.4) each by Eq.(l2.2). 
The three relations (12.5) are not at all affected by the change in the in¬ 
dependent variable. In the boundary condition at the center, (12.6), the 
two statements r = 0 and - 0 exchange their logical roles; the latter 
now defines the location of this boundary while the former becomes the 
first of the two boundary conditions. The boundary condition at the sur¬ 
face (12.7) remains unchanged except that the location of this boundary 
is now defined by = M instead of by r = /?. Thus the character of the 
boundary value problem is not changed by this switch in the independent 
variable. 

The uniqueness of its solution now implies that, given the total mass 
M (needed to fix the location of the surface condition [12.7]) and given 
the composition parameters X and Y (needed for the relations [12.5]), 
then the pressure P, the distance from the center r, the flux L^, and the 
temperature T are completely determined as functions of M^, throughout 
the star. In other words, a star of a given mass and composition has 
only one equilibrium configuration in which its physical state and struc¬ 
ture are completely fixed. 

From the point of view of the star the “given quantities, “ which it 
cemnot change at will, are obviously the total mass and the composition. 
From the point of view of the astronomer, however, the “given quanti- 
ties“ are those obtainable from observations. For many stars, for ex¬ 
ample, the most accurately observed quantities are the luminosity and 
the radius. Since, according to the above discussion, L and P-^just as 
all other features of the stellar structure—are uniquely determined by My 
Xy and Yy there must be two relations connecting L and R with /If, A, and 
y. In the subsequent chapters we will frequently derive explicit forms 
for these two key relations and use them for a variety of purposes. In 
whatever form these two key relations appear they are always a specific 
consequence of the fact that the equilibrium configuration of a star is 
unique. 

Inhomogeneities in Composition and 
Evolutionary Model Sequences 

Thus far we have discussed the over-all problem represented by 
Eqs.(12.1) to (12.7) under the implicit assumption that the composition of 
the star does not vary from layer to layer throughout the star, that is that 
the star is homogeneous in composition. We know of no physical reason, 
however, to believe that this is necessarily so. On the contrary, we have 
good reasons to believe that inhomogeneities in composition play a de¬ 
cisive role in the evolution of a star. We should therefore consider/? and 
y not as constants for a star but as continuous functions of M^ from the 
center to the surface. If we reconsider the over-all problem under this 
more general aspect for the composition, we find that the character of the 
problem is not at all changed. The equilibrium configuration of a star is 
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still completely determined if its total mass and composition are given, 
where we now understand under **given composition^^ not just the over¬ 
all composition but the complete, detailed run of composition from the 
center to the surface. 

The appearance of the two new functions XiM^ and Y{M^) does, how¬ 
ever, introduce a new feature. These two functions are clearly not de¬ 
termined for a particular evolutionary state of a star by the equilibrium 
conditions applied to that state, but rather by the action of the nuclear 
transmutations throughout the preceding evolutionary phases. Thus it is 
clear that it is not possible—except for the initial state of a star—to 
consider a particular evolutionary state by itself. Instead we are led to 
the necessity of deriving step by step the sequence of stellar models 
which describes the internal structure of the star as a function of time 
during its evolution. 

How do we then proceed to develop such a model sequence? To start 
with we have to construct a model for the initial state, when the star has 
just finished its contraction out of interstellar matter and is beginning 
to burn its main nuclear fuel, hydrogen. For* this state we shall assume 
that the star is homogeneous in composition; it seems certain that the 
turbulence in the interstellar medium will mix well the matter from which 
the star originates, and it seems reasonable to assume—as long as no 
evidence to the contrary has appeared—that the various elements are not 
separated from one another during the contraction to the initial state. 
Thus the over-all problem for the initial state takes the simple form in 
which we have first discussed it, with X and Y both constant throughout 
the star. 

This happy situation cannot last long. The nuclear processes will 
transmute elements and thus change the composition. Since the nuclear 
reactions are much stronger in the hot inner core than in the cooler outer 
portions an inhomogeneous composition will result. This phenomenon 
complicates matters but it does not introduce anything indeterminate. 
With the help of the transmutation equations (10.22) and (10.23), which 
give the rates of change in the composition for every point in the star, 
we may compute the composition in a new state from the composition in a 
previously determined state (subscript p). If the time interval elapsed 
between the previous state and the new state is A, we get in first 


approximation 


dX dY 

P 


( 12 . 8 ) 


We do not want to discuss here the mathematical inaccuracy of Eqs. 
(12.8); we may use all the usual methods for the numerical solution of 
first order total differential equations to improve these equations to any 
arbitrarily high accuracy. The essential physical point of Eqs.(12.8) is 
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that they determine the new composition everywhere in the star on the 
basis of the solution of the over-all problem for a previous state in the 
evolution. 

Two modifying conditions have to be observed in the application of 
Eqs.(12.8). First, we note that the transmutation equations (10.22) and 
(10.23) give the rates of change in composition—which are used in 
Eqs.(12.8)—in a fixed element of matter, i.e. for a fixed value of M , ir¬ 
respective of whether or not this element changes its position r during 
the time interval considered. If we want to apply Eqs.(12.8) in their 
simplest form we must clearly use not r but as the space-like inde¬ 
pendent variable. 

Second, Eqs.(12.8) give the local change in composition only if there 
is no mixing with the neighboring layers. We have seen in §7, however, 
that in a convection zone mixing is very active, indeed practically in¬ 
stantaneous. This mixing can be taken into account, in the same first 
order approximation used for Eqs.(12.8), by first applying Eqs.(l2.8) to 
every layer throughout the convection zone and then taking the straight 
averages of the X values and of the Y values over all these layers. 
These averages represent the new composition throughout the convection 
zone. 

With these two modifications in mind^ we can use Eqs.(10.22), (10.23), 
and (12.8) to determine the composition uniquely layer by layer through¬ 
out the star for one evolutionary state after we have solved the over-all 
problem for the previous state. Then with X and Y known as functions of 
M^the solution of the over-all problem for the new state is again uniquely 
determined. Thus we see that the occurrence of inhomogeneities in com¬ 
position during the evolution of a star, which would lead to serious £ir- 
bitrariness were we to study individual evolutionary states in a discon¬ 
nected manner, does not cause any arbitrariness at all if we investigate 
the evolutionary states of a star in the same sequence in which the star 
evolves through them. 


The Over-^all Problem for Fast Evolutionary Phases 

There is still one question left: how can we handle the rare but im¬ 
portant pheises in which the evolution proceeds so fast that the thermal 
equilibrium condition (12.3) has to be replaced by the more general equa¬ 
tion (5.10)? 

The complicating featiu'e of Eq.(5.10) is that it contains a term with a 
time derivative which represents the release of gravitational energy in a 
contraction. This term can be taken care of easily if we permit ourselves 
to represent the time derivative by the difference in the relevant quantity 
between the model under consideration and the previous model in the 
evolutionary sequence, i.e. if we use 


d 

dt 



(12.9) 
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With this representation for the time derivative the basic equation (5.10) 
can be written in die form 


dL^ 3p4 

dM 2 A 

r 



( 12 . 10 ) 


Eq.(l2.10) has the same character as the thermal equilibrium condition 
(12.3) which it replaces; it is a first-carder differential equation for the 
flux 

On the right-hand side of Eq.(12.10) all the quantities depend on the 

new state with the exception of the term (P/p'^)pj which depends en¬ 
tirely on quantities of the previous state. Hence after the over-all prob¬ 
lem for the previous state has been solved iP/p^^)^ can be computed as 

a function of for all layers of the star. In this way (P/p^)p repre¬ 
sents a known quantity in Eq.(12.10) and this equation can be used for 
the new state in exactly the manner in which the thermal equilibrium con¬ 
dition (12.3) had been used before. 

We conclude that we can handle the unusually fast evolutionary phases 
with the help of Eq.(12.10) in exactly the same manner in which we have 
handled the normal evolutionary phases. In all cases a fourth-order 
boundary-value problem has to be solved at each state. Between states 
the change of composition has to be determined according to Eqs.(12.8) 

and, during the fast phases, (P/p*'^)p has to be computed from the pre¬ 
vious state in preparation for Eq.(12.10). 

We have now finished the review of the over-all problem and shall turn 
to the mathematical details in the following sections. 


13. Transformations and Invariants 

We have seen in the preceding section that the over-all problem of the 
stellar interior has the mathematical character of a boundary-value 
problem. How do we obtain the actual solution of this problem for any 
given evolutionary state of a given star? No analytical solutions are 
known for the basic differential Eqs.(12.1) to (12.4) for any physically 
significant case. Hence, we have to rely completely on numerical in¬ 
tegrations. 

Integrations from Center and from Surface; 

Fitting Conditions 

We may start an integration at one of the two boundaries (center or 
surface) and proceed step by step towards the other boundary. If we 
start at the center and integrate outwards, we encounter a bad divergence 
of the solutions as we approach the surface. We have already discussed 
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in §11 this divergence in the outwards direction, corresponding to a 
convergence in the inward direction. It is caused essentially by the 
occurrence of the temperature, T —which becomes smaller and smaller as 
we approach the surface—in the denominator of the radiative Eq.(12.4). 
The divergence means that a very small change in the solution in the 
deep interior causes a very large change in the solution in the envelope. 
It is therefore not practicable to integrate from the center outwards to the 
very surface—at least not if the envelope is mostly in radiative equilib¬ 
rium. 

On the other hand, if we start at the surface and integrate inwards, we 
first encounter the good convergence of the solutions in a radiative 
envelope in this direction. But when we approach the center a diver¬ 
gence appears. It is caused here by the occurrence of r —which vanishes 
at the center—in the denominator of Eq.(12.1). Thus it is also impossi¬ 
ble to integrate from the surface inwards all the way to the center. 

In consequence, the numerical determination of a complete stellar 
model will have to consist of three parts: first, an integration from the 
center outwards to an appropriately chosen point; second, an integration 
from the surface inwards to the same point; and third, the fitting together 
of the two solutions. 

Now let us consider the three parts of this procedure for a definite star 
of given mass and composition. For the outward integration starting at 
the center, we have the boundary conditions (12.6) which provide us with 
starting values for two of the four dependent variables. However, the 
starting values for the two other variables, P^ and are not determined 
by the boundary conditions at the center; they are therefore trial param¬ 
eters. Hence, the integration work from the center outwards does not 
consist of just one definite solution but rather of a whole family of 
solutions depending on the values of the two trial parameters at the 
center. 

A similar situation holds for the inward integrations from the surface. 
Here the boundary conditions (12.7) give us starting values for P and T. 
But the starting values L and R are not given by the boundary conditions 
at the surface; they therefore play the role of trial parameters, and the 
integration work from the surface inwards again consists not of one 
definite solution but of a whole family of solutions depending on the 
values of the two trial parameters at the surface. 

To make it possible to fit the outward and inward integrations to¬ 
gether, we will choose a convenient value of r and we will carry forward 
all integrations from both sides to this point. At this fitting point we 
must insure that all physical quantities go over continuously from the 
interior solution to the exterior solution. Thus we have the five fitting 
conditions 




Pii-Kv 


~ ^ef ’ if ~ ef» 


if - ef 


(13.1) 
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Here the subscript “if” designates the fitting point approached from the 
interior while the subscript “ef” designates the fitting point approached 
from the exterior. The first of these fitting conditions has been auto¬ 
matically fulfilled by our choice of the same value of r for the termination 
of both the interior and the exterior integrations. But the four remaining 
fitting conditions (13.1) have to be explicitly fulfilled, by trial integra¬ 
tions for a variety of values of the four trial parameters L, and R, 

until the unique set of values for these four parameters is found which 
leads to the fulfillment of the fitting conditions (13.1). 

It is clear from this general formulation of our problem that a rather 
substantial number of numerical trial integrations is necessary if one 
wants to obtain the equilibrium solution for a particular star in a particular 
evolution stage* If one wants to consider a variety of stars with dif¬ 
ferent masses and compositions, the number of necessary integrations 
is multiplied by still another substantial factor. When all the numerical 
work is to be performed by a large electronic computing machine, the 
most efficient way to attack our problem may be by following the general 
formulation discussed above, in spite of the large number of integrations 
necessary. When, however, the numerical work has to be performed by 
more modest means—as has been the case for most of the investigations 
which we will review in the following chapters—it appears necessary 
for efficiency’s sake to apply all methods which reduce the number of 
necessary integrations, even though the miscellany of these labor-saving 
methods spoils the simplicity of the general formulation. We shall show 
in this section how in many circumstances the number of necessary inte¬ 
grations can be greatly reduced by simple transformations of the five 
principle variables. 

Standard Transformation 

Let us replace the physical variables Mj., L^, r, P, and T by the non- 
dimensional variables q, /, x, p, and t with the help of the following 
transformation 


= qM, Lr = fL, r = xR, 


P = p 


GM^ 

inR^' 




k R ■ 


(13.2) 


The symbol in the last of these equations represents the molecular 
weight of the standard composition; for a homogeneous star we will 
always use for this standard composition the actual composition of the 
star and for an inhomogeneous star we will usually use as the standard 
the composition of the outermost layers. The factors with which the 
non-dimensional variables are multiplied in Eqs.(13.2) are all constants 
for a particular star in a particular state of evolution. 

The specific choice for the values of the five constant factors as 
given in Eqs.(13.2) has its advantages, as we will see. But certain 
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other choices have similar advantages. Thus, if we make the specific 
choice of transformation (13.2) and if we use the five new variables 
defined by these equations throughout this book as our basic non-dimen¬ 
sional veiriables, we run the risk of being accused of local prejudice and 
narrow-mindedness. We hope, however, that the reader will agree, first, 
that it is to his advantage if we use as much as possible a uniform set of 
variables, and second, that one may earn the right of making one’s own 
choice of variables by presenting a substantial set of numerical inte¬ 
grations and stellar models in terms of the chosen variables. 

Let us now introduce the transformation (13.2) into the over-all problem 
formulated by Eqs.(l2,l) to (12.7). Let us choose for the gas charac¬ 
teristics relations (12.5) the following specific forms: the equation of 
state (8.2) for an ideal gas, Kramers’ law of opacity (9.16) or (9.18) for 
bound-free and free-free transitions, and the interpolation formulae 
(10.14) or (10.15) for the proton-proton reaction and the carbon cycle. 
Thus, we have 

P = — — p T with 4 = Zps 

g H 

x=x<,pr*-* with = (13.3) 

e= EoP with £-o = j^oa 

The three constants pg, K^^g, and e^g refer again to the standeird com¬ 
position while the three functions Z, / and i represent the variations 
caused by inhomogeneities in the composition for the molecular weight, 
the absorption coefficient, and the energy generation respectively. 
According to these definitions we have the particular simple case 

/ = y t= i = 1 for a homogeneous star. (13.4) 

In any case, we consider /, /, and i as known for every layer in the star 

considered. 

If we now introduce the transformation (13.2) and the relations (13.3) 
into the four differential Eqs.(l2.1) to (12.4) we obtain 


II 

I 

X 

h 



(13.5) 

dx t 







(13.6) 

dx t 




dt „ .. / 

— = -C X 7 / X or 

dt 

2 t dp 

(13.7) 

Ul 

K 

dx 

5 p dx 


^=+Dxilxp^ 



(13.8) 

dx 
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and the boundary conditions (12.6) and (12.7) become 


(13.9) 

(13.10) 


At * = 0: q = 0, f = 0, 

Ata:=l: ^=1, /=!, t = 0, p = 0 

or q = 1, f == 1, t = 0, p = E 

with E = j4^ 


(13.11) 

(13.12) 


The over-all problem appears in a purified form in Eqs,(l3.5) to (13.12) 
in the sense that all references to the particular star under consideration 
occur only in the three constants C, D, and E —at least for homogeneous 
stars for which (13.4) holds. In the defining equation of each of these 
three parameters the first bracket contains well-known physical con¬ 
stants; the second, the composition; and the third, the mass, luminosity, 
and the radius of the star considered. 


Reduction in the Numerical Work hy the Standard Transformation 

The advantage of the transformed version for the over-all problem 
becomes clearer if we consider the inward integrations starting at the 
surface. Let us take as a first case a star with a radiative envelope, so 
that the first alternative of the boundary condition (13.12) applies, and 
let us pursue the inward integrations only through the envelope layers in 
which the nuclear energy is negligible, so that the right hand side of 
Eq.(13.8) vanishes, and let us restrict ourselves to homogeneous enve¬ 
lopes so that condition (13.4) holds. In this case the boundary condi¬ 
tions (13.12) uniquely specify starting values for all variables, and the 
relevant differential Eqs.(l3.5) to (13.7) contain only one parameter, C, 
which depends on a certain combination of the mass, luminosity, radius, 
6ind composition of the star considered. Hence, we conclude that any 
homogeneous radiative envelope in which the equation of state and the 
absorption law are represented by Eqs.(l3.3) can be expressed in terms 
of the non-dimensional variables defined by Eq.(l3.2) by a family of 
integrations depending on the single parameter C, Thus, a very large 
reduction in the number of necessary integrations is found for this case. 

As a second case let us take stars with convective envelopes, so that 
only the second alternative of Eq.(13.7) has to be applied. Let us again 
restrict ourselves to the envelope layers in which nuclear energy genera¬ 
tion is negligible, so that the righthand side of Eq.(13.8) vanishes, and 
let us again consider only homogeneous envelopes so that condition 
(13.4) holds. Now the surface conditions(13.12), which we have to apply 
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in their second form, contain the parameter E while the relevant differen¬ 
tial equations in this case do not contain any extra parameter. Hence, 
we conclude that all homogeneous convective envelopes can be ex¬ 
pressed in terms of the non-dimensional variables defined by Eqs.(13.2) 
by a family of integrations depending on the single parameter E, Again 
a large reduction in the number of necessary numerical integrations is 
obtained. 

This advantageous situation becomes somewhat less happy in cases in 
which physical circumstances introduce complications. For example, if 
a stellar envelope is convective in its outer portion and radiative in its 
inner portion, both parameters, C and E, occur in the over-all problem, 
and the general solution is represented by a family of integrations 
depending on these two parameters. Similarly, if electron scattering has 
to be added to Kramers’ opacity, an additional parameter occurs in the 
over-all problem. The same thing happens if radiation pressure has to be 
added to the gas pressure. In cases in which only one of these various 
complications occurs so that the general solution depends on not more 
than two parameters, the advantage of the transformation (13.2) is still 
large. Only if two or more of such complications occur simultaneously 
so that three or more parameters occur in the over-all problem, and if all 
these parameters have to be varied over wide ranges to cover the stars 
under consideration, the advantage of a transformation like that given by 
Eq.(l3.2) becomes questionable. 

Supplementary Transformation for Integrations 
from the Center 

We turn next to the outward integrations starting at the center. The 
center conditions in the form of Eq.(l3.11) is much less advantageous 
than the surface condition (13.12) because the former leaves two starting 
values. Pc and tc, indeterminate. This disadvantage of the center 
compared with the surface arises from the fact that the first three equa¬ 
tions of the standard transformation (13.2) are obviously tailored for the 
surface. 

If we are to reduce the number of integrations from the center outwards 
to its minimum, we are forced to follow up the transformation (13.2) by a 
supplementary transformation tailored for the center. This additional 
transformation we may write in the general form 


P = P*Po> 


(13.13) 


where the quantities with asterisks are the new variables and the quanti¬ 
ties with zero subscript are five arbitrary constants. We may choose 
these constants partly so as to eliminate extra constants from the dif- 
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ferential equations and partly so as to obtain convenient starting con¬ 
ditions. Specifically, we may use four of the five free choices to elimi¬ 
nate all constants from the four differential Eqs.(13.5) to (13.8), and use 
the last free choice to obtain a definite starting value for t. Thus, we 
obtain the five conditions 


^0 


= 1 , 


Po ^0 
^0 7o 


= 1, c 


PoVo 


= 1, D 


_ 2 * 1^2 ^3 

Po ^0 ^ 


= 1 , 


(13.14) 


where designates the value of t at the center. The conditions (13.14) 
completely define the constants occurring in the transformation (13.13). 

If we apply this transformation to the differential Eqs.(13.5) to (13.8), 
we obtain 


dp* 

dx* 

dq* 

dx* 

dt* 

dx* 

df* 

dx* 


p* 

+ Z X — 
t* 

p*^ f* dt* 2 t* dp* 

^ i*®’* x*^ dx^ 5 p* dx* 

+ ilxp*^e*^^x*^ 


(13.15) 

(13.16) 

(13.17) 

(13.18) 


and the center conditions (13.11) become 

at jc* = 0: = 0, /* = 0, t* = !• 


(13.19) 


The result is a set of differential equations in which no extra parameters 
occur and a set of starting conditions which leaves indeterminate only 
one starting value, namely p* . 

We conclude that any stellar core—whether radiative or convective or 
mixed—can be represented by a family of integrations depending on the 
single parameter p*, as long as the gas characteristics relations are 
given by Eqs.(13.3) and as long as the variation of the composition func¬ 
tions I, /, and i is fixed and known (as is the case for homogeneous 
cores, for example). Again we have found a large reduction in the number 
of necessary integrations by the use of an appropriate transformation. 

Let us consider as a final example the frequently occurring case of an 
exhausted, isothermal, homogeneous stellar core in which the densities 
are so high that the gases are partially degenerate- In this case we may 
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write the equation of state according to Eqs.(8.8), (8,9), (8.12), and 
(8.13), in the form 

p = ^ {2m)^ik ry X p* 

h 

p= (2mF {kTVp^Hxs* 

* ^ (13.20) 

with p* = — F, (i//) + — Fl it//) 

3 ^ Pa ’ 

and s* = it/,). 


Since the quantities Fy and Fy are known functions of the quantity i/f , 
we may consider 5 * as a known function of p* for any given composition, 
i.e. for any given value of Next, we may re-define the variables 

q* and x* by the transformation 


(47r)“‘A" C"" (2m)'" {kTV 
r = (4;r)“‘ (2m)''^ (A (p^ H)'^ x x* . 


(13.21) 


If we introduce the Eqs.(13.20) and (13.21) into the hydrostatic equi¬ 
librium conditions (12.1) and (12.2)—the conditions for thermal equi¬ 
librium and for the energy transport are of no consequence for isothermal 
cores—we obtain 

^ + sV, (13.22) 


and the center condition becomes 


at%*-0: q*<* = 0. 


(13.23) 


Again we have found a set of differential equations in which no extra 
parameters occur and a starting condition which leaves only the starting 
value free, and we conclude that all isothermal partially degenerate 
homogeneous cores with a given Pg/p^ value are represented by a family 
of integrations depending on the single parameter p* . 


The Invariants and the UV Plane 

The final step in the construction of a complete stellar model consists 
of the fitting together of the inward and outward integrations in accord¬ 
ance with the fitting conditions (13.1)» This step is simple if all the 
integrations have been performed in terms of the basic physical vari¬ 
ables. In this case we will terminate all the integrations at one pre¬ 
chosen value of r and hence know exactly where in the integrations we 
have to read off the various quantities needed for the fitting conditions 


§13. TRANSFORMATIONS AND INVARIANTS 


109 


(13.1). The fitting, however, is not this simple if we use different vari¬ 
ables for the inward and the outward integrations; for example, the non- 
dimensional variables defined by Eqs.(13.2) for the inward integrations 
and the variables with asterisks defined by Eqs.{13.13) for the outward 
integrations. How are we to know which value of corresponds to a 
pre-chosen termination value of x? 

This difficulty can be overcome by introducing the following three 
quantities 


^ T dUf 47rr*p 

P dr P r 


(13.24) 


n + 1 = 


L iL 

P dT 


The physical meaning of the first two of these quantities becomes ap¬ 
parent if we write them in the form 

j/ _ 3 p - 3 X local density 

M /^nr^ mean interior density 

^ (13.25) 

p _ 3^ ^ ^ ^ '^gravitational energy** 

2 -|P/p 2 internal energy 

The third quantity, n, is called the polytropic index. It characterizes the 
relation between the pressure and the temperature within a star. Stellar 
models in which the polytropic index is constant from center to surface 
have played an important role in the development of the theory of the 
stellar interior. Here, however, we shall consider n as varying from 
layer to layer just as U and V do. We may note that with the help of the 
polytropic index the stability condition for radiative equilibrium (7.2) 
may be written in the simple form 


ra + 1 > —^ = 2.5 (13.26) 

y - 1 

and that the adiabatic relation (7.9) which holds in a convective zone 
becomes 


n +1 = 2.5. (13.27) 

For our purposes, however, the most essential characteristic of these 
three quantities lies in the fact that they are invariant against transforma¬ 
tions of the type of Eqs.(13.2) or (13.13). That this is so follows di- 
’•ectly from Eqs.(13.24) since they define the three quantities in terms of 
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Fig. 13.1. Sample solutions in UV plane. The dashed curves repre¬ 
sent convective envelopes, designated by their E values. The solid 
curves represent radiative cores (v = 4.5, 0C= 0.25), designated by 

their p* values, 
c 
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Fig. 13.2. Sample solutions in UV plane. The dashed curves 
represent radiative envelopes with Kramers’opacity, designated by 
their log C values. The solid curves represent partially degener¬ 
ate, isothermal helium cores, designated by their log p* values. 
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logarithmic derivatives which are automatically invariant against multi¬ 
plication of any variable by a constant factor. Indeed, if we introduce 
the transformations (13.2) and (13.13) into the definitions (13.24) we ob¬ 
tain respectively for IJ and V 


* dq px’ 

U = -\— — = — , 
q dx tq 

v= - 

jc* dq* p* X*’ 

u= + ^ = il— 

F= - 


+ -^-= -, 

q* dx* t* q"^ 


X dp 
p dx 

p* dx^ 


tx 




(13.28) 


We see from these relations that we can compute V and V at every point 
of a particular integration from the very variables used in the integration 
without any knowledge of the constants occurring in the transformation. 

Before we employ the invariants for their main purpose, that is for the 
fitting together of the inward and the outward integrations, let us have a 
first look at the JJV plane, which we will find to be a convenient tool for 
our present purposes. Samples of the JJV plane are shown in Figs. 13.1 
and 13.2. Any particular integration is represented in this plane by a 
curve. The curves representing inward integrations from the surface 
start at a point high above the left upper corner of these figures while the 
curves representing outward integrations from the center start at the right 
lower comer of the figures. This follows from the behavior of U and V 
at the two boundaries: 


for r —> 0 : JJ —^ 3, V —^ 0 , 

for r —> /?: JJ —^ 0, V —^ • 


(13.29) 


As a sample of inward integrations, Fig. 13.1 shows the one-parameter 
family of convective envelopes and, as a sample of outward integrations, 
the one-parameter family of radiative cores (with a specific value of the 
temperature exponent for the energy generation, i^=4.5, and a specific 
value of the density exponent for the guillotine factor, OC = 0.25). Sim¬ 
ilarly, Fig. 13.2 shows the one-parameter family of radiative envelopes 
with Kramers' opacity and the one-parameter family of partially de¬ 
generate isothermal helium cores* 

The Fitting Procedure in the UV Plane 

With the help of the VV plane the fitting procedure takes a simple 
form. Since the invariants are defined as direct functions of the basic 
physical variables and since these physical variables must be con¬ 
tinuous at the fitting point according to conditions (13.1), the invariants 
must also be continuous at the fitting point. This circumstance we may 
formally represent by 

» ^if = 

Let us now pick as an example one particular envelope solution of 
Fig. 13.1 and one particular core solution and try to combine these two 
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integrations into one complete stellar model. Since U and V must be 
continuous, we can switch from the envelope to the core only at the one 
point in which the two integrations cross each other in the UV plane. 
This determines uniquely the termination point in the envelope integra¬ 
tion as well as the termination point in the core integration. Thus we 
have overcome the difficulty introduced by the use of different trans¬ 
formations for the envelope and the core. 

But this does not complete the fitting procedure, since we have ful¬ 
filled thus far only two fitting conditions, those for IJ and F, instead of 
the five fitting conditions (13.1) for all the physical variables. The best 
form for the remainder of the fitting procedure depends very much on the 
particular situation. Hence we will have to postpone the discussion of it 
to later chapters in which we describe the derivation of specific stellar 
models for particular stars and particular evolution states. 

Altogether we have seen in this section that the number of numerical 
integrations necessary to solve the over-all problem for a particular star 
in a particular state of evolution can often be much reduced by the ap¬ 
plication of appropriate transformations, and that the use of these trans¬ 
formations does not seriously complicate the fitting together of the in¬ 
terior and exterior integrations if we use for this purpose invariant vari¬ 
ables, such as U and F. Clearly, therefore, such transformations are 
quite generally used, as long as the integrations are performed by hand 
computations. On the other hand, if the entire computation of stellar 
models is to be performed fully automatically by large electronic ma¬ 
chines, future experience may well indicate that the introduction of a 
variety of transformations applicable for a variety of physical circum¬ 
stances introduce s a serious complication and that it is therefore best 
for completely automatized calculations to solve the over-all problem in 
its original form with no transformations. 


14, Numerical Integrations 

One point follows inevitably from the discussions of the preceding two 
sections: however we turn the over-all problem of stellar structure and 
whatever transformations we apply, eventually we have to resort to nu¬ 
merical integrations if we are to obtain definite stellar models. On oc¬ 
casions in the past appreciable efforts have been expended in the attempt 
to avoid numerical integrations. In practice, however, the effort neces¬ 
sary for solving by numerical integrations the essential problems occur¬ 
ring in the theory of the stellar interior has never been large in compari¬ 
son with many other astrophysical research programs. Recently the 
necessary computing work has been growing because of the need for ex¬ 
tensive evolutionary sequences of stellar models. By a most fortunate 
coincidence the available computing equipment has also been growing by 
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leaps and bounds. It appears therefore that we may confidently regard 
numerical integrations as remaining an adequate and efficient tool for our 
purposes. 

The general character of the boundary-value problem for the stellar 
interior differs in no way from many other well-known boundary-value 
problems, and hence all the usual methods for the numerical solution of 
such problems apply. Here we shall restrict ourselves to a review of the 
major necessary steps and to a description, for each step, of one or two 
particular procedures which have proven useful in the past. 

Developments at the Center 

Neither for the integrations from the center outward nor for the integra¬ 
tions from the surface inward can one start the numerical step-by-step 
integration procedure right at the boundary. This complication arises 
from the fact that at both boundaries vanishing denominators occur in the 
basic differential Eqs.(12,l) to (12.4), Therefore one has to develop the 
solution at the boundary, use this development to compute the solution at 
a point a little distance from the boundary, and start at this point the 
step-by-step integration procedure. 

If one develops the solution at the center in powers of r, if one ignores 
terms of foimth or higher order, and if one designates all quantities at the 
center with the subscript c, one obtains from Eqs,(12.1) to (12.4) 

■, 4 3 

= + 3 Pc ^ 

p=p 1 nGpJ'xr^ 
c 3 t'c 

= + I "Pc h ^ 

T = T^— ° X r* (radiative) 

4 T o ^ 

T’ - T’- ^ — S— X (convective) 

15 

This development holds quite generally since it does not depend on the 
specific form of the laws for the equation of state, the absorption coeffi¬ 
cient, and the energy generation. But if we extend these developments 
to higher order terms, the particular forms of the three gas characteristics 
relations would enter. 

The developments (14,1) can be expressed in a more convenient way 
with the help of non-dimensional variables. For example, in cases in 
which the variables with asterisks defined by Eqs.(13.13) and (13.14) are 
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applicable and in which Z = /=i = l, we obtain from the differential 
Eqs.(13.15) to (13.18) and the boundary conditions (13.19) 


P* 


= + i p X 

3 

= P — P X x*^ 

re ^ rc 


f* = + — P X x"^^ 

3 

«* = 1 _ 1 p*^xx*^ 

t * = 1 -^ P * X x*‘ 

15 


(radiative) 

(convective). 


(14.2) 


We note that the developments (14.2) contain only the one parameter 
p^*, as we should have expected from the results of the preceding sec¬ 
tion. We will see that for most cases of interest p^* is of the order of 
unity. We may therefore apply the developments (14.2) with good ac¬ 
curacy at values of x* of a few times 0.01. The procedure then is to 
choose an appropriate value of x* of this order, to compute the solution 
at this point from Eqs.(14.2), and to proceed from this point outward by a 
step-by-step integration method. 


Developments at the Surface 

For the inward integrations from the surface we may obtain the neces¬ 
sary developments as follows. The density and, even more, the energy 
generation are extremely low in the outermost layers. Hence, according 
to Eqs.(12.2) and (12.3), the quantities and will be practically con¬ 
stant and we may use for the outermost layers 

L^ = L. (14.3) 

With these simplifications we can obtain explicitly the pressure-temperature 
relation in a radiative envelope by dividing the hydrostatic equilibrium 
Eq.(12.1) by the radiative equilibrium Eq.(12.4)—just as we have already 
done in §11. The resulting differential equation can be solved and, with 
due regard to the first alternative of the boundary conditions (12.7), 
gives for the case of a homogeneous envelope with Kramers’ opacity 

X (radiative) 

^8.5 3 H ii-AoL I (14.4) 

iP = K X (convective). 

Here we have added to the pressure-temperature relation for the radiative 
case the corresponding relation for the convective case, which follows 
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directly from the second of Eqs.(12,4) or from the second alternative of 
the boundary conditions (12,7). 

Eqs.{14.4) give P as a function of T, It still remains to determine T 
as a function of r. We can use the hydrostatic equilibrium condition (12.1) 
and eliminate from it the pressure with the help of Eq.(14.4) and the den¬ 
sity with the help of the equation of state of an ideal gas. We obtain 
thus a differential equation for the temperature which can be solved ex¬ 
plicitly with due regard to the boundary condition (12.7) for the tempera¬ 
ture. The solution gives 

T = — — GM X ( ~ (radiative) 

4.25 k y r) 

T - GM X ( “ - I (convective). 

2.5 k \r R) 

Eqs.(14,3) to (14.5) give all the physical variables as functions of r with 
high accuracy as long as we apply these equations only to the outermost, 
essentially massless layers of a star. 

Again we may rewrite these equations in terms of non-dimensional 
variables, for example those defined by Eqs.(13.2), for which we get 


7 = 1. /=1 

p= 


-liA 

V2 / 

4.25 / 

p^E X 

*= J- 

(i-i) 


2.5 / 


(radiative) 

(convective). 


(14.6) 


In general it is found that these equations hold with good accuracy from 
the surface inwards to % = 0.95 or even x = 0.90. At some such point q, 
fy p, and t are taken from Eqs.(14.6) and the step-by-step inward integra¬ 
tion is commenced. 


Logarithmic Variables 

Before we start the actual numerical integrations we have to decide on 
the particular variables to use. The physical variables P and T, as well 
as the corresponding non-dimensional variables, have the disadvantage 
of varying in many cases over a large number of powers of ten. Such 
large variations are not convenient in numerical integrations. Therefore 
it is often better to use logeirithmic variables. For example, we may re¬ 
place the non-dimensional variables defined by the standard transforma¬ 
tion (13.2) by their logarithms 


Si = log p. Si = log q, Si = log t 
s* = log /■, y = log X. 


(14.7) 
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If we introduce these logarithmic variables into the differential Eqs.(13.5) 
to (13.8) and consider only the more complicated radiative case, we obtain 


log 


(- a ■ 


+g:2 -gs - y + log (IS) 
log = +g, -gj -gj + 3y + log(ZS) 

l®g = +2g, - 9.5g, + g^~y+ logic jl 8) 


(14.8) 


log 




+ (v - 2) gj - + 3y + log (D il S). 


Here we have multiplied each of the four derivatives by the step value d 
since it is this product which we will need in the numerical integrations. 
The right-hand sides of Eqs.(14.8) contain simple linear combinations of 
the four dependent and the one independent variables. The one additional 
term which occurs on the right-hand side of each of these equations is 
completely fixed at the start of the integration and therefore does not in¬ 
troduce any complications in the numerical procedure. Thus, the only 
non-linear operation needed for solving Eqs.{14.8) for the four derivatives 
is to look up four antilogarithms corresponding to the logarithms occur¬ 
ring on the left-hand sides of these equations. 

Altogether, therefore, logarithmic variables, such as those defined by 
Eqs.(14.7) and the corresponding form of the basic differential Eqs.(14.8), 
are highly advantageous for numerical integrations. This advantage is, 
however, somewhat reduced in those physical situations in which it is 
necessary to take account of complicating circumstances, such as the 
addition of radiation pressure to the gas pressure or the addition of elec¬ 
tron scattering to Kramers’ opacity. 

Two more remarks may be added with regard to the logarithmic vari¬ 
ables. First, the invariants defined by Eqs.(13.24) can be expressed in 
terms of the logarithmic variables by 


(/ = + 


dg2 

dy * 


dy * dy / dy 


(14.9) 


These relations make the computation of the invariants from integrations 
using the logarithmic variables extremely simple. Second, the develop¬ 
ments (14.6) near the surface suggest that it would be better for envelope 
integrations to replace the independent variable y by the variable z de¬ 
fined by 
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If we replace y by z on the left-hand side of Eqs.(14.8), we have to add 
on the right-hand side 

log + - 

This eliminates y in the first and the third of Eqs.{14.8), but produces a 
term 4y in the second and fourth of these equations. This term is a 
known function of z, can be tabulated once and for all, and hence in¬ 
troduces no complication in the numerical integrations. The introduction 
of z for the inward integrations from the surface has often been found to 
produce an appreciable speedup in the numerical integrations. 

Procedures for Step^by^Step Integrations 

The number of different procedures all of which can be used for the 
numerical integration of first order differential equations is large, and the 
choice often appears to depend on the personal preference of the inte¬ 
grator. Here we shall describe only two such procedures, one convenient 
for integrations by hand and the other for integrations by electronic ma¬ 
chines, both of which have been extensively used in integrations for the 
stellar interior. 

The first procedure is most easily explained with the help of the inte¬ 
gration scheme shown in Table 14,1. The first column of this tabulation 
lists the independent variable; the second column one of the dependent 
variables; the third column the logarithm of the derivative (or whatever 
quantities need to be written down during the computation of the deriva¬ 
tive from the differential equation); the fourth column the derivative mul- 
tiplied by the step value; and the remaining columns the successive dif¬ 
ferences of the values in the fourth column. 

Assume that we have progressed in the numerical integration to the 
point where all the quantities marked by X in Table 14.1 are known. We 


TABLE 14.1 

Scheme for numerical integration with the help of Eq.(14.11). 


g log S— §— 

dy dy 


XX 

xxxx 

XXX 

XXX 

XX 

XX 

X 

XX 

xxxx 

XXX 
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XX 

Ixxxxl 
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XX 

l????l 
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start the next integration step by predicting the values for the differences 
marked by P in Table 14.1. This may be done by extrapolating smoothly, 
for example, the fourth difference ^D, from which the lower differences 
can be computed successively down the diagonal. Now we can compute 
the next value of the dependent variable, marked with question marks 
in Table 14.1, with the help of the extrapolation formula 





. 

720 


(14.11) 


All the terms occurring in this formula are shown in blocks in Table 14.1. 
Finally, we compute the new derivative, marked by /4, from the differen¬ 
tial equation. Comparing this new derivative with the preceding one we 
can check our prediction of the differences. If we find them inaccurate, 
we have to improve them and have to repeat the integration step. When 
the check turns out satisfactory, the integration step is completed. 

Since our basic problem contains four dependent variables and four dif¬ 
ferential equations, we have to carry simultaneously side by side four in¬ 
tegration schemes like that shown by Table 14.1. 

The high accuracy of the extrapolation formula (14.11) permits the use 
of rather large step values. In the envelope step values as large as 0.05 
in z can often be used, though in the core somewhat smaller step values, 
say 0.01 in y, are frequently needed. 

Another integration procedure, useful for electronic machines, is given 
by the following two formulae 



The first formula determines from the value of the dependent variable at 
a given point, g^, and from the derivative at this same point, a prelimi¬ 
nary value for the same variable at the next point, With the help 

of this preliminary value we then derive from the differential equation a 
preliminary value for the derivative at the new point (^g/^y)^^.j* Finally, 
we use this value to obtain the definitive value of the dependent vari¬ 
able at the new point, with the help of the second of Eq.(l4.12). 

The formulae (14.12) are only of second order, and hence if they are 
employed one has to use appreciably smaller step values, say five times 
smaller, than those required by formulae (14.11). 

For many problems in the theory of the stellar interior the speed of nu¬ 
merical integrations by hand is entirely sufficient. A person can usually 
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accomplish more than twenty integration steps per day for a set of differ¬ 
ential equations like Eq.(14.8). Thus for a typical single integration 
consisting of, say, forty steps less than two days are needed. Corre¬ 
spondingly, if, for example, a set of models is to be determined and if 
these models are to be constructed of a one-parameter family starting 
from the surface and a one-parameter family starting from the core, and if 
each of these two families can be represented with sufficient accuracy 
by, say, six individual integrations, then the entire numerical work for 
this fairly typical case can be accomplished by one person in one month. 
However, if extensive evolutionary model sequences including a variety 
of physical complications are to be derived, then numerical integrations 
by hand may become prohibitive and the advantage of large electronic 
machines will be incontestable. 




CHAPTER IV 

INITIAL STELLAR STRLCTLRE 


75. The Upper Main Sequence 

In the three preceding chapters we have assembled all the astronomical 
data, the physical conditions, and the mathematical tools which we need 
to construct theoretical stars* In the four chapters which we are now 
beginning we shall discuss the actual construction of model stars of 
various masses and compositions and we shall follow the evolution of 
the stars—to the best of our present knowledge—from their initial state 
to their final state* 

Much of the four coming chapters will be devoted to technical details. 
The main results of these investigations will be summarized and re¬ 
viewed in the last chapter of this book. 

According to our discussion of the over-all problem in §12, we have to 
start our program of model construction with the initial state, that is with 
homogeneous stellar models. We shall see that stars in the initial state 
belong to the main sequence or are subdwarfs. Consequently, the sub¬ 
ject of this chapter will be the construction of homogeneous models for 
main-sequence stars and subdwarfs. 

We shall divide the main sequence into two sections, the upper and 
lower main sequence« This division is a natural one for two reasons. 
First, the main energy-liberating process will be the carbon cycle in 
stars of the upper main sequence while on the lower main sequence this 
role will be played by the proton-proton reaction. Second, it follows from 
the discussion of the surface layers in §11 that we may use purely radia¬ 
tive envelopes for stars on the upper main sequence while we have to 
count with deep convection zones in the envelopes of lower main-sequence 
stars. We shall concentrate in this section on models for the upper main 
sequence. 

Choice of Gas Characteristics Relations 

Whenever one wants to compute detailed models for specific stars, one 
has first to decide what particular forms of the three gas characteristics 
relations apply. These decisions will depend on the temperatures and 
densities to be expected in the stars in question. Thus, one has to start 
by making a rough guess at the temperature and density run in the star 
considered; next one has to choose the appropriate gas characteristics 
relations; then one has to construct the model; and finally one has to 
compute from the model the actual run of temperature and density. If the 
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original guess and the final result disagree, one has to repeat the pro¬ 
cedure* If they agree, one has obtained a correct model. In this and the 
subsequent sections we shall skip the description of any unsuccessful 
guesses and start in each case immediately with the listing of those 
particular forms for the gas characteristics relations which were proven 
to be appropriate by the checks after the construction of the models. 

For upper main-sequence stars the following choices for the three gas 
characteristics relations appear satisfactory. For the equation of state 
the ideal gas law augmented by the radiation pressure, Eq. (8.3), is ap¬ 
propriate. If we introduce the ratio jS of the gas pressure to the total 
pressure we may write this equation in the form 

(15.1) 

/3 

with 1 -i8 = - r/P. (15.2) 

3 


For the opacity the main contribution comes from the bound-free processes 
of the heavier elements as given by Eqs.(9.16) and (9.17) and from elec¬ 
tron scattering as given by Eq. (9.19). If we use the straight sum of these 
two contributions and if we introduce the ratio B of the total absorption 
coefficient to that of the bound-free transitions then we can represent 
the absorption coefficient by the formula 


4.34x10*' v\l-a P^~°' s. 

K =--xZ(l + Z)* “-x^^^r^xS 


with S - 1 = 0.19(1 + 1) /f 


34 X 10*' 

(t/ g)o 


p. 


xZ(l+l)i- 


^1-a 

*°^x^- (15. 

J*3.S 


(15.3) 
4) 


Finally, the energy generation is provided by the carbon cycle, which can 
be represented by the interpolation formula (10.15). With the carbon- 
nitrogen abundance given by Eq. (10.13) and the constants listed in Table 
10.1 for temperatures around twenty-five million degrees, we obtain 

e = 8 X 10-“' X - IZ X pP'. (15.5) 

3 


We may now proceed to the construction of the models. Our present 
task is greatly simplified by the following feature. The rate of the car¬ 
bon cycle depends sensitively on the temperature, as is shown by the 
high exponent of T in Eq. (15.5). This has the effect that the energy 
generation is highly concentrated toward the center of the star. Hence, 
even at a small distance from the center the energy flux is great, which 
in turn produces a steep radiative temperature gradient—in fact so steep 
that it is unstable and convection occurs. The star will have a convec¬ 
tive core, and it turns out that this convective core reaches far enough 
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out so that practically all the nuclear energy sources of the star are con¬ 
tained in the core and nuclear processes can be ignored outside the core. 
The star consists therefore of a convective core and a radiative envelope 
in which is constant, i.e. equal to L, We will cover the core by in¬ 
tegrations from the center outwards and the envelope by integrations 
from the surface inwards, and we will choose the interface between the 
core and the envelope as the fitting point at which we will join the in¬ 
ward and the outward integrations together. 

Equations for the Envelope 

Let us first consider the envelope. If we use the gas characteristics 
relations (15.1), (15.3), and (15.5) to eliminate p, X, and 8 from the basic 
differential Eqs.(12.1) to (12.4); if we remember that the condition (12.3) 
for thermal equilibrium is automatically fulfilled in the envelope by set¬ 
ting = L; and if we apply the transformation (13.2), we obtain 


(15.6) 

dx t 


+ (15.7) 

dx t 


dx j8.5-a 


Z ( k y-' 1 4.34 X 10” Z(1 + Z)1““ 

4^fc/ (4^)®-°^ («/g)o /i’-* 


(15.8) 


0*5+3 Ct 
Hf^-5+a. 


(15.9) 


If we furthermore apply the same transformation to the two auxiliary re¬ 
lations (15.2) and (15.4), we obtain 


j8=.l-5- 

P 


with B = —7T a P* 


8=1+AB 


*4.5-a 


with A = 


a (4 77) 


a 


/^y-* 0.19(t/g), (1 + 
\h) 4.34 X 10” z /i®-* 


(15.10) 

(15.11) 

(15.12) 
(15.13) 


The three differential Eqs. (15.6) to (15.8) and the two auxiliary re¬ 
lations (15.10) and (15.12) contain the three parameters A, B, and C. The 
parameter B is completely determined when the mass and the composition 
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of a star are given* The parameter A depends not only on the mass and 
the composition but also on the radius. This latter dependence is, how¬ 
ever, not very strong, so that a reasonable estimate of the radius in 
general suffices to fix A with sufficient accuracy. Hence we may con¬ 
sider A and B as given and C as the only free parameter. Furthermore, 
the surface conditions, which here take the form of the first alternative 
of Eqs. (13.12), uniquely determine all the starting values. We conclude 
that the only unknown quantity which enters the envelope solution is C. 

Equations for the Core 

Next, let us consider the core. The hydrostatic equilibrium conditions 
(15.6) and (15.7) apply in the core as they stand, but the radiative equi¬ 
librium condition (15.8) has to be replaced by the convective condition, 
that is by the second alternative of Eq. (12.4), and the thermal equilib¬ 
rium condition (12.3) has to be taken into account explicitly. If we apply 
the transformation (13.2) to the two equations just mentioned we obtain 


dt ^ L \ \ t dp 
dx \ y / p dx 

dx 


with D = 


1 8x10-“^ 
\ ^ / 477 3 




(15.14) 

(15.15) 

(15.16) 


The radiation pressure appreciably complicates the equations for the 
core. First, it introduces the additional variable factor j8 into the dif¬ 
ferential Eqs. (15.6), (15.7), and (15.15). Second, it affects the ratio of 
the specific heats y in the adiabatic relation (15.14) since y is found to 
be somewhat smaller than its usual value of 5/3 under those circum¬ 
stances in which the pressure and energy of radiation provide important 
contributions to the total pressure and energy. The radiation pressure 
does not play an important role, however, in the specific cases which we 
will consider here, and therefore we may permit ourselves the simplifying 
assumption that y has its normal vedue of 5/3 and that (3 is constant 
throughout the core. 

With these approximations for the core, we may apply the supplementary 
transformation 


//(2.5)^ ^ t 


The center conditions now become 


at :r* = 0: p* = 1, = 1, = 0. 


(15.18) 
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The adiabatic relation (15*14) can be integrated and, in view of the 
boundary conditions (15.18), gives 

p* (15.19) 

If we now introduce the transformation (15.17) also into the hydrostatic 
equilibrium conditions (15.6) and (15.7), if we eliminate p* with the help 
of Eq.(15.19) and if we eliminate q* between the two hydrostatic con¬ 
ditions, we obtain 


t* 


2 dt* ^ 

+-+ f**-* = 0. 

dx^ 


(15.20) 


This is the well-known second-order differential equation for the **poly- 
trope** of index 1.5. Its solution is uniquely determined by the center 
conditions (15.18). This unique solution was derived long ago by nu¬ 
merical integration and is available in tabular form. 

Thus far we have entirely ignored the thermal equilibrium condition 
(15.15). We were able to derive the structure of the core without con¬ 
sidering this equation since it is a condition on the energy flux and the 
energy flux has no direct effect on the structure of a convective region. 
We may now introduce the solution for the core in the right-hand side of 
Eq. (15.15) and by a simple quadrature obtain the run of /. This run of f 
is not of particular interest in itself. But we have to ensure that /, which 
starts at the center with the value 0, reaches its boundary value 1 at the 
surface or in physical terms to ascertain that the nuclear processes 
produce just as much energy flux as passes through the envelope. We 
may put this condition into a simple form by introducing the transforma¬ 
tion (15.17) into Eq. (15.15) and by integrating this equation from the 
center to the surface. Thus we obtain 


1 


= Z)x 


(2.5)'^ 

/3 



X 



^♦19 ^*2 


(15.21) 


The integral on the right-hand side gains practically its entire value from 
a range of rather small values. The integral can be computed by nu¬ 
merical quadrature from the solution for the convective core. Its value 
is 0.0776. Eq.(15.21) is the form which the thermal equilibrium condition 
takes for the particular models which we are here investigating. 

Choice of Mass and Composition 

Now that we have finished the transformation of all the basic equations 
into a form appropriate for upper main-sequence stars, we can go on to 
describe the actual construction of models which have been carried out 
with the help of these equations. Three cases have been considered, with 
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stellar masses equal to 10, 5, and 2.5 solar masses respectively. For 
all three cases the composition was taken to be 

X - 0.90, Y = 0.09, Z = 0.01(^ = 0.53), (15.22) 

where the molecular weight was computed according to Eq.(8.2). For 
each case the constants {t/g)^ and CX which occur in Eq.(15.3) for the 
opacity were chosen so that this equation fitted the accurate opacity 
tables as well as possible for the temperatures and densities in ques¬ 
tion, and the parameters A and B were computed with the help of Eqs. 
(15.11) and (15.13) form the mass, composition, and estimated radius. 
The numerical values for these four quantities are listed in Table 15.1. 

Fitting Procedure and Computation of Model Characteristics 

The fitting procedure is best described in terms of the VV plane as 
shown in Fig. 15.1. To start with, the unique solution for the convective 
core is plotted in this plane. Next, a trial value for C is chosen, a nu¬ 
merical integration of the differential Eqs.(15.6) to (15.8) is performed 
for the envelope, and this envelope solution is plotted in the UV plane. 
If the envelope solution does not cross the core solution at all (the case 
for log C = - 5.700 in Fig. 15.1), a smaller C value is chosen and the 
procedure repeated. If the envelope solution does cross the core solution 
(the case for log C = - 6.600 in Fig. 15.1) the crossing point is ac¬ 
curately determined by interpolation in the two solutions, and the value 
for n + 1 at that point is read from the envelope solution. According to 
the last of the three fitting conditions (13.30)—of which the first two 
are automatically fulfilled at the crossing point—the quantity /i + 1 must 
be continuous at the crossing point and hence must have there the value 
2.5 which it has throughout the convective core. If the value of ra + 1 
found from the envelope solution at the crossing point does not agree 
with this core value, another C value has to be chosen and the procedure 
repeated until finally that value of C is found which gives an envelope 
solution for which n + 1 reaches 2.5 just at that point where the envelope 
solution reaches the core solution (the case for log C = *“ 6.140 in Fig. 
15.1). This final envelope solution does not actually cross the core 
solution but only touches it, since the fulfillment of the fitting conditions 
(13.30) means that all physical variables have continuous gradients and 

TABLE 15.1 


Parameters used for upper main^sequence models. 



IOMq 

5M© 

2.5M© 

a 

0.0 

0.1 

0.2 

log (t/g)o 

4-0.07 

4-0.22 

-hO.30 

logB 

4-0.8 

4-0.2 

— 0.4 

log A 

4-2.25 

-^2.25 

-f 2.25 
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U 

Fig. 15.1. VV plane for upper main-sequence (M — 5). (R. S. Kushwaha, 

ApJ, 125, 242, 1957) 

that therefore also U and V according to their definitions (13,24) must 
have continuous gradients• 

This procedure for obtaining the correct envelope solution by succes¬ 
sive trial integrations may appear very cumbersome on first sight. In 
practice, however, it converges quite rapidly as long as only one unknown 
parameter is involved, as in the present problem. One usually finds that 
after the first two trial integrations one reduces the error in C by a full 
decimal place with every additional integration. 

After the correct value of C and the correct envelope solution had been 
obtained the model construction was completed by the following sequence 
of computations. The values at the fitting point of all the various non- 
dimensional variables were read off from the envelope integrations and 
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the core integrations* In particular P|, p£*, and were thus deter¬ 

mined* By introducing these quantities into the first two of Eqs*(l5*17), 
p and t could be computed* This in effect insured the continuity of P 
and T at the fitting point* Thus together with the conditions (13.30) five 
continuity conditions in all were observed at the fitting point, just as is 
prescribed by the basic conditions (13.1). By introducing p^, and 
into Eq. (15.21), D was obtained* 

The switch from the non-dimensional variables to the physical vari¬ 
ables was performed with the help of the key relations (15.9) and (15.16). 
With C and D known, they represent two relations between M and the 
composition on the one hand and L and R on the other hand* From them 
L and R were obtained. Next, T^ followed from its definition (1.3), and 
the spectral type from its relation with the effective temperature* Finally, 
the transformations (13.2), in which all the constants were now known, 
could be used to determine any of the physical quantities at any point 
in the star from the corresponding non-dimensional quantity* In particular, 
the central temperature and central density were thus obtained. 

Theoretical Results and Comparison with Observations 

The numerical results for the three chosen masses are given in Table 
15.2. From these data we note the following. The three cases cover the 
spectral type range from B1 to A2. The central temperatures run from 28 
to 20 million degrees. The importance of radiation pressure, measured 
by 1 - jSp increases with increasing mass but does not reach decisive 
values even for a main sequence star of ten solar masses. The high 
value of §£ for the heavy star shows that in the deep interior of heavy 
stars electron scattering provides the main opacity, though in the outer 
parts where b has much smaller values Kramers’ opacity dominates. For the 
lightest of the three sample stars Kramers’ opacity dominates throughout. 
Lastly, according to the values, the convective core of the heaviest 

of the three stars contains about — of the total mass while for the lightest 

of the three stars it contains only — of the mass. 

0 

Now we come to the critical question: How do these theoretical stars 
compare with real ones? Let us make this comparison first in terms of 
the mass-luminosity relation and second in terms of the Hertzsprung- 
Russell diagram* Fig. 15.2 gives the mass-luminosity relation for the 
three theoretical stars, indicated by crosses, as compared with the main 
sequence observations from Fig. 2.1, represented by dots* The agreement 
is as good as one could hope for* Fig. 15.3 shows the three theoretical 
stars, again indicated by crosses, in the Hertzsprung-Russell diagram* 
The crosses fall very close to the line, which represents the observed 
initial main sequence from Table 1.2* We may therefore conclude that 
the three stellar models in fact represent satisfactorily the observed 
upper main sequence stars. 
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TABLE 15,2 


Results for upper main-sequence models. (Kushwaha, Ap./. 225, 242, 
1957.) __ 



IOMq 


2.5Af0 

log C 

-6.579 

-6.140 

-5.793 

Ui 

2.404 

2.478 

2.547 

Vf 

1.791 

1.551 

1.333 

*f 

0.232 

0.192 

0.155 


0.244 

0.201 

0.162 

logPf 

+1.439 

+1.677 

+1.942 

log tf 

-0.242 

-0.174 

-0.106 

l-ySf 

0.025 

0.007 

0.002 


4.41 

2.51 

1.69 

^*i 

1.432 

1.338 

1.244 


0.705 

0.738 

0.770 

log Pc 

+ 1.818 

+ 2.007 

+ 2.227 

log tc 

-0.090 

-0.042 

+ 0.008 

logD 

+ 1.124 

+0.198 

-0.780 

log L/L q 

+ 3.477 

+ 2.463 

+ 1.327 

log R/Re 

+0.559 

+0.376 

+ 0.202 

log 

+ 4.350 

+ 4.188 

+ 3.991 

Sp. T. 

B1 

B5 

A2 

Tt 

1.95 X 10’ 

1.74 X 10’ 

1.52 X 10’ 

Pi 

4.62 

12.3 

32.4 


2.76 X 10’ 

2.36 X 10’ 

1.98 X 10’ 

Pc 

7.80 

19.5 

48.3 


Dependence of Results on Composition 

There is one major question left; How far do the theoretical results 
depend on the composition chosen for the models? Let us investigate 
this question only for the smallest of the three chosen masses, because 
in this case two simplifying circumstances occur. The radiation pressure 
is negligible and hence the parameter B has practically no influence on 
the model. Similarly, since electron scattering is only a minor contributor 
to the opacity the parameter A has little influence on the model. With A 
and B eliminated, the construction of the model could have proceeded as 
described, without any reference to a pre-chosen composition, up to the 
point where the values of C and D (which are unaffected by the com¬ 
position) are introduced into the key relations (15.9) and (15.16). But the 
solution for L and R from these relations will be affected by the com¬ 
position chosen. If in Eq.(15.16) we neglect the variation of all factors 
except those with high exponents, we find for the dependence of the 
radius on the composition approximately 


/? « p. 


(15.23) 


130 


IV. INITIAL STELLAR STRUCTURE 



Fig. 15.2. Mass-luminosity relation for the upper 
main-sequence models (crosses) compared with 
observations (dots, see Fig. 2.1) 


In Eq*(15«9) the variation of R just about compensates the variation of 
1 + A, and thus we obtain from this equation for the dependence of L 
on the composition 

L oci^. (15.24) 

As an example, let us replace the composition (15.22) previously 
chosen by 

X = 0.70, y = 0.27, Z = 0.03(fx = 0.62), 

which is well within the range of possible compositions suggested by 
the spectroscopic data. According to Eqs.(15.23) and (15.24) these 
changes in composition produce the following changes in the observables 

A log L « 0, A log /? « + 0.06, A log T^ » — 0.03. 

Thus, the luminosity has not been changed—because of a compensation 
of the increase in (i and the increase in Z in Eq.(15.24)—and the mass- 
luminosity plot of Fig. 15.2 is unaltered. On the other hand, the effective 
temperature is somewhat reduced, producing a small, hardly significant 
discrepancy in the Hertzsprung-Russell diagram of Fig. 15.3. 

We might be tempted to build up the last discussion into an actual 
determination of the composition of upper main-sequence stars. In prin¬ 
ciple it is true that relations (15.9) and (15.16) permit a unique determina¬ 
tion of the composition if C and D are known from theoretical models and 
if Ly My and R are known from observations. 

To obtain reliable compositions for upper main-sequence stars by this 
method requires, however, still further improvements: improvements in 
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Fig. 15.3. Hertzsprung-Russell diagram for 
upper main-sequence models (crosses) compared 
with observations (line, see Table 1.2). 


the models, particularly regarding the representation of the opacity; im¬ 
provements in the observations of L, M, and R for stars which we know 
to be young enough so that we do not have to worry about possible in¬ 
homogeneities in composition; and improvements in the relations between 
the effective temperature, the color index, and the bolometric correction 
which always enter the comparison between theoretical and observational 
results* 

For the time being we conclude that with reasonable composition the 
present models for upper main-sequence stars give results which are in 
entirely satisfactory agreement with observations. At the same time, 
however, it is clear that a repetition of these models with a better opacity 
representation and an extension of these models to higher masses would 
be much worthwhile. 


16, The Lower Main Sequence 

We now leave the heavy stars and turn to the lighter ones. In this sec- 
tion we shall discuss the construction of homogeneous models for the ini¬ 
tial state of stars with masses about one solar mass or less. More pre¬ 
cisely, we shall consider here main sequence stars of Population I with 
spectral types between GO and MO. For specific examples we will use 
the sun (G2) and Castor C (= YY Gem, MO) for which the observed data 
are listed in Table 2.1. 
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Choice of Gas Characteristics Relations 

What are the appropriate forms of the gas characteristics relations for 
these lighter stars? We may estimate the temperatures with which we 
will have to deal by extrapolating the central temperatures given in Table 
15.2. We find that the relevant temperatures will lie below fifteen million 
degrees. This has three consequences. First, we can completely ignore 
radiation pressure. Second, we may in fair approximation ignore electron 
scattering. Third, we have to count with the proton-proton reaction rather 
than with the carbon cycle as the main energy source. We thus have, ac¬ 
cording to Eqs.(8.2), (9.16), and (10.14) 



(16.1) 

4.34x10“ . 

--X Z 1 + X , , 

u/g\ r’-* 

(16.2) 

e= 2.8x 10“” X Z’ xpT*-^ 

(16.3) 


For the two parameters {t/g)^ and CC which occur in the opacity equation 
(16,2) we use the following numerical values 


for the sun: a = 0.25, log {t/g)^ = 0.82 
for Castor C: a = 0,50, log {t/g)^ = 0.38. 


(16.4) 


These values were adjusted so that Eq.(16.2) represents the accurate 
opacity tables as well as possible in the expected ranges of temperature 
and density. Eq.(16.2) for the opacity as it stands takes into account 
only the bound-free transitions of the heavier elements. The addition of 
the free-free transitions of hydrogen and helium can be accomplished 
with fair accuracy by replacing Z in Eq.(16.2) by Z + (Z + y)/60. This 
modification has been employed in the computations for the sun, but not 
yet in the older computations for Castor C. 

The most consequential difference between these gas characteristic 
relations and those for the upper main-sequence stars is the relatively 
low temperature sensitivity of the proton-proton reaction. Accordingly, 
the energy sources will not be highly concentrated towards the center, 
the energy flux will not have very great values in the core, the radiative 
temperature gradient will not be dangerously steep, and hence the core in 
the lower main-sequence stars will be in stable radiative equilibrium. On 
the other hand, we had seen in §11 that the outermost parts of lower 
main-sequence stars must be in convective equilibrium. Hence, the ini¬ 
tial models for lower main-sequence stars are just the inverse of those 
for upper main-sequence stars; they consist of radiative cores and con¬ 
vective envelopes. 

We will construct these models again by covering the core with inte¬ 
grations from the center outward, by covering the envelope with integra- 
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lions from the surface inward, and by choosing for the fitting point the 
interface between core and envelope where the equilibrium switches from 
radiative to convective. 


Equations for the Envelope 

Let us start with the envelope. If we apply the standard transforma¬ 
tion (13.2), the basic differential equations (13.5) to (13.7) take the form 


dp 

dx 


pq dq px^ 

tx dx t 


p = E t^ 


with £ = X 4*-’ 


xK. 


(16.5) 

(16.6) 


The last of Eqs.(16.5) is the convective equilibrium condition (13.7) after 
integration with due regard to the boundary conditions (13.12). The param¬ 
eter E depends on the parameter A, which is determined by the photo- 
spheric boundary conditions and can be obtained by computations of 
detailed model atmospheres, as we have seen in §11. Such model at¬ 
mospheres have been computed for our two sample stars with the result 


for the sun, if Z = H: 

K = 0.0009, 

E = 1.0, 

for the sun, if Z = W.: 

K = 0.008, 

E = 10, 

for Castor C: 

K = 0.07, 

£ = 14. 


(16.7) 


For the sun two values are given here for K and E corresponding to two 
values for the mixing length I expressed in terms of the scale height H, 
The value of I enters into Eq.(7.7) for the convective energy flux which 
has to be explicitly employed in the subphotospheric layers. The influ¬ 
ence of the particular value of I used is quite large in G dwarfs like the 
sun, but fairly small in fainter dwarfs like Castor C. 

Clearly, we must consider the numerical values of (16.7) for E with 
great caution since model atmospheres are still quite uncertain, particu¬ 
larly in the sub-photospheric turbulent layers, and since therefore the E 
values are uncertain by at least a factor 2. Accordingly, for the time be¬ 
ing we shall not use the E values of the tabulation (16.7) but instead 
consider E a free, unknown parameter. Thus the convective envelopes 
which we have to consider are represented by the one-parameter family 
of solutions of Eqs.(16.5). These solutions are available in tabular form 
for a large number of E values. 


Equations for the Core 

Turning next to the radiative cores, we may apply again the supple¬ 
mentary transformation (13.13). Now, however, the third and the fourth 
of the defining conditions (13.14) become 


Po 


2~a 


fo 


9.5-a 


= 1, D 


Po ^0 


= 1 


( 16 . 8 ) 
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with C - 


and D = 


3 / y-' 1 4.34xlQ^^Z(l + + 

4ac \HgI (477)3-“ {t/g\ n’-’ m5-5 + <^ 

\k ) 477 L/?’-* 


(16.9) 

(16.10) 


The four basic differential equations, in terms of the asterisked variables, 
are 


dp* p*q* dq* p*x*^ 

dx* t*x*^ * dx* t* 


dt* 


^*8.5 -a ^*2 » 


df* 

" 




(16.11) 


These differential equations together with the center conditions (13.19) 
define the solution for the radiative core—for a given value of a—as a 
function of the single parameter p^*, as we have already seen in §13. 

Fitting Procedure and Computation of Model Characteristics 

The fitting together of the envelope and core solutions can again be 
accomplished most easily with the help of the UV plane. Fig. 13.1 shows 
in this plane the envelope solutions (dashed curves) as a function of E 
and the core solutions for a = 0,25 (solid curves) as a function of p^*. 
The fitting condition (13,30) for n -h 1 requires that this quantity reach 
the value 2,5 in the radiative core just at the fitting point where the core 
joins the convective envelope. This condition fixes uniquely the termina¬ 
tion point for each core solution. If we now consider one specific value 
of p^* and hence one specific core solution and termination point, then 
the corresponding envelope solution is uniquely determined by the fitting 
conditions (13.30) for U and V since these conditions prescribe that in 
the UV plane the envelope solution must go through the termination point 
of the core solution. The value of E for this envelope solution may be 
computed by interpolation between the available neighboring envelope 
integrations. 

After the fitting in the UV plane has thus been completed the various 
non-dimensional quantities can be computed, for each chosen value of 
p^*, as follows. The values of the non-dimensional variables without 
asterisks can be obtained for the fitting point by interpolation between 
neighboring envelope solutions. The values of the non-dimensional 
variables with asterisks can be read off at the fitting point from the core 
solution. The introduction of all these quantities into the transformation 
(13.13) gives the values for the five constants with zero subscripts. 
With the help of these constants all the asterisked quantities can be 
translated into non-asterisked quantities. In particular one thus obtains 
p^ and t^. Finally, with the help of the constants with zero subscripts, 
one can determine C and D from Eqs.(16.8). The results of such compu- 
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tations are listed in Table 16.1 for a series of values of p^*, separately 
for the two opacity formulae corresponding to the two values of a chosen 
in Eq.(16.4). The last column in the lower half of Table 16.1 gives the 
limiting model for £* = 0, which corresponds to completely radiative stars. 

Relation of Model Characteristics to Observed Ly and R Values 

How do we now translate the non-dimensional quantities of Table 16.1 
into physical quantities? Let us for the moment assume that we know 
the exact value of E from atmospheric considerations, for example for the 
sun. We would then know exactly which particular model of those given 
in the upper half of Table 16.1 would apply to the sun. In particular we 
could read from this table the values of C and D which correspond to the 
given value of E. We might then introduce these values of C and D into 
the key equations (16o9) and (16.10) and attempt to determine from these 
equations the composition parameters X and Y, using, of course, the 
known values of L, /If, and R for the sun. This procedure does not work 
well, however, for lower main-sequence stars which live on the proton- 
proton reaction. This failure is caused not only by the uncertainty in E 
but also by the following circumstance. In consequence of the moderate 
dependence of the proton-proton reaction rate on the temperature, D var¬ 
ies only with a moderate power of ^ according to Eq.(16.10)—quite in 
contrast with Eqo(15.16) which for upper main-sequence stars living on 
the carbon cycle involves a very high power of /x. To make things worse, 
the moderate power of (jl in Eq.(16.10) is largely compensated by the addi¬ 
tional factor depending directly on X, Altogether D changes only by 
about 30 percent if we change the composition all the way from pure 
hydrogen to a mixture of half hydrogen and half helium (the abundance of 
the heavy elements has very little influence on D as long as it does not 
exceed 10 percent). This near-independence of D on the composition 
makes it obviously a poor quantity by which to determine the composition. 

The very characteristic which makes D of poor use for determining the 
composition makes it of excellent use for determining E, For a star with 
known L, Af, and R, and with even the roughest guess for the composi¬ 
tion, we can compute D from Eq.(16.10) with good accuracy. With this 
value of D we can then enter Table 16.1 and determine which particular 
model is appropriate to the star in question. This model fixes—among 
other quantities—the value of £, which can then be compared with the 
approximate value derived from the atmosphere. It also fixes the value 
of C, which we then can introduce into Eq.(16.9) and thus gain at least 
one condition for the composition. In physical terms we may express 
this procedure as follows: for a given star we determine the depth of the 
convection zone (governed by the value of E) so that the corresponding 
model gives a central temperature as needed by the proton-proton reac¬ 
tion. Then we use the mass-luminosity relation, here represented by 
Eq.(16.9), for the resulting model to determine one composition parameter. 




TABLE 16.1 

Mathematical properties of lower main-sequence models. (Osterbrock, ApJ, 118, 529, 1953, and Schwarzschild, Howard and 
H^m, Ap.J. 125, 233, 1957.) __ 

a = 0.25 
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This procedure may be carried through as shown in Fig. 16.1. In this 
graph D is plotted as a funttion of C. Two curves are shown, corre¬ 
sponding to the two sequences of models listed in Table 16.1. The two 
curves therefore correspond to slightly different opacity laws, a differ¬ 
ence which luckily turns out to be of little consequence. For a particular 
star with given L, M, and R and with an assumed value of X we can com¬ 
pute C and D from Eqs.(16,9) and (16.10) as functions of T. Thus, we 
can draw for each star and each chosen value of Z a curve in Fig. 16.1. 
The intersection of this curve with the curve of the model series with the 
appropriate CX represents the solution for the given star and for the chosen 
X value. For this intersection we can read the values of C and D from 
Fig. 16.1. With their help we can select the correct model from Table 
16.1 and obtain all the non-dimensional quantities for this model by in¬ 
terpolation. At the same time we can enter C in Eq.(16.9) and compute 
from this equation Z—or Y —since L, W, /?, and X are all given. Now 
the composition, and hence 4, is completely determined. Thus, we know 
all the factors in the basic transformation (13.2) and we can finally 
translate all the non-dimensional data into physical quantities. 

Checks and Results 

Results of such computations arc shown in Table 16.2 for our two 
sample stars and for three values of X, As a first check we note that the 
temperature and density data given in the last four columns of this table, 
when compared with Figs. 8.1, 9.1, and 10.1, show that we have properly 
chosen the forms of the gas characteristic relations (16.1) to (16.3). As 
a second check we compare the E values of Table 16.2 with those of 
Eq.(16.7) which were derived from model atmospheres. In view of the 
great uncertainty in the latter values the agreement is entirely satisfac¬ 
tory. Additional checks for our models cannot be gained by comparing 
them with the observed mass-luminosity relation and the Hertzsprung- 
Russell diagram since we have consistently used the observed values of 
L, Af, and R for the sample stars so that it is a priori certain that our 
models will fulfill the observed relations. 

After our models have satisfactorily withstood the possible checks we 
may note some of their essential physical properties. We shall here con¬ 
centrate on the results for Castor C since the results for the sun are 
somewhat altered if the effects of evolution are taken into account, as 
we shall do in §23. The evolution of Castor C is too slow to have had 
any noticeable effects. 

According to the values of shown in Table 16.2, the convection 
zone in Castor C covers fully one third of the radius, but contains only 
11 percent of the mass. As was to be expected, the central temperatures 
for our two lower main-sequence sample stars show a continuation of the 
temperature decrease with decreasing mass which our upper main-sequence 
models had already indicated; for CastcM- C, with a spectral type of MO, 
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Fig. 16.1. Interrelation of the parameters C and D for lower main-sequence 
models. 

the central temperature falls below ten million degrees. Finally, the 
central densities, though higher than those of the upper main sequence, 
remain sufficiently low on the lower main sequence for degeneracy to be 
unimportant. 

There remains the uncomfortable indeterminateness in the value of X 
for any given star. Luckily this indeterminateness does not introduce 
large uncertainties in most of the physical characteristics we have just 
discussed, as shown by Table 16.2. Nevertheless, it would obviously 
be desirable if this indeterminateness could be eliminated. This can be 
achieved if we accept for Z the value deduced from spectroscopic ob¬ 
servations. For Castor C, for example, we may assume according to 
Table 4.2 an abundance of the heavier elements of about 3 percent. With 
this value for Z we read from Table 16.2 

X « 0.7 and y « 0.3. 

We shall discuss the problem of the internal composition of the sun in 
§23 where we will investigate the changes in the solar model caused by 
the nuclear processes during the past five billion years. 

We have completed our discussion of homogeneous models for the main 
sequence of Population I. The investigations which we have described 
have produced theoretical stars which are in satisfactory agreement with 
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TABLE 16.2 


Physical properties of the sun and Castor C as deduced from lower 
main-sequence models for various assumed hydrogen contents. 

(See Table 23.2 for improved solar data.) 



Sun {G2) 

Castor C (MO) 

X 

0.6 

0.7 

0.8 

0.7 

0.8 

0.9 

Y 

0.344 

0.276 

0.197 

0.271 

0.184 

0.091 

Z 

0.056 

0.024 

0.003 

0.029 

0.016 

0.009 

E 

1.02 

0.86 

0.68 

19.9 

19.4 

18.7 


0.887 

0.891 

0.896 

0.663 

0.666 

0.669 


0.9997 

0.9998 

1.0000 

0.888 

0.894 

0.900 

T{ 

0.8 X 10‘ 

0.7 X 10* 

0.6 X 10* 

2.6 X 10* 2.4 X 10* 

2.2 X 10* 

Pi 

0.0068 

0.0058 

0.0051 

1.94 

1.88 

1.77 

To 

15.0 X 10* 

13.8 X 10* 

12.9 X 10* 

8.9 X 10* 8.3 X 10* 

7.8 X 10* 

Po 

87 

88 

90 

76 

79 

81 

the 

observed main-sequence 

stars over 

a wide 

range of stellar 

masses. 


It is easy to lose sight of this over-all result in the forest of computa¬ 
tional details. We may not even be surprised by this favorable over-all 
result since with the usual—and necessary—optimism of scientists we 
may not have expected any worse results. In review, however, we may 
justly consider the favorable over-all result a good cause for increased 
confidence in the correctness of the present theory for the stellar interior. 

On the other hand, it is clear that the theoretical investigation even of 
just the main sequence of Population I is far from complete. It would 
certainly be desirable to develop a more accurate and detailed model for 
the sun, including the critical turbulent phenomena in the subphotospheric 
layers. Similarly, we should fill the gap between the upper main sequence 
and the lower main sequence by deriving models for the late A-stars and 
the F-stars in which the transition from the carbon cycle to the proton- 
proton reaction and from the convective core to the convective envelope 
occurs. Last, and perhaps most important, we should extend the present 
investigations to stars of lower masses and luminosities for which up till 
now no satisfactory models have been devised. 


77. The Subdwarfs 

In the two preceding sections we have covered the homogeneous mod¬ 
els appropriate for the initial state of Population I stars. These models 
cannot be applied to the initial state of Population II stars because of 
the great difference in the abundance of the heavier elements between 
the two populations. Therefore, we have to consider anew the construc¬ 
tion of homogeneous models, this time for very low values of Z, say 
Z = 0. We may concentrate entirely on the lower main sequence of Popu- 
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lation II since in this old population the brighter stars have long ago left 
the initial state, run through the evolution and finished with their nuclear 
fuel. 

Effects of Low Abundance of the Heavier Elements 

Before we start with a detailed construction of appropriate models let 
us investigate for a moment what effects we should expect when we 
lower the heavy element abundance, Z. Let us use for this purpose the 
key equations (16.9) and (16.10) for lower main-sequence stars of Popu¬ 
lation I. Let us consider stars of a fixed mass M, a fixed hydrogen con¬ 
tent X, and a sufficiently small heavy element content (Z < 0.05) so that 
the moleculeir weight jx is essentially fixed by X and independent of Z. 
Let us further assume that a change in Z will not change the model——a 
rather dangerous assumption—so that C and D remain fixed. If we now 
solve the two key equations for the luminosity and the radius we obtain 
in rough approximation 

L « Z"*^, R « Const. 

Thus a reduction in Z leaves the radius fairly unchanged but increases 
the luminosity. 

The physical reason for this increase in luminosity is clearly the fact 
that a decrease in the heavy element abundance means a decrease in 
opacity. This opacity decrease can not be pushed indefinitely far, how¬ 
ever, since for very small values of Z the bound-free absorption proc¬ 
esses of the heavier elements, represented by Eq.(9.16), will fall below 
the free-free absorption processes of hydrogen and helium, represented 
by Eq.(9.18), which set a lower limit to the opacity. If we accept as 
typical figures for Population I Z = 0.03, an average guillotine factor of 
10 , and Gaunt factors of the order of 1, then we find by comparing 
Eq.(9.16) with (9.18) that the opacity can be lowered by at most a factor 
3 . Accordingly the luminosity can be increased at most by this factor 3. 

The results of such a change are shown in Fig. 17.1. This graph gives 
the main sequence passing through a K1 dwarf (the cross). If we change 
this dwarf—a thought experiment, not an evolution—by keeping its 
mass, hydrogen content, and model fixed but by reducing its heavy ele¬ 
ment abundance, we move the star along a line of constant R towards in¬ 
creasing luminosity. When its luminosity has increased by the maximum 
factor of 3, this dwarf has become an F2 star (the circle in Fig. 17.1) 
and lies about two thirds of a magnitude below the main sequence, as 
shown by the length of the dotted line in our graph. Thus, according to 
Eq.(1.5), the star has become a typical subdwarf. This very approximate 
result encourages us to expect that we will find models fitting the sub¬ 
dwarf sequences of Population 11 if we construct theoretical stars with 
negligible content of the heavier elements. 
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Fig. 17,1. Relation of subdwarfs to the main-sequence in 
the Hertzsprung-Russell diagram. 


Gas Characteristics Relations and Boundary Conditions 

We start the model building as always with the selection of appropriate 
forms for the three gas characteristics relations. For the equation of 
state we shall use that of an ideal gas. For the opacity we shall use the 
interpolation formula (9.20), which takes account of the free-free absorp¬ 
tion processes of hydrogen and helium as well as of electron scattering, 
and is thus exactly appropriate for cases of negligible abundance of the 
heavier elements. For the energy generation we shall use 

which, according to Eq.(10.14) and Table 10.1, represents the proton- 
proton reaction in the temperature range of about fifteen million deegrees. 

Next we have to decide upon the proper boundary conditions at the sur¬ 
face. Little appears to be known as yet about the possible existence or 
depth of a convection zone below the atmosphere in a subdwarf, that is 
the value of the parameter E has not yet been estimated for subdwarfs 
from considerations of model atmospheres. Nor can we determine this 
parameter for the subdwarfs by considerations of the interior models, as 
we did for the ordinary dwarfs, since this procedure requires observed 
masses which are not available for subdwarfs. We shall therefore pro¬ 
ceed by first constructing a purely radiative model and by afterwards in- 
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vestigating the changes which would be caused by the introduction of 
convective envelopes. 

Construction of Radiative Model 

For the entirely radiative model we may use the standard transforma¬ 
tion (13.2). The two hydrostatic equilibrium conditions are then repre¬ 
sented by Eqs.(13.5) and (13.6), while the conditions of radiative and 
thermal equilibrium become 


dt 

dx 


df 

— =+D t^x^ 

jdx 


with C = J- f AV-” X 1.6 X 10^^ X iA 

4ac \HG) WJ iJ-” 


X 




-X A* X-- 

in ^ LR^ 


(17.2) 

(17.3) 

(17.4) 


We shall have to solve the four differential equations again by numerical 
integrations from the surface inwards and from the center outwards. For 
the fitting let us choose a point so that all of the energy generation oc¬ 
curs inward from the fitting point. Accordingly, the right-hand side of 
the second of Eqs.(17.2) is negligible in the outer parts from the surface 
to the fitting point, and the parameter D therefore does not occur in the 
inward integrations from the surface* Since these integrations have com¬ 
pletely defined starting values by the first alternative of the boundary 
conditions (13.12), the inward integrations depend only on the param¬ 
eter C. 

For the outward integrations from the center, just as for the ordinary 
dwarfs we may use the supplementary transformation (13.13) with the 
exponents in the third and the fourth of the defining conditions (13.14) 
appropriately modified for the present case. We will find again that the 
resulting differential equations and the boundary conditions (13.19) com¬ 
pletely define the integrations except for the one parameter p^,*. 

The fitting conditions (13.30) require that the integration from the sur¬ 
face and the integration from the center, when plotted in the VV plane, 
have the same value of n + 1 at the intersection. This will occur only 
for one specific value of C and one specific value of These values 

can be found by successive trial integrations both from the surface and 
from the center. After the correct values have been found and the two 
corresponding integrations performed, we can read from the integrations 
all the values of the asterisked and non-asterisked variables at the fit¬ 
ting point. By introducing these into the transformation (13.13) we ob¬ 
tain the five constants with zero subscript which in turn permit us the 
translation of all the asterisked quantities into those without asterisks— 
giving us in particular p^ and^^. Finally, we obtain the value of D from 
the fourth of the defining Eqs.(13.14). 
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The results of these calculations are 

log = +1.91, log = —0.07, log C = —4.63, log D = —0.75. (17.5) 

These values are completely imique and depend on nothing but the 
chosen form for the three gas characteristics relations. This situation is 
in contrast with the general situation for the ordinary dwarfs discussed 
in the preceding section where we had introduced the depth of the con¬ 
vection zone, i.e. E, as an arbitrary parameter. The present model for 
the subdwarfs, however, corresponds exactly to the limiting case of E = 0 
presented in the last column of Table 16.1 in the preceding section. 

Let us apply our subdwarf model to six sample stars, the first three 
stars of one solar mass and the last three of 0.6 soleir masses. For the 
three samples of each mass we shall use hydrogen contents of 1.0, 0.75, 
and 0.5 respectively. The hydrogen content completely defines the com¬ 
position since we are assuming Z « 0. For each of these six sample 
stars we can compute L and R from the key equations (17.3) and (17.4) 
with the help of the numerical values for C and D of Eq.(17.5). From L 
and R follows the effective temperature. The central temperature and 
density can be obtained from the transformation Eqs.(13.2) with the help 
of the numerical values for and of Eqs.(17.5). The results of these 
computations are listed in Table 17.1. 

Fig. 17.2 represents our six sample stars in the Hertzsprung-Russell 
diagram. It shows that the subdwarf model has in fact given us sub¬ 
dwarfs. 

Effects of Possible Convective Envelopes 

Before we consider this result in detail we still have to investigate 
how these results will have to be changed if the subdwarfs should turn 
out to have convective envelopes of appreciable depth. No subdwarf 
models with convective envelopes are as yet available. This circum¬ 
stance has the disadvantage that we cannot give well-defined numerical 
results. It has the advantage, however, of forcing us to study the effects 

TABLE 17.1 


Properties of model subdwarfs without heavy element content and with- 
out convective envelopes. (A. Reiz, Ap,J, 120, 342, 1954.)_ 



Wq 

0.6Mq 

X 

1.0 

0.75 

0.5 

1.0 

0.75 

0.5 

log — 

-0.172 

+0.326 

+ 0.926 

-1.101 

-0.602 

-0.003 

L© 







log — 

-0.062 

-0.126 

-0.212 

-0.119 

-0.184 

-0.269 

Rq 







log 

+ 3.748 

+ 3.905 

+ 4.098 

+ 3,545 

+ 3.702 

+ 3.894 

10-* 

11.33 

15.57 

23.29 

7.76 

10.67 

15.93 

Pc 

68.9 

107.3 

194,3 

61.3 

96.1 

172.8 
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log Tg 


Fig. 17.2. Hertzsprung-Russell diagram for model subdwarfs (data from Table 
17.1). 

of convective envelopes in more general terms. From this point of view 
let us look once more at the models with convective envelopes discussed 
in the preceding section. 

For a star of given mass and composition the luminosity and the radius 
are determined by the key equations (16.9) and (16.10) in which the pa¬ 
rameters C and D are functions of E, the depth of the convection zone. If 
we use the purely radiative model {E = 0) as a standard of comparison 
and denote it by a subscript zero, we obtain from the two key equations, 
for a = 0.5, 



Thus we can compute the variation of the luminosity and the radius with 
depth of the convection zone from the numerical data listed in Table 
16.1. The results are given in Table 17.2. We see that with increasing 
depth of the convection zone (from right to left in Table 17,2) the lumi¬ 
nosity increases but very slightly while the radius decreases strongly. 
This result is not surprising. On the one hand, the luminosity is de- 
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termined by the radiative core, which comprises the bulk of the mass of 
the star. On the other hand, the radius is determined not only by the 
size of the core but also by the extent of the envelope, which in turn 
critically depends on the character of the equilibrium in the envelope. 

Therefore the introduction of a convective envelope will move a stellar 
model in the Hertzsprung-Russell diagram horizontally to the left. For 
the sun (F «< 3) as an example, the Eunount of this shift to the left is abont 
0.1 in log Tg, as indicated by the arrow at the bottom of Fig. 17.2. If we 
estimate theit similar shifts to the left will apply to the subdwarfs, we 
find that our six sample stars lie even further to the left of, or below, the 
main sequence than shown in Fig. 17.2. 

We conclude that the preliminary models for stars with negligible con¬ 
tent of the heavier elements represent well the main features of the sub¬ 
dwarf sequences of Population II in the Hertzsprung-Russell diagram. 

Problem of Helium Abundance in Subdwarfs 

Before we leave the subdwarfs we should still discuss one question 
which at present remains unanswered, but which if solved would provide 
an essential cue for cosmological problems; what is the helium abundance 
of the subdwarfs? If we were to find that the original composition of 
these old stars contained virtually no helium, we would probably have to 
conclude that our galaxy in its initial state consisted essentially purely 
of hydrogen. If on the other hand we were to find that the oldest stars in 
the initial state contained an appreciable amount of helium, we probably 
would have to conclude that the origin of helium preceded the first star 
formation in our galaxy. 

It does not seem likely that we will be able to answer this question 
by spectroscopic observations of bright Population II stars with early 
spectral types. These stars are nearly certainly in advanced stages of 
their evolution so that their present helium content—^however large we 
may find it—may have been produced by nuclear transmutations during 
the stellar lifetime and hence could tell us nothing about their initial 
helium content. This complication is avoided if we use the subdwarfs. 
Their spectral types are too late to permit direct spectroscopic observa¬ 
tion of their helium content. On the other hand. Fig. 17.2 indicates that 
the position of a subdwarf in the Hertzsprung-Rimsell diagram depends on 
its helium content. Since, however, the position in the Hertzsprung- 
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Russell diagram depends on the depth of the convective envelopes as 
well, we can use the observed positions for our present purpose only 
cdter accurate model atmosphere have been constructed and the depth of 
the convective zone thus determined with a reasonable certainty. 

The difficulties and uncertainties introduced by the convective en¬ 
velope could be circumvented if we had an accurately observed meiss for 
a subdwarf. We could then eliminate R between the two key equations 
(17.3) and (17.4) and thus obtain a relation for L which is little affected 
by the convective envelope, as we have seen above. We could then in¬ 
troduce into this relation the observed values for L and M and thus ob¬ 
tain one condition on the composition. This one condition would be suf¬ 
ficient in this case—in contrast to the ordinary dwarfs—to determine the 
composition completely since with Z « 0 the composition contains only 
one free parameter. 

At present we do not have the answer to our question about the helium 
content of the subdwarfs with all its cosmological implications since 
neither theoretical model atmospheres nor observed masses of sufficient 
precision appear to be available as yet. But the answer does not seem 
far out of our grasp. 


18* The Apsidal Motion Test 

Even though homogeneous models appear to represent the observed 
stars in their initial state very well, we must admit that the points of 
comparison between theory and observation are still rather few. Any 
additional tests for the theory are therefore of great value. 

For the purpose of testing a theory the physicist will often subject the 
object of his studies to perturbations and then watch its reactions. 
Well-known examples of this method are the application of electric and 
magnetic fields to atoms and the observations of the resulting Stark and 
Zeeman effects. Astronomers do not have the freedom of the physicists 
to apply perturbations to the objects of their study. Nature herself, 
however, has subjected a fair sample of stars to various perturbations, 
and all that astronomers need do is to observe carefully these natural 
experiments. 

We find stars in four specific types of perturbations: rotation, large- 
scale magnetic fields, close companions in binaries, and pulsations. 
The first two types until now have not lead to actual tests of the theory 
of the stellar interior, partly because the effects of these perturbations 
are difficult to observe and partly because it does not seem possible at 
present to make definite theoretical predictions. This latter difficulty is 
due to the serious indefiniteness of the distribution of the angular 
momentum in the case of the rotation perturbation and of the geometry of 



§18. THE APSIDAL-MOTION TEST 


147 


the magnetic fields in the case of the magnetic perturbation. In contrast, 
the third type of perturbation, that by a close companion, has led to a 
significant test of the theory for main-sequence stars. This test is the 
subject of this section. The fourth perturbation, that of stellar pulsa¬ 
tions, we shall take up in §27, in connection with the stability problem 
of white dwarfs. 

The two companions in a close binary will distort each other. The 
amount of this distortion depends on the internal structiue of the stars, 
and thus provides a possibility of testing stellar models. The distortion 
is difficult to observe directly, however, even in the favorable cases of 
eclipsing variables. Luckily there is a secondary effect of the distortion 
which is more readily observable. The distortion alters slightly the 
gravitational attraction between the two components and hence perturbs 
the binary orbit. In particular, it causes the major axis, or line of 
apsides, to rotate slowly. 

Observation of Apsidal Motion 

Apsidal motion can be observed in eclipsing binaries, as illustrated by 
Fig. 18.1. On the right-hand side of this figure is drawn the relative 
orbit of the secondary component around the primary one. The four 
diagrams show four successive phases in the rotation of the major axis. 
The two circles in each diagram indicate the positions in which eclipses 
occur, the lower circle (towards the observer) for the primary eclipse and 
the upper circle for the secondary eclipse. 

The corresponding light curves are shown in the left-hand side of Fig. 
18.1. The only feature of these light curves which is of interest here is 
the position of the secondary minimum relative to the primary minimum. 
In the first diagram of Fig. 18.1 clearly the radius vector in the relative 
orbit covo's a much smaller area from primary eclipse to secondary 


Fig. 18.1. Eclipsing variable with 
apsidal motion in four phases of the 
apsidal period. At left: light curve. At 
right: orbit. 
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eclipse than from secondary eclipse to primary eclipse. Accordingly, the 
time interval from primary to secondary minimum is shorter than that 
from secondary to primary minimum. In the second diagram the orbit is 
oriented symmetrically with respect to the observer's line of sight and 
hence the minima follow each other after equal time intervals. In the 
third diagram again an asymmetric situation is encountered. This time, 
however, the interval from primary to secondary minimum is longer than 
that from secondary to primary minimum. Finally, in the fourth phase 
another symmetrical orientation is obtained. Thus one can determine the 
period of the apsidal motion of an eclipsing variable just by observing 
the slow variation of the time of the secondary minima relative to the 
primary minima. 

The relevant observational data are collected in Table 18.1. The 
binaries in which apsidal motion is observed with satisfactory accuracy 
are still few in number and are entirely limited to the upper main se¬ 
quence. In spite of these limitations, the available sample constitutes 
a powerful test for the theory of the stellar interior. 

To carry through this test three steps have to be executed. First, the 
distortion of one component by the other has to be derived. Second, the 
change in the mutual gravitational attraction caused by the distortion has 
to be determined. Finally, the perturbation of the orbit has to be com¬ 
puted. We shall here carry out the first two steps in full detail, but for 
the last step, which belongs to the field of celestial mechanics, we shall 
only report the result. 

Simplifying Approximations 

To simplify our task let us permit ourselves the following approxima¬ 
tions. If we are to deal with apsidal motion that is observable we have 
to consider binary orbits with appreciable eccentricity. In these orbits 
the distance between the two components is far from being constant and 
in consequence the distortion of the components will vary with time. 
Therefore our problem is, strictly speaking, a hydrodynamic rather than 
a hydrostatic one. It turns out, however, that the reaction time of a star, 
that is the periods of its free oscillations, is rather short compared with 
the orbital period so that the star is capable of adjusting itself at any 
time fairly closely to the instantaneous distorting force. We may there¬ 
fore assume with fair accuracy qua si-stationary equilibrium, that is we 
may compute the distortion at any time from the equilibrium condition 
using the instantaneous distance between the two components. 

As a second simplification, let us consider only those cases in which 
the distortions are sufficiently small so that a first-order perturbation 
theory suffices. This has, besides the usual advantage of greatly 
simplified equations, the additional advantage of permitting us to con¬ 
sider the distortion of the first component by the second separately from 
‘he distortion of the second component by the first. 
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As a final simplification let us ignore the rotation of the stars. The 
effects of the distortion caused by rotation can, in first-order theory, be 
computed by much the same method which we will use here for the main 
effects. To correct for the effects of rotation we have simply to add to 
our final Eq.(18.18) additional terms which are always of moderate size. 

Hydrostatic Equilibrium Conditions 

Let us now consider the hydrostatic equilibrium conditions for the 
distortion of the first component by the second component. The geometry 
of the situation is represented by Fig. 18.2. According to our simplifying 
approximations, we may forget the orbital motion as well as the rotation, 
and hence our problem has 60 cial symmetry around the line connecting the 
centers of the two components. We may then characterize the position 
of the arbitrary point P by the two coordinates r and 0 as defined in 

Fig. 18.2. 

Since our present problem does not reduce to just one coordinate—as 
it always does in an unperturbed star—we have to use here the hydro¬ 
static equilibrium condition in its vectorial form 

VP * -pVF (18.1) 

where V is the gravitational potential. This potential consists of two 
parts, 

F = (18.2) 

where F^ is the potential arising from the mass of the first component 
itself while F^ is the distorting potential caused by the second com¬ 
ponent. The Poisson equation gives us for 

V"F^ = 477Gp (18.3) 


where p represents the density as a function of position throughout the 
first component. The second component may in first-order theory be 
considered a point mass and hence its potential is given by -GMJd^ 
where d is defined by Fig. 18.2. We may express this potential in terms 
of our two coordinates by the following development 


GM, GM, 





where the first two Legendre polynomials are given by 


3 1 

P^(0) = cos0 and P 2 (^) = — cos 2 ^ — 

4 4 


an d where T) represents the distance between the centers of the two 
components. The first term in the above development is constant and 
hence does not represent a force and may be ignored. The second term 
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Fig, 18.2. Distortion of one com¬ 
ponent (Ml) by the other compo¬ 
nent (Mj). 



is proportional to r cos 6, the gradient of which is a constant vector. 
Therefore this term does not produce a distorting force, but gives exactly 
the orbital acceleration GMJD^, Thus for the distorting potential we are 
left with 

Eqs.(18.1) to (18.4) represent the hydrostatic equilibrium conditions 
for our present problem. We shall see later that for the present purposes 
we do not need to consider the perturbations in thermal equilibrium. 

From Eq.{18.l) we can derive one very general result. According to 
this equation, the pressure gradient is everywhere parallel to the gradient 
of the potential. Since the pressure gradient is always perpendicular to 
the surfaces of constant pressure and the potential gradient perpendicular 
to the surfaces of constant potential, it follows that these two types of 
surfaces must be everywhere tangential to each other. This, however, 
can only be so if in fact the two types of surfaces are identical. Thus 
we find that the pressure must be constant on an equipotential surface 
and that instead of considering the pressure a function of the two co¬ 
ordinates we may consider it a function of the one variable F, i.e. 

P =F(F) (18.5) 

We can go further than this. From Eq.(18.5) we obtain the relation 
between the pressure gradient and the potential gradient: 

VP = vu. 
dV 

If we introduce this relation into Eq.(18.1) and then cancel the potential 
gradient on both sides of this equation, we find 


dP 



Now the left-hand side of this equation is a pure function of F and thus 
we get for the density on the right-hand side 

P = p(F). 


(18.6) 
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We see that the density, just as the pressure, is a function of the potential 
only and hence is constant on the equipotential surfaces. 

Transformation of the Poisson Equation 

The fact that the pressure and the density are constant on the equi¬ 
potential surfaces suggests that it would be useful for our present 
problem if we replaced the two geometrical coordinates r and 0 by two 
other coordinates chosen so that one of them is constant on the equi¬ 
potential surfaces. We can achieve this replacement as follows. 

Let us describe the form of the equipotential surfaces by 

r =7[1 + c,{x)P, id) + c,{r)P,{e) + ... ] (18.7) 

where 7 is the mean distance of a particular equipotential surface from 

the center. Eq.(18.7) gives for any direction 6 the distance from the 

center, r, of any particular equipotential surface characterized by r. The 

functions c (7) describe the deviations of the equipotential surfaces from 
n 

spherical symmetry. 

To simplify our equations let us introduce right here 

c,(?)=0 . (18.8) 

If we did not, but carried the P^{6) terms through all our equations, we 
would find at the end that Eq.(18.8) is in fact true as a consequence of 
the lack of a P\{6) term in the distorting potential (18.4). Let us further¬ 
more ignore all the Legendre terms higher than P 2(0)> as we have done 
already in the distorting potential (18.4). _ 

We now may use Eq.(18.7) to replace the coordinate r by r while con¬ 
tinuing to use & as the second coordinate. Since by definition r is 
constant on the equipotential surfaces and since by Eqs.(18.5) and (18.6) 
the same is true for P and p, we may now write our main deductions from 
the hydrostatic equilibrium condition in the form 

F=L(7), P=P{T\ p = p(7). (18.9) 

It still remains to transform the Poisson Eq.(18.3) into the new co¬ 
ordinates. In this equation we may replace the partial potential by 
the total potential L, since the Laplacian of the difference, i.e. of 
given by Eq.(18.4), is zero. To carry through the transformation it is 
useful to note that in first order 


dr 

dr 


6 = const dr ou 


r = const 


-rc 


dPi0) 

" de 


and that the Legendre polynomials fulfill the relation 


d^P cos 0 
- - 

dO^ sin 0 


dP 

^=-n(n + l)P . 

de 
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If we furthermore remember that V does not depend on 0 but only on r, we 
obtain for the Poisson equation in the new coordinates 


^ ^[2 ^ d(7c,) 

dT^ T dr _ dT^ \r dT^ / dT) dT 



dy , . 

-P,(d) 

dr 


= 4 7rGp(T). (18.10) 


Differential Equation for the Distortion Function 

The Poisson equation in the form (18.10) permits us to draw one con¬ 
clusion immediately, as follows. The first two terms of the left-hand 
side of Eq.(18.10) do not depend on 0, nor does the right-hand side. 
Hence the only remaining term, the one with the long bracket, must not 
depend on 6 either. It does, however, contain the factor P To resolve 
this discrepancy the term must vanish, that is the bracket must be zero. 

All the terms in the bracket contain which is already of first order. 
We may therefore use zero-order approximations for the other quantities 
occurring in the bracket. Thus we may use for the quantities the values 
given by the unperturbed model—without having to worry about the per¬ 
turbations in the thermal equilibrium of the star. In particular, we may 
use the values of the invariant U of the unperturbed model, which accord¬ 
ing to its definition (13.24) is related to the potential V by 

dW _dV V ^2 
dT^ dT T 


With the help of this relation we find for the condition that the bracket in 
Eq.(18.10) must be zero 


d^C2 2U dc^ 
dT^ T dT 


2 


3-f/ 


^2 


0 . 


(18.11) 


Thus we have a condition for the distortion function c^ir). 

Eq.(l8.11) is a second-order, homogeneous differential equation for Cj. 
Since the coefficient of the first derivative is singular at the center, we 
have the center condition 

-^=0 at 7=0. (18.12) 

dT 

The differential equation (18.ll) and the center condition (18.12) uniquely 
define the run of for all values of F from the center to the surface, 
except for a constant factor which has to be determined by the following 
surface conditions. 


The Surface Conditions 

As always in potential problems, the surface conditions are obtained 
by fitting the potential for the inside of the body considered to the 
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appropriate potential for the outside. The potential V^ arising from the 
mass of the first component can be represented outside this component 
by the development 


8 r 

Let us again introduce = 0 and ignore the terms higher than Since 
furthermore the first term must give the unperturbed potential, we get 

V (18.13) 

® r r* 


The distorting potential may be represented outside the first com¬ 
ponent by Eq.(18.4) as before. The total potential V is therefore given 
outside the first component by the sum of Eqs.(18.4) and (18.13). 

This total potential for the outside must be identical at the surface 
with the total potential V (7) for the inside, and the same must be true 
for the first derivative with respect to r. Thus we have at the surface 
(7=/?,) 


<hpie) -^ r^PM = V C^). 

* * 3f; P.W) - 2^- rFm - ^ (i - ^ 


On the left-hand side of these equations we have to replace r by r ac¬ 
cording to Eq.(18.7). This has to be done explicitly, however, only in 
the first term of each of the two equations since the remaining terms are 
already of fiist order so that in them r can be set equal to r. After this 
replacement the zero-order terms cancel and the first-order terms, divided 
by P give for7= /?i 


+ 








r = 


GM^ d{rc^ 
7^ dT 


(18.14) 


If we eliminate from these two equations we obtain 



(18.15) 


This condition fixes the one constant factor in the distortion function 
which Eqs.dS.ll) and (18.12) had left undetermined. 

We have completed the determination of the distortion of the first com¬ 
ponent by the second component and now have to derive the effect of this 
distortion on the binary orbit. 
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The P erturbing Potential and the Rate of Apsidal Motion 

The potential arising from the first component is given by Eq,(18.13). 
The first term in this equation is the usual potential which causes the 
Keplerian motion of the two components. The second term is the per¬ 
turbing potential which causes the motion of the line of apsides. The 
coefficient a^ of the perturbing potential can be derived from the first of 
Eqs.(l8.14). If in this equation is eliminated with the help of 
Eq.(18.15), one finds 


a, = at X —* 


with k = 

_4c 2 + 2r I 


' dcjdr J 


(18.16) 

(18.17) 


It is solely through this coefficient h that the internal structure of the 
components affects their binary motion. 

As the last step of this lengthy derivation we have to introduce the 
potential (18.13), with the coefficient a^ given by Eqs.(18.16) and (18.17), 
into the equations of motion for the binary orbit and determine the rate of 
apsidal motion. We shall not enter here into this problem in orbit per¬ 
turbations, but just report the result. The rate of apsidal motion, as 
measured by the reciprocal of the apsidal motion period, is found to be 


/ 1 + ^ e^ 

Orbital period _ A ^ ^ ^ 

Apsidal period \ D® ^ M^/ \ (1 - e^Y > 


(18.18) 


where e is the orbital eccentricity. The first term in the first parentheses 
of this equation arises from the distortion of the first component by the second 
component, which we have derived above, while the second term arises 
from the distortion of the second component by the first component. The 
two terms have, of course, identical forms; only the subscripts are inter¬ 
changed. The values of and are in general not identical since they 
refer to the two components respectively. We shall, however, apply 
Eq.(l8.18) only to those binaries in which the two components are rather 
similar so that we may assume one average value of k for both components. 


Theoretical Results and Comparison with Observations 
We are finally ready to put our theoretical stellar models to the apsidal 
motion test. It is easy to compute the value of k for each of the three 
models for upper main-sequence stars which we have discussed in §15. 
The model gives t/ as a function of x, which we introduce into the 
differential Eq.(l8.1l). A single numerical integration of this equation 
for each model from the center to the surface gives Cj and its derivative 
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at the surface, which we introduce into Eq.(l8.17). Thus we obtain A. 
The results of these computations are 

log A; =-1.70 for M = 10 M.q, 

log A: =-1.87 for/I/= 5 (18.19) 

log k = -2.07 for M = 2.5 

On the other hand we can determine k for each of the well-observed 
apsidal motion binaries listed in Table 18.1. By introducing the various 
observed quantities into Eq.(18.18) and by solving this equation for A;, we 
obtain the values given in the last column of Table 18.1. 

The comparison of theory and observations is given in Fig. 18.3, which 
shows A; as a function of spectral type or effective temperature. The 
dots represent the observational values of Table 18.1 while the circles 
represent the theoretical values (18.19). The agreement between theory 
and observations, though not yet perfect, appears entirely satisfactory 
for the present status of the stellar models. The theoretical k values 
are larger than the average observed values, but only by a factor of about 
3 , and at least part of this factor may be explained by evolutionary 
effects, as we shall see in §22. The observed variation of k with spectral 
type is well reproduced by the theoretical values. 

The satisfactory outcome of the apsidal motion test is encouraging but 
at the same time proves that much would be gained for the certainty of 
this basic test if the theoretical models of the upper main sequence could 
be improved, if the accuracy of the apsidal motion observation of upper 
main sequence binaries could be increased, and—most important of all 
if it were possible to extend the apsidal motion observations to other 


TABLE 18.1 

Observations of apsidal motion in eclipsing variables. (Russell, ApJ. 
90, 641, 1939. Rediscussion by Keller, Ap.J, 108, 347, 1948. Spectra 
by Wood, Publ. Univ. Pennsylv., Astr. Series, Vol. 8, 1953. New data 
for GL Car: van Wijk, et al., AJ. 60, 95, 1955, and for YY Sgr: Keller 
and Limber, ApJ, 113, 637, 1951.)__==r============ 


Star 

Spec. 

Type 

log 

Orb. 

Per. 

(days) 

Ecc, 

e 

Mpr. 

R/D 

Pr. Sec. 

Aps. 

Per, 

(yrs.) 

log k 

'^Sec. 

Y Cye 

09 

4.44 

3.00 

0,14 

1.01 

0.206 

0.206 

46 

-1.9 

GL Car 

B3 

4.25 

2.42 

0.16 

1. 

0.216 

0.216 

25 

-1.9 

AG Per 

B3 

4.25 

2.03 

0,07 

1.13 

0.23 

0.21 

72 

-2.4 

RU Mon 

B9 

4,07 

3.58 

0.44 

1. 

0.13 

0.11 

600. 

-2.3 

HV 7498 

AO 

4.04 

3.47 

0.55 

1.08 

0.123 

0.147 

600 

-2.9 

YY Sgr 

AO 

4.04 

2.63 

0.16 

1, 

0.17 

0.16 

330 

-2.4 

CO Lac 

AO 

4.04 

1.54 

0.03 

1. 

0.24 

0,24 

40 

— 2,4 

V523 Sgr 

A5 

3.94 

2.32 

0.17 

1. 

0.22 

0.22 

200 

-2.8 
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Fig. 18.3. The apsidal motion coefficient k as function of effective 
temperature. The dots represent the observed binaries of Table 
18.1 and the circles the theoretical models of § 15. 


parts of the Hertzsprung-Russell diagram, such as the lower main sequence 
and the subgiant region. 


19. Pre^main^sequeuee Contraction 

Now that we have constructed and checked the initial models for main- 
sequence stars of various masses and compositions, logically the next 
step is to follow the evolution of these stars from the main sequence on 
forward in time. This we shall do in the next chapter. In this section 
we shall interrupt our logical sequence and probe backwards in time into 
the evolutionary phases of a star prior to its main-sequence phase. 

The pre-main-sequence phases of stellar evolution represent the con¬ 
traction of a stellar mass from the state of an interstellar cloud to the 
initial main-sequence state. By definition, the latter state represents 
the phase in which for the first time nuclear hydrogen burning provides 
the main energy source. Accordingly, hydrogen burning is negligible 
during the pre-main-sequence phases. Regarding other nuclear energy 
sources, we have seen in §10 that processes using deuterium, lithium, 
beryllium, or boron can proceed at the relatively low interior temperatures 
we should expect for the pre-main-sequence phases. But barring any un¬ 
foreseen high abundances of these normally rare elements, these nuclear 
processes have an energy store only sufficient to retard somewhat the 
pre-main-sequence contraction but not to alter it substantially. 
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Accordingly, the contraction phases we are now considering are char¬ 
acterized by a negligible rate of nuclear energy generation 8, so that the 
entire energy expenditure must be covered by the gravitational energy 
set free by the contraction. Thus we can not use Eq.(5.8) to represent 
the thermal equilibrium condition as before, but we must use the more 
general Eq.(5.10), with 8=0. 

This switch in the equation for thermal equilibrium, however, does not 
alter the character of the over-all problem discussed in §12; given one 
particular state of a star one can derive all subsequent evolutionary 
states uniquely one after the other. The only problem is: what is the 
state with which we shall begin? 

Ideally, we should like to start with a model simulating a dense inter¬ 
stellar cloud. But such a starting model has two formidable difficulties. 
First, what is a proper model for an interstellar cloud? And second, what 
is the opacity of stellar matter at the low temperatures and densities 
characteristic for the very early phases following the cloud state? To 
avoid these difficulties for the time being, investigations have largely 
concentrated on the later contraction phases, starting with the states in 
which the stellar radius is not more than, say, ten times larger than in 
the main-sequence state. There remains the problem of what is an ap¬ 
propriate model for this more moderate starting state. 

The general character of the over-all problem for the contraction phases 
makes it appear probable that the influence of the choice of a particular 
starting model on the subsequent evolution will last only for a compara¬ 
tively short time interval, that is that the evolution tracks starting with 
various possible models for a star will all converge fairly fast to one and 
the same track. This estimate of the situation has one unfortunate and 
one fortunate consequence. On the unfortunate side, if the estimate is 
right we cannot hope to learn anything about the early contraction phases 
of a«tar by observing its later states. On the fortunate side, we may be¬ 
gin our computations of the later contraction phases by choosing a start¬ 
ing model reasonably arbitrarily. 

Our problem then reduces to this. Choose a star of fixed mass and 
composition. Select arbitrarily a starting model with a radius of, say, 
ten times the expected main-sequence radius. Follow the evolution by 
solving the over-all problem of §12, time step after time step. Terminate 
the computation when the internal temperature has risen to the value 
necessary for the hydrogen burning to provide the main energy supply. 
You will then have arrived at the main-sequence state which we have 
discussed in the preceding sections. 

The computations necessary to carry out this program are rather labori¬ 
ous, mainly because of the occurrence of a time derivative in Eq.(5.10), 
vital to the contraction phases. This problem, however, does not exceed 
the capabilities of the larger existing electronic computers, and as a 





158 


IV. INITIAL STELLAR STRUCTURE 


matter of fact a number of evolutionary model sequences for the pre-main- 
sequence contraction phases have been obtained by using an electronic 
computer not only for carrying out the numerical integrations but also, 
for the first time, for the fully automatic determination of the eigen-values. 

The evolution track of one model sequence obtained in this manner is 
shown in the Hertzsprung-Russell diagram of Fig. 19.1. The track starts 
at the right with a phase of low effective temperature and large radius. 
It proceeds to the left and ends at the main-sequence state. 

To gain further insight into the physical character of the pre-main- 
sequence contraction we may either study in more detail the numerical 
results of the computations carried out with the help of electronic com¬ 
puters, or we may investigate the problem independently by an approxi¬ 
mate but simpler method which shows up the essential phenomena some¬ 
what more directly. Here we shall follow the second alternative. 


Homologous Contraction 

Let us assume for the pre-main-sequence contraction that in first ap¬ 
proximation the star reduces its size but does not alter the mass distri¬ 
bution throughout its interior. This assumption is well substantiated by 
the detailed numerical computations. 

Under this assumption of a homologous contraction the density, the 
pressure, and the temperature do not change their relative distributions 
but do change in their absolute values. The rate of change with time of 
density, pressure, and temperature at every layer is completely determined 
by the rate of change in the radius of the star. More precisely, the hy¬ 
drostatic equilibrium condition (12.1) and the equation of state of an 
ideal gas give the proportionalities 

T (19.1) 


Thus when the radius contracts by a factor 10 the temperature increases 
by a factor 10, the density by a factor 1,000, and the pressure by 10,000. 

The proportionalities (19.1) permit a great simplification in the formu¬ 
lation of the contractional energy release, that is in the time-derivative 
term of the basic thermal equilibrium condition (5.10): 


Z ^ d 
2^ dr 



2 '^ i \ R dr R dr! 2 p R dr 


This relation shows that in a homologous contraction gravitation provides 
an energy release per gram of matter equal to the thermal energy content 
per gram multiplied by the logarithmic time derivative of the radius. 


Construction of Contraction Model 

The assumption of a homologous contraction and the consequent equa- 
(19.2) permit now the construction of a contraction model in much the 
manner we have used for the main-sequence models. 
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The four basic differential equations are given by Eqs.(12.1) and 

(12.2) for the hydrostatic equilibrium conditions, by the first of Eqs.(12.4) 
for the radiative transfer condition, and by Eq.(5.10) for the thermal 
equilibrium condition, in which we shall introduce 6=0 and the expres¬ 
sion (19.2) for the gravitational energy liberation. Since the gravita¬ 
tional energy source according to Eq.(19.2) is not at all highly concen¬ 
trated toward the center, we can be sure that the contraction model will 
not have a convective core. Furthermore, we shall here ignore the possi¬ 
bility of a deep convective zone under the surface. This neglect may 
affect the resulting radii fairly seriously but should not vitiate the general 
character of the contraction which is the aim of this study. For the radi¬ 
ative opacity let us use Kramers’ law as a fair approximation. 

As usual, we may apply the transformation (13.2) to our basic equa¬ 
tions. Thus the hydrostatic equilibrium conditions take the form of 
Eqs.(13.5) and (13.6) (with 1=1 since we here consider homogeneous 
models) while the radiative transfer and the thermal conditions take the 
form 


dx i'*’ ’ 


df 

/ = +Dpx^ 
dx 


with C = 


and D = 





(19.3) 

(19.4) 

(19.5) 


The boundary conditions are as before given by Eqs.(13.11) and the 
first version of (13.12). The two quantities C and D are the eigenparam- 
eters of the problem. 

If we want to solve this problem numerically, we have to divide the 
star at an arbitrarily chosen fitting point and carry out numerical integra¬ 
tions both from the center and from the surface to this fitting point. Be¬ 
cause of the occurrence of C and D in the equations our problem has a 
two-parameter family of solutions from the surface. Accordingly, for any 
particular numerical integration from the surface we have to choose trial 
values for both C and D. For the integrations from the center it is again 
advantageous to apply the supplementary transformation (13.13) and thus 
to eliminate C and D from the equations. The boundary conditions at the 
center now take the form of Eq.(13.19) and is the only free parameter 
for which a trial value has to be chosen for each numerical integration 
from the center. 

The construction of the complete contraction model may then be car¬ 
ried out as follows. Choose a set of trial values for C and D and carry 
out the corresponding integration from the surface to the value chosen 
for the fitting point. Plot this integration in the UV plane. Find by 
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trial-and-error integrations that value of p^* which gives an integration 
from the center that, in the UV plane, passes through the termination 
point of the integration from the surface. For the fitting point thus fixed 
read the values of the non-asterisked variables from the integration from 
the surface and the values of the asterisked variables from the integration 
from the center. Introduce all these quantities into the supplementary 
transformation equations (13.13) and thus determine the constants with 
zero subscripts. Introduce these constants into the third and fourth of 
Eqs.{13.14) and see whether these two conditions are fulfilled (the first 
and the second of these equations are automatically satisfied by the fit¬ 
ting in the UV plane). If these two conditions are not fulfilled choose 
another set of trial values for C and D and repeat the entire procedure. 
Repeat as often as is necessary to fulfill the two conditions. Thus C 

and D are determined as well as p^*, and all the other non-dimensional 

quantities of the contraction model follow in the usual manner. 

Results for the Contraction Model 

A computation like the one just described has given the following nu¬ 
merical values for the four most essential non-dimensional characteristics 
of the contraction model: 

log C = - 5.725, log D = + 0.278 (19.6) 

log Pp =+2.163, log =-0.060. (19.7) 

Let us compare these data with our results for the main-sequence 
models, for example with those of Table 16.1 for the lower main se¬ 
quence. If we first consider the quantities p^ and which characterize 
well the over-all pressure, temperature, and density distributions within 
the model, we find by comparing values (19.7) with the corresponding 
values in Table 16.1 that the internal structure of the contraction model 
does not differ greatly from that of the main-sequence models. Indeed, 
various main-sequence models—for example with different depths of the 
outer convection zone—can differ more from one another than the con¬ 
traction model differs from some of them. 

If we next consider the quantity C, which through Eq.(19.4) charac¬ 
terizes the mass-luminosity relation, we may compare the value of Eq.(19.6) 
with the corresponding values in Table 16.1. If we extrapolate in this 
table to (X = 0, which corresponds to the unmodified Kramers’ opacity 
law as used for the contraction model, we find that in the mass-luminosity 
law, just as in the internal structure, the contraction model does not 
greatly differ from the main-sequence models. A comparison in terms of 
the quantity D, defined by Eqs.(16.10) and (19.5), would not be sensible 
since this quantity refers directly to the energy sources, which are nu¬ 
clear for the main-sequence models and gravitational for the contraction 
model. 
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Fig. 19.1. Evolution track in Hertzsprung-Russell diagram for pre-main-sequence 
contraction. (Henyey, Levee, and LeLevier, PubL Astr, Soc. Pacific, Vol. 67, 
No. 396, 1955) 


We may conclude that a contracting star is quite similar to a main- 
sequence star, both in its over-all internal structure and its mass-luminosity 
relation. 

We can now interpret the evolution track in the Hertzsprung-Russell 
diagram of Fig. 19.1, which shows the results of detailed computations 
with a large electronic computer, with the help of our approximate homo¬ 
logous contraction model. The key equation (19.4) gives directly the 
evolution track for the homologous contraction model. During this con¬ 
traction the mass and the composition do not change, nor does the struc¬ 
ture of the model change. In particular, the parameter C maintains the 
fixed value listed in Eq.(19.6). Thus nothing changes in the key equa¬ 
tion (19.4) except for L and R. This equation then says that during the 
pre-main-sequence contraction the luminosity should increase proportion¬ 
ally to the square root of the reciprocal of the radius. Does this relation 
fit the evolution track obtained with the help of the electronic computa¬ 
tions? Yes, in fair approximation, if we ignore for the moment that part 
of the track which is close to the main sequence. The slight difference 
in the LR relation of Eq.(19.4) and that of Fig. 19.1 arises simply from 
the fact that the electronic computations were based on detailed opacity 
tables while Eq.(19.4) is based on the unmodified Kramers’ law. If we 
had modified this law by introducing a according to Eq.(16.2) so that the 
key equation (19.4) took the form of Eq.(16.9) and if we had chosen a 
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value for a of 0.09 we would have obtained exact agreement with Fig. 
19.1. 

Thus we see that the evolution track in the Hertzsprung-Russell dia¬ 
gram for the pre-main-sequence contraction is essentially determined by 
the mass-luminosity relation. If the opacity is given by Kramers’ law 
then the theoretical mass-luminosity relation as given by Eq.(19.4) in¬ 
volves the square root of the radius and the luminosity will slowly in¬ 
crease during the contraction. If the opacity is dominated by electron 
scattering—as may be the case for the latest contraction phases of the 
heaviest stars—the mass-luminosity law does not involve the radius and 
the luminosity will remain essentially constant during these phases. If 
however, the guillotine factor in the opacity law is highly sensitive to 
the density (large a value), as is the case in the less massive stars, the 
radius appears in the theoretical mass-luminosity relation with a power 
higher than the square root and correspondingly the luminosity will in¬ 
crease during the contraction by an appreciable amount. 

There remains to be interpreted the peculiar behavior of the evolution 
track of Fig. 19.1 just before the main sequence is reached. During the 
final phases of the contraction the gravitational energy release does not 
stop suddenly, nor does the nuclear energy production start suddenly. 
Rather, as the temperature and the density increase in accordance with 
Eqs.(19,l) the nuclear energy generation will rise while the contraction 
will slow down, and thus the nuclear sources will replace the gravita¬ 
tional sources in a smooth and continuous transition. 

During this transition period the stellar model will change from the 
contraction model to the main-sequence model. This change, as we have 
seen, is not large. Nevertheless, the mass-luminosity relations for these 
two models are not identical, as can be seen if their log C values are 
accurately compared. In fact this difference gives just the drop in lumi¬ 
nosity which is shown by the left-hand end of the evolution track in 

Fig. 19.1. 

Thus we see that during the very last phases of the pre-main-sequence 
contraction the evolutionary track in the Hertzsprung-Russell diagram is 
dominated by the change from the contraction to the main-sequence model, 
small though this change is. 

Rate of Contraction 

We still have to investigate one more essential question regarding the 
pre-main-sequence contraction: how much time does this contraction take? 
An order-of-magnitude answer to this question we have already given in 
§5 where we estimated the total gravitational energy of a star. Now, 
however, we can give a somewhat more precise answer. 

The speed of evolution during the contraction phases is governed by 
the rate of liberation of gravitational energy, and this in turn can be ex- 
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pressed in terms of the rate of change of the radius according to Eq.(19.2), 
if we use again the approximation of homology during the contraction. 
For the construction of the contraction model we have represented the 
rate of change of the radius by the parameter D defined by the second 
key equation (19.5). Since the value of D is determined by the solution 
for the model, as listed in Eq.(19.6), the key equation (19.5) permits us 
to determine the rate of change of the radius. 

If we multiply the two key equations (19.4) and (19.5) by each other 
and thus eliminate L we obtain a differential equation for the radius as a 
function of the time r. The solution of this differential equation gives 



(19.8) 


Hence r is counted from the time when the radius was very large com¬ 
pared with the radius the star has when it reaches the main sequence. If 
this solution for the radius is introduced back into the first key equation 
(19.4) we obtain for the luminosity 


L = 


C^D 

~Y~ 



(19.9) 


Eqs.(19.8) and (19.9) give the radius and the luminosity as functions of 
time during the pre-main-sequence contraction. 

Unfortunately our solution for R and L is fairly sensitive to the opacity 
law assumed. Had we used electron scattering or a modified Kramers’ 
law in place of the unmodified Kramers’ law, Eqs.(19.8) and (19.9) would 
have been changed sensibly, both in the exponents of r and in the coeffi¬ 
cients. This sensitivity is not surprising since, as we have discussed 
above, the variation of the luminosity during the contraction depends on 
the opacity law. 

There exists, however, a combination of Eqs.(19.8) and (19.9) which 
has a simple physical meaning and for which the changes for various 
opacity laws can be estimated fairly directly. By multiplying Eq.(19.8) 
by Eq.(19.9) and by then solving for the contraction time r we obtain 


3 GM^ 
D LR * 


(19.10) 


This equation gives the contraction time in terms of the gravitational 
energy of the star divided by its luminosity, exactly the form which we 
had used in §5 to estimate the length of time a star can live from its 
gravitational energy. 

Even though, because of its physical nature, the form of Eq,(19.10) is 
entirely general the numerical coefficient of this equation does depend 
on the opacity law. Had we used electron scattering we would have ob- 
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tained a coefficient half as big as the one we obtained for Kramers’ law. 
Had we used a modified Kramers’ law with a = 0.25 we would have found 
that the time for contraction from a larger and larger initial radius does 
not converge, owing to the very low luminosity at the earliest phases. If 
we then define t as the time it takes the radius to decrease by a factor 
100, we find for this modified opacity law a contraction time approxi¬ 
mately four times larger than that given by Eq.(19.10). 

Duly aware of the uncertainty in the numerical coefficient of Eq.(19.10), 
we may now apply this equation to main-sequence stars in order to com¬ 
pute the time each of them spent in the pre-main-sequence contraction. 
To start with the sun, Eq.(19.10) gives from the solar values of L, Af, 
and R 

= 5 X 10^ yrs. (19.11) 

For other main sequence stars we may write Eq.(19.10) by referring to 
the solar values in the form 


L,0 


(19.12) 


where we have used the fact that M/R does not vary much along the 
main sequence. From this equation we obtain for the contraction time of 
a BO star on the upper main sequence approximately 100,000 years. 

We shall see in the next chapter that the time a star spends in the pre- 
main-sequence contraction phase is shorter by two or three powers of ten 
than the time it takes the star to evolve substantially beyond the main- 
sequence phase. This great difference in the speed of evolution is not 
caused by a difference in the rate of energy emission; the luminosity of 
a star is substantially the same in the contraction phases and in the 
main-sequence phase. The large difference in the evolution speed is 
caused solely by the fact that Ae gravitational energy store which the 
star uses during the contraction is enormously smaller than the nuclear 
store which the star begins to use in the main-sequence state. 



CHAPTER V 

EARLY EVOLUTIONARY PHASES 


20. Simplified Example of Evolution 

In the preceding chapter we have built and tested the homogeneous 
models which describe the stars in their initial state when they first 
start burning their hydrogen fuel. In this chapter we shall follow the 
stars through their early evolutionary phases, during which they burn up 
the hydrogen in their cores. In §22 and §23 we shall follow this evolu¬ 
tion for particular stars of given mass and given initial composition. As 
a preparatory step, we shall consider in this section the early evolution¬ 
ary phases under special circumstances. These special circumstances 
have the disadvantage of not applying accurately to any type of star. But 
they have the advantage of leading to very simple stellar models which 
show in a particularly simple form the essential phenomena occurring 
during the early evolutionary phases. 

Simplifying Circumstances and Basic Equations 

These special circumstances arise if the star consists of a convective 
core £md a radiative envelope, if practically all the nuclear energy gen¬ 
eration occurs within the core so that composition changes by transmuta¬ 
tions are negligible in the envelope, and if the convective core contains 
the same fraction of the stellar mass throughout the evolutionary phases 
under consideration so that the transition from the convective core to the 
radiative envelope always occurs at the same mass layer. Under these 
circumstances the evolutionary changes consist of nothing but a continu¬ 
ous change in time of the composition of the core. The core maintains 
homogeneity of composition by convective mixing, while the envelope re¬ 
tains its initial homogeneous composition. Thus a steadily growing dis¬ 
continuity in composition develops at the edge of the core. Accordingly, 
the models which represent this evolution will have to consist of a homo¬ 
geneous convective core and a homogeneous radiative envelope with a 
discontinuity of composition at the interface. 

The special circumstances which we here require turn out to be real¬ 
ized if we select for the gas characteristics relations the equation of 
state of an ideal gas, Kramers’ opacity law, and the carbon cycle as en¬ 
ergy source. We have already used these choices for the gas character¬ 
istics relations as an example in our discussions of §13. They are repre¬ 
sented by Eqs.(13.3). 
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In Eqs.(13.3), which define the composition functions I, /, and i, refer¬ 
ence is made to a standard composition. Let us here choose for this 
standard composition the composition of the envelope, which does not 
change with time. Hence we get for the composition functions in the 
envelope 


I 

e 


= /e 


= ‘e=l- 


( 20 . 1 ) 


In the core, however, the composition will differ from that of the envel¬ 
ope—except in the initial state—and hence we sheJl have for the three 
composition functions in the interior 


1 . = 




1+Y. X. 

7 . - -^Z., i. =-i^Z.. 

l+X ^ ^ X ^ 


( 20 . 2 ) 


These relations follow from the definitions (13.3), from the explicit equa¬ 
tions (9.16) for Kramers' law, and from the explicit equation (10.15) for 
the carbon cycle, where we have to remember that, since the transmuta¬ 
tion of hydrogen into helium does not alter the abundance of the heavier 
elements, Z. = holds throughout the early evolutionary phases. Thus 
the composition factors in the three gas characteristics relations are 
completely defined, and the only item still undefined in these relations 
is the temperature exponent in the equation for the carbon cycle, for 
which we shall choose 

V = 16, (20.3) 

a value which we have already used for the upper main-sequence stars. 

If we now apply again our standard transformation (13.2) we get the 
basic equilibrium conditions in the form of Eqs.(13.5) to (13.8) with the 
two parameters C and D defined by Eqs.(13.9) and (13.10). In the envel¬ 
ope nuclear energy generation is negligible and hence D does not play a 
role in this region. The required envelope solutions are therefore repre¬ 
sented by a one-parameter family of integrations depending only on C. 
For the convective core we may use the supplementary transformation 
(15.17) which we have already applied to the upper main sequence mod¬ 
els. Here, however, we have to replace ^ by Z in this transformation. 
Thus we obtain again the polytropic differential equation (15.20), of 
which the unique solution from the center is available in tabular form. 
We still have to take care of the thermal equilibrium condition (13.8) in 
the core. If we introduce the supplementary transformation (15.17) into 
this equation and then integrate it over all layers, we obtain 

1 = D 1 (2.5)r p^r ''' *** dx*, (20.4) 

Jo 

where the integral is a known constant. 
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Fitting Conditions with Discontinuity of Composition 

Up to this point we could handle our present problem in much the same 
manner in which we have previously handled the homogeneous models. 
Now, however, we come to the fitting at the interface between the core 
and the envelope where the discontinuity in composition introduces a new 
feature. If the star is to be in equilibrium the five basic physical varia¬ 
bles r, P, T, M^, and must be continuous at the interface in spite of 
the discontinuity in composition* Hence the basic fitting conditions 
(13.1) still hold. Instead of these basic conditions, however, we would 
like to use the fitting conditions (13.30) for the invariants, and these 
have to be altered here as follows. 

Since the pressure and the temperature are to be continuous, the equa¬ 
tion of state requires that the number of free particles, i.e. p//x, must be 
continuous as well. Since the molecular weight has a discontinuity at 
the interface, it follows that the density must have a compensating dis¬ 
continuity. Thus we have at the fitting point 




(20.5) 


The invariants U and F, according to their definitions (13.24), are propor¬ 
tional to the density, and hence we obtain for their fitting conditions 







( 20 . 6 ) 


These two conditions replace the first two of the former conditions 
Q3.30). We still have to derive a substitute for the third of these 
equations. 

If radiative equilibrium held on both sides of the interface, we would 
compute the third invariant n + 1 according to its definition (13.24) by 
dividing the hydrostatic equilibrium condition (12.1) by the radiative 
equilibrium condition (12.4). In this division the density cancels out and 
the only remaining discontinuous factor is the absorption coefficient. 
Thus with the help of Eq.(9.16) for Kramers’ opacity we would obtain for 
the third fitting condition 




(20.7) 


Eq.(20.7) expresses a relation between the radiative temperature gradi¬ 
ents at both sides of the interface. In reality, however, convective equi¬ 
librium holds inside the interface. In order to formulate the condition for 
the transition from convective to radiative equilibrium, do we have to 
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state that the hydrogen-rich mixture just outside the interface must be in 
neutral equilibrium, i.e. {n + = 2.5, or rather that the hydrogen-poorer 

mixture just inside the interface is in neutral equilibrium, i.e. {n + 1)£. = 

2.5? 

In the first alternative the following situation arises. The molecular 
weight inside the interface is slightly higher than that outside, and the 
same holds for the density according to Eq.(20.5). Because of the den¬ 
sity factor in Eq.(20.7) the opacity is also higher inside the interface 
than outside, and hence the radiative temperature gradient is steeper in¬ 
side than outside. If now, according to the first alternative, the tempera¬ 
ture gradient outside the interface is just in neutral equilibrium, then the 
radiative temperature gradient inside the interface must be unstable by a 
finite margin. In the consequent convective equilibrium the radiation flux 
will fall short of the total flux by a finite amount. Hence the convective 
flux cannot go to zero as one approaches the interface from the inside. 
This means, according to Eq.(7.7), that the siq)er-adiabatic temperature 
gradient AVT also does not go to zero, and it follows, according to 
Eq.(7.5), that the average convection velocity remains finite to the very 
edge of the convective core. Under these circumstances it seems certain 
that every so often a convective element will overshoot and will mix in 
with the radiative layers just outside the interface. This will lower the 
hydrogen content of these layers and will increase their opacity. Since 
previously they were only in neutral equilibrium they will then become 
convectively unstable. Thus these layers will join the convective core 
and the core will grow. Our first alternative therefore does not lead to a 
stable situation. 

In the second alternative, i.e. with 

{n + l\. = 2.5, (20.8) 

the outermost layers of the convective core will just reach neutral equili- 
libriura. The average convective velocity will therefore go to zero as the 
edge of the convective core is approached and overshooting of convection 
elements will be unimportant. Besides, the layers just outside the inter¬ 
face are now in stable radiative equilibrium by a finite margin—*not just 
in neutral equilibrium—so that a minor mixture of the hydrogen-poorer 
gases from the core will not affect their stability. The second alterna¬ 
tive thus leads to a persistent situation and consequently is the one to 
be used. We therefore shall employ Eq.(20.8), which together with 
Eq.(20.7) gives us for the third fitting condition 

+ =2.5;.. (20.9) 


Construction of Models 

In the construction of the models we shall have to make use of the 
thermal equilibrium condition in the form of Eq.(20.4) and of the fitting 
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conditions (20.6) and (20.9). In these equations occur the three quanti¬ 
ties Z., /., and Z.* These quantities are not independent of one another. 
If the initial composition, that is the envelope composition, is given, and 
if Z. is fixed, then the first of Eqs.(20.2) gives p., this in turn fixes X. 
(since Z. = Z^), and /. and Z. are determined by the last two of Eqs.(20.2). 
Hence we may consider /» and Z. as functions of Z.. These functions can 
be represented by the following interpolation formulae 

/. =Z.^*S L =Z.-^'®. (20.10) 

These formulae represent the exact functions with fair accuracy for a 
wide range of initial compositions and for values of Z. from 1.0 to 2.3. 



Fig. 20.1. Evolutionary sequence of simplified models in the VV 
plane. 
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The use of these formulae has the advantage that we do not have to pin 
ourselves down from the outset to a specific initial composition. 

Our models can now be constructed by the following recipe. Choose a 
value of C. Obtain the corresponding envelope solution by numerical in¬ 
tegration. Plot this solution in the VV plane as shown in Fig. 20.1. Plot 
in the same graph the unique solution for the convective core. Choose 
arbitrarily a termination point V on the envelope solution. Draw a 
strai^t line through this point and through the origin of the UV plane. 
Where this line intersects the core solution you have, according to 
Eqs.{20.6), the termination point Uj., on the core. Determine the 
value of L from Eqs.(20.6) and Ae corresponding value of /. from 
Eqs.(20.10). Read the value of {n + l)|g from the envelope solution at 
the chosen termination point and check whether this value fulfills the 
fitting condition (20.9). If not, choose another trial for the termination 
point on the envelope—without, however, changing the value of C and 
the corresponding numerical integration—and repeat the whole procedure. 
After you have found the termination point which leads to the fulfillment 
of condition (20.9), read off all the non-dimensional variables without as¬ 
terisks from the envelope solution at the termination point and the values 
of the asterisked variables from the core solution at its termination point. 
Of these values introduce the relevant ones into the first two of the 


TABLE 20.1 

Evolutionary sequence of simplified models with composition discon¬ 
tinuity between convective core and radiative envelope._ 


log C 

-5.9887 

-5.9 

-5.8 

-5.7 

-5.6 

-5.5 

-5.25 


2.584 

2.280 

1.958 

1.658 

1.372 

1.108 

0.488 

Vfe 

1.218 

1.237 

1.258 

1.288 

1.325 

1.372 

1.615 

in + Dfe 

2.500 

2.581 

2.679 

2.789 

2.913 

3.052 

3.547 

h 

1.000 

1.112 

1.261 

1.440 

1.663 

1.942 

3.210 


0.170 

0.156 

0.141 

0.125 

0.110 

0.094 

0.051 


0.146 

0.147 

0.148 

0.149 

0.149 

0.149 

0.144 

log Pi 

+1.735 

+1.826 

+1.939 

+ 2.063 

+ 2.204 

+ 2.365 

+ 2.967 

log t{ 

-0.151 

-0.118 

-0.078 

-0.035 

+ 0.012 

+ 0.064 

+ 0.244 


1.191 

1.263 

1.352 

1.456 

1.578 

1.721 

2.275 

«*£ 

0.787 

0.769 

0.733 

0.697 

0.653 

0.600 

0.395 

log Pc 

+1.995 

+2.111 

+ 2.275 

+ 2.454 

+ 2.668 

+ 2.919 

+ 3.976 

log <c 

-0.047 

-0.004 

+0.056 

+0.121 

+0.197 

+ 0.285 

+0.648 

logD 

+ 0.320 

-0.307 

-1.233 

-2.222 

-3.399 

-4.786 

-10.717 

log R/Ro 

0.000 

+ 0.029 

+ 0.074 

+0.122 

+ 0.180 

+ 0.250 

+ 0.556 

log L/Lo 

0.000 

+ 0.075 

+ 0.152 

+ 0.228 

+ 0.299 

+ 0.364 

+ 0.461 

log TJT^a 

0.000 

+ 0.004 

+0.001 

-0.004 

-0.015 

-0.034 

-0.163 


1.000 

0.838 

0.668 

0.511 

0.362 

0.224 

(-0.10) 

X 

1.000 

0.976 

0.951 

0.927 

0.905 

0.884 

— 
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transformation equations (15.17) and thus determine and In turn, 
introduce these into Eq.(20.4) and obtain D from it. 

The results of computations according to this recipe are shown in Ta¬ 
ble 20.1 for seven different values of C. The different values of C give 
different values of L and hence correspond to different compositions of 
the convective core. Thus the one-parameter family of models repre¬ 
sented by Table 20.1 is exactly the desired evolutionary sequence of 
models in which the composition of the convective core varies from 
hydrogen-rich to hydrogen-poor. 

The first model of Table 20.1 has = 1 and therefore corresponds to 
the initial homogeneous state. To obtain this particular model the appro¬ 
priate C value had to be found by a series of trial integrations. For each 
of the subsequent models, for which no specific values of /. were re¬ 
quired, one numerical integration for the envelope was all that was 
needed. 


Evolutionary Track in Hertzsprung-Russell Diagram 

We still have to determine the luminosities and the radii of our model 
stars. If we were to do this in absolute units, we should now have to 
choose a particular mass and initial composition. Instead we may choose 
the luminosity and the radius Rq ol the initial homogeneous state as 
units. In this manner we will not obtain the absolute luminosities and 
radii of our model stars, but we will obtain the variation of the luminosity 
and of the radius of a given star during its evolution. We may introduce 
these new units by the following procedure. If we form the ratios C/C^ 
and D/Dq (where the subscript zero refers to the initial homogeneous 
model) with the help of the key equations (13.9) and (13.10), all the con¬ 
stant factors on the right-hand side of these equations cancel out. This 
includes the composition factors since they refer only to the standard 
composition for which we have chosen the envelope composition and the 
latter does not vary during the evolution of the star. Similarly the mass 
cancels out and we have left on the right-heind side only the two ratios 
L/Lq and R/Rq. If we solve the two equations for the latter two ratios, 
we obtain 



( 20 . 11 ) 


Thus the relative radii and luminosities are easily computed from the C 
and D values listed in Table 20.1 and the results are given in the same 
table, together with the corresponding values for the relative effective 
temperatures. 

The luminosities and the effective temperatures of our model sequence 
are shown in Fig. 20.2. This figure represents a small portion of the 
Hertzsprung-Russell dia^am on a greatly magnified scale. The zero 
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point of the coordinates refers here to the homogeneous model, which cor¬ 
responds to the initial stellar state on the main sequence. The dots in 
this figure represent the models of Table 20.1. The curve through the 
dots gives us our first theoretical evolutionary track in the Hertzsprung- 
Russell diagram for the hydrogen-burning phases. We must remember that 
this theoretical track is based on simplifying approximations which do 
not hold accurately for any star. Nevertheless the general character of 
this track can hardly be wrong: the track turns off the main sequence to 
the right and points into the region of the red giants. 

This preliminary result is doubly encouraging. First, it indicates that 
a steir during its early evolutionary phases does not move far from its in¬ 
itial point in the Hertzsprung-Russell diagram. Even when the hydrogen 
content of the core has dropped down to 10 percent—a state represented 
by the tip of the right-hand arrow in Fig. 20.2—the brightness of the star 
has increased only by one magnitude (according to our present simplified 
models) and the effective temperature has dropped by less than 15 per¬ 
cent. Thus a star will probably be classified as a “main-sequence star 
during most of the phases in which it consumes the hydrogen of its core. 
If we had found that stars move more rapidly out of the main-sequence 
band it would have been hard to see why the main sequence is as well 
populated as we observe it to be. 

The second encouraging feature of our present result is the indication 
that the evolutionary track turns to the right of the main sequence. In 
this direction we find in the Hertzsprung-Russell diagram the well- 
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populated area of the red giants and subgiants. These types of stars can¬ 
not, it seems, be explained in terras of initial stellar states since, as we 
have seen in the preceding chapter, all homogeneous models fall on or to 
the left of the main sequence. Our present result raises the hope that we 
will be able to interpret the red giants and sub giants in terms of later 
evolutionary states. 

Comparison of Inhomogeneous and Homogeneous Evolutions 

In the construction of the present models we have made the tacit as¬ 
sumption that there exists no mechanism which will mix the gases of the 
core with the gases of the envelope during the evolution of the star. The 
question arises whether this assumption is essential or whether much the 
same evolutionary track would have been obtained even if an effective 
mixing mechanism existed. To answer this question we may for the sake 
of comparison follow the evolution of a star under the extreme assumption 
that all the layers within the star from the center to the surface will be 
completely mixed throughout the evolution. 

Under this new assumption the star will have a homogeneous composi¬ 
tion not only in its initial state but also in the subsequent evolutionary 
states. If we choose the same forms for the gas characteristics relations, 
the structure of the star will correspond in all states to the first model of 
Table 20.1 since this model represents the unique homogeneous solution 
under the chosen circumstances. This constancy of the model throughout 
the evolution does not mean, however, constancy of luminosity or of ra¬ 
dius. As before, L and R have to be determined from the key equations 
(13.9) and (13.10). The parameters C and D which occur in these equa¬ 
tions are now constant since the model does not vary. But the composi¬ 
tion factors in these equations which refer to the composition of the en¬ 
velope are now varying since the assumed complete mixing will cause 
the nuclear transformations to change the composition of the envelope 
just as much as that of the core. If we again use as units the quantities 
of the initial state designated by subscript zero, the key equations (13.9) 
and (13.10) become 


1 = 


1 + a: 

1+A, 


{3“h& 


X, \J L \rJ 


( 20 . 12 ) 


For the first factor in each of these two equations we may use approxi¬ 
mate relations equivalent to Eqs.(20.10). If we then solve Eqs.(20.12) 
for L and R we obtain 


R / fi Y*“‘ 
^0 \/^/ 



(20.13) 


We have thus derived under the new assumption of complete mixing the 
variation of the radius^ the luminosity, and the effective temperature dur- 
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ing the evolution as a function of the change in the molecular weight 
caused by the nuclear transmutations. 

The evolutionary track in the Hertzsprung-Russell diagram which cor¬ 
responds to the last two of Eqs.(20.13) is represented by the straight 
line at the left-hand side of Fig. 20.2. This homogeneous evolutionary 
track certainly differs greatly from the inhomogeneous evolutionary track 
derived before. We must conclude that the existence or non-existence of 
a mechanism which keeps the gases of the radiative envelope mixed with 
those of the core is of decisive influence on the evolutionary track. 

Only one such mixing mechanism appears possible for normal stars, 
that of rotation. We shall discuss this particular mechanism in full de¬ 
tail in the next section. 

For the present let us continue our comparison between homogeneous 
and inhomogeneous evolutionary tracks a little further. To make possible 
a comparison in terms of states of equ^ hydrogen depletion we have to 
compute the average hydrogen content X of our inhomogeneous models. 
The average hydrogen content is the mean of the hydrogen content of the 
envelope and that of the core, weighted according to the relative masses 
of these two parts of the star. Accordingly the average hydrogen content 
is given by 

(20.14) 

Let us here assume - 1 for the initial composition, that is for the en¬ 
velope composition. This means that the initial content in helium and 
the heavier elements is taken to be small. The hydrogen content of the 
core Z. can be determined from the molecular weight of the core /i. with 
the help of Eq.(8.2). For small values of Z this gives 

a:. 0.6 = —-0.6. (20.15) 

* h h 

In the last part of this equation we have replaced /x. by Z. according to 
the first of Eqs.(20.2) with (i^- 0.5. We can now compute for each model 
of Table 20.1 the hydrogen content of the core from Eq.(20.15) and the 
average hydrogen content from Eq.(20.14). The results are listed at the 
bottom of Table 20.1. Thus we know the average hydrogen content for 
each point along the inhomogeneous evolutionary track of Fig. 20.2. 

In the homogeneous evolution the average hydrogen content is equal to 
the actual hydrogen content throughout the star. This hydrogen content 
is related to the molecular weight by Eq.(20.15), without the subscripts. 
Since, furthermore, the molecular weight is related to the position on the 
homogeneous evolutionary track by Eqs.(20.13), it is easy to derive for 
each point on the homogeneous track the average hydrogen content. 

We may now compare points of equal average hydrogen content on the 
two evolutionary tracks. Two such pairs of points, corresponding to re- 
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maining hydrogen contents of 94 percent and 88 percent respectively, are 
indicated by the four circles in Fig. 20.2 and by the two dashed lines 
which connect the comparable points. These dashed lines show that 
points of equal average hydrogen content on the two evolution tracks 
differ little in luminosity and much in effective temperature. For ex¬ 
ample, in the state when 12 percent of the total hydrogen has been burned 
up, i.e. A = 0.88, the inhomogeneously evolving star is brighter than the 
homogeneous star by only a quarter of a magnitude, but their effective 
temperatures differ by about 25 percent; the difference in absolute magni¬ 
tude would be hard to determine observationally while the difference in 
spectral type would be obvious. 

We may then conclude from this preliminary investigation that the varia¬ 
tion of the luminosity during the early evolutionary phases does not de¬ 
pend sensitively on the distribution of composition through the star, but 
that, if we are to predict the evolutionary changes of the radii and effec¬ 
tive temperatures, it is essential for us to know whether there do or do 
not exist mechanisms capable of effective mixing even in regions of ra¬ 
diative equilibrium. 


21. Rotational Mixing 

Rotation is in itself not a motion which mixes up the various layers 
within a star. It was discovered, however, that in a star which deviates 
from the spherical form because of rotation the radiative flux alone is in 
general not capable of fulfilling the thermal equilibrium condition every¬ 
where. This deficiency of the radiative flux causes a slow circulation, 
inwards in the equatorial plane and outwards along the rotation axis; and 
it is this circulation in meridional planes which is, in principle, capable 
of mixing the interior with the exterior layers of a star. The essential 
question is: will the circulation be fast enough to achieve mixing in time 
intervals in which the nuclear processes alter the core composition 
appreciably? 

Hydrostatic Equilibrium in a Rotating Star 

To solve this problem we shall have to consider the full set of the 
basic equilibrium conditions (12.1) to (12.4). If we restrict ourselves to 
regions in radiative equilibrium, and if we exclude the central regions in 
which the nuclear energy generation occurs, we may write the four basic 
equations in the vectorial form 

VP = -pVF^ + pQ^a 

V^ = 437 Gp 


( 21 . 1 ) 

( 21 . 2 ) 
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H = _ i££ II Vr (21.3) 

3 Kp 

y.H = 0. (21.4) 


In the hydrostatic equilibrium condition (21.1) we have added a term 
corresponding to the centrifugal force. Here 0 represents the angular 
velocity of rotation and a the distance from the axis of rotation, as indi¬ 
cated in Fig. 21.1. 


Fig. 21.1. Circulation in a ro¬ 
tating star. 





Let us now restrict our investigation to the case of solid-body rotation, 
i.e. to O = const. The centrifugal force can be expressed in this case 
as the gradient of a distorting potential which is given by 

(21.5) 

If we add this distorting potential to the gravitational potential , we 
can rewrite the hydrostatic equilibrium condition 

VP= ^pVV (21.6) 

with F= Fg + F^. (21.7) 

Thus we have obtained a form for the hydrostatic equilibrium condition 
identical with Eq.(18.1), which we used when we investigated the dis¬ 
tortion by a close companion. By the same method as we used there we 
may deduce for a rotationally-distorted star that the pressure and the 
density are constant on equipotential surfaces, i.e. 

P = p (F), p = p (F), r = r (F). (21.8) 

The last of these equations states that the temperature also must be 
constant on equipotential surfaces. This conclusion follows from the 
corresponding statements regarding the pressure and the density through 
the equation of state as long as the composition is constant on equipo¬ 
tential surfaces. 
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Deficiency of Radiation Flux and Meridional Circulation 

Eqs.(21.8), which follow directly from the hydrostatic equilibrium con¬ 
dition (21.1), have highly restrictive consequences for the radiative 
equilibrium. According to the last of Eqs.(21.8), we may express the 
temperature gradient in the radiative equilibrium condition (21.3) by the 
potential gradient. Thus we obtain in place of Eq.(21.3) 

(- ^ 11 VF. (21.9) 

V 3 xp dV) 

All factors within the parentheses depend only on F, that is are constant 
on equipotential surfaces. Eq.(21.9) therefore shows that the radiation 
flux not only must be parallel to the potential gradient everywhere, but 
also that its absolute value must be proportional to the absolute value of 
the potential gradient for all points of one equipotential surface. By ad¬ 
justing its internal temperature distribution the star can therefore only 
affect the average absolute value of the radiation flux at each equipotential 
surface; it cannot alter the direction of the radiation flux anywhere, nor 
can it change the relative amounts of this flux at different points of the 
same equipotential surface. 

This severe restriction on the radiation flux has serious consequences 
regarding the fulfillment of the thermal equilibrium condition (21.4). If we 
use Eq.(21.9) to compute the divergence of the radiation flux, we obtain 

V.H = — I- — — —1 1 Vf1"+ l-^ ~ (21.10) 

dV \ Z yip dVJ V 3 Xp dVj 

The last factor in the last term of this equation can be expressed with 
the help of Eq.(21.2) and (21.5) by 

- 2Q^ (21.11) 

Thus we see that all quantities occurring on the right-hand side of 
Eq.(21.10) are constant on equipotential surfaces with the sole exception 
the potential gradient 1 V F | . This quantity cannot possibly be constant 
on equipotential surfaces in a rotating star since in such a star these 
surfaces are more widely spaced in the equatorial plane than along the 
rotation axis and thus the absolute value of the potential gradient is 
smaller in the equatorial regions than in the polar regions. Hence, ac¬ 
cording to Eq.(21.10), as long as the factor by which the square of the 

potential gradient is multiplied is different from zero, as is actually the 
case everywhere, the divergence of the radiation flux cannot be con¬ 
stant on equipotential surfaces. In particular, it cannot be zero every¬ 
where as required by the thermal equilibrium condition (21.4). Thus in a 
rotationally-distorted star the radiation flux cannot fulfill the thermal 
equilibrium condition. 

What will happen under such conditions? The star will adjust its tem¬ 
perature gradient so that on the average over each equipotential surface 
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the divergence of the radiation flux is zero. As we have seen, this 
average adjustment cannot prevent the divergence of the radiation flux 
from being slightly positive in certain regions and slightly negative in 
other regions. The first regions will lose energy by the radiation flux 
and will therefore cool slowly while the latter regions will gain energy 
from the radiation flux and will therefore heat up slowly. The cooling 
regions will start sinking and the heating regions will start rising. Thus, 
a slow circulation in meridional planes will commence. In this circula¬ 
tion the sinking regions will be heated by compression and the rising 
regions will cool by expansion. The speeds of these motions will adjust 
themselves automatically so that in the sinking elements the heating by 
compression exactly compensates the cooling by the radiation flux, and 
in the rising elements the cooling by expansion will exactly compensate 
the heating by the radiation flux. This condition determines the speed 
of the circulation. It remains our problem to compute this speed so that 
we can judge whether or not the circulation is sufficiently fast to mix a 
star in the required time intervals. 

Determination of Rotational Distortion 

We start again with the hydrostatic equilibrium condition. We can 
write the distorting potential (21.5), according to the geometry indicated 
in Fig. 21.1, in the form 

Fd = 1^- -I + I nP, id) (21.12) 

where designates the second Legendre polynomial. Here we have put 
the first term into brackets since it is spherically symmetrical. In our 
discussion of Eq.(21.10) we have seen that the non-vanishing of the di¬ 
vergence of the radiation flux is caused by the deviations from spherical 
symmetry of the equipotential surfaces in a rotating star. We are there¬ 
fore not interested here in spherical distortions and will disregard the 
bracketed term. With this elimination the distorting potential (21.12) is 
identical with the distorting potential caused by a close companion as 
given by Eq.(18.4) if we make the replacement 

GM^ 1 

“ (21.13) 

Hence our present hydrostatic problem is the same as that which we have 
already discussed for the apsidal motion test. We may again describe 
the form of the equipotential surfaces by 

r^T[\+c^{r)P^ (^)] (21.14) 

where T designates the mean distance from the center of an equipotential 
surface and measures the deviation from spherical symmetry of this 
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surface. This distortion function is again determined, in first order 
approximation, by the differential Eq.(18.11), by the initial condition 
(18.12), and by the normalization condition (18.15) (in which, of course, 
the replacement (21.13) has to be used). This solves our present hydro¬ 
static problem and we can now turn to the radiative problem. 

Determination of the Divergence of the Radiation Flux 

To compute the divergence of the radiation flux from Eq.(21.10) we 
may express the potential gradient, according to Eq.(21.14), in first order 
approximation by 


VF 


dr / dJ 


dT 




(21.15) 


If we introduce this as well as the expression (21.11) into Eq.(21.10), we 
find that the right-hand side of this equation contains a number of terms 
which depend only on T, as well as one term which, because of the 
factor in Eq.(21.15), depends also on 0. All the terms which depend only 
on T have to add up to zero since, as we have mentioned before, the star 
will adjust its temperature distribution so that the divergence of the 
radiation flux is zero on the average over each equipotential surface. 
There remains on the right-hand side of Eq.(21.10) the one term which de¬ 
pends on (9. This term contains the factor Cj, which is already of first 
order. As long as we aim only at a first order approximation we need to 
compute all the other factors in this term only to zero order accuracy. 
These factors reduce accordingly to the simple expression 

A L II IlV^V = i. f_I_ Lp 

JF \ 3 Xp dv)\dT/ dr \47rr^ GmJ r^ 

and we obtain for the remaining term of Eq.(21.10) 



X 2 


d(r cf) 

dr 


P, (6). 


(21.16) 


Since the first factor on the right-hand side of this equation is determined 
by the unperturbed stellar model and since Cj is determined by the solution 
of the hydrostatic problem, Eq.(21.16) completely determines the non¬ 
vanishing divergence of the radiation flux. 

Speed of the Meridional Circulation 

Next we have to derive the rate of heating or cooling caused by the 
meridional circulation. If v represents the velocity vector of the circu¬ 
lation, the rate of energy loss per cubic centimeter is given by 


-H = +PV 

dt 


+ V. 


a 



(21.17) 
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where the first term represents the work done against the surrounding and 
the second the divergence of the convective heat transport. With the help 
of the continuity equation 


V • (p r) = 0 


we may transform the expression for the rate of energy loss to 


dt 


P 


^ T 
2 T 


Since the velocity of the circulation is already a first order quantity, we 
need to compute all the other factors on the right-hand side of this equa¬ 
tion only in zero order approximation. If we express the density gradient 
in terms of the pressure and temperature gradients according to the equa¬ 
tion of state of an ideal gas, and if we express the temperature gradient 
in terms of the pressure gradient with the help of the invariant n + 1 as 
defined by Eq.{13.24), we obtain for the rate of energy loss 


dt 



2.5 
n + 1 


) 


P 





(21.18) 


where v stands for the radial component of v . 

The speed of the circulation will adjust itself so that the energy losses 
caused by the circulation exactly compensate the energy gains caused by 
the non-vanishing divergence of the radiation flux. Hence, we have 



(21.19) 


If we introduce into this condition on the left-hand side the expression 
(21.16) for the divergence of the radiation flux and on the right-hand side 
the expression (21.18) for the energy losses by the circulation, and if we 
then solve for the radial velocity of the circulation, we obtain 


V 


n+l ^d{rc^) 

n+1-2.5 GM-* dT 


p, m. 


( 21 . 20 ) 


This is the equation for the circulation speed that we have been aiming 
for. Before we apply it let us bring it into a more convenient form, first, 
by introducing our usual non-dimensional variables x and q defined by 


r - xR y My s= qM ; 

secondly, by using the equatorial velocity of rotation W in place of the 
angular velocity (1 according to the relation 
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and finally, by employing explicitly the normalization condition (18.15) 
modified according to the replacement (21.13). Thus we obtain 


X V* (,x) X Pj (^) 

G M 

dc2 


3 n + 1 - 2.5 




( 21 . 21 ) 


( 21 . 22 ) 


Eq.(21.2l) gives the radial component of the circulation velocity for any 
point within a rotating star as a function of the position coordinates x 
and 0 and as a function of the equatorial rotation velocity W, 

The function can be computed for any star for which an unperturbed 
model has been derived, giving ti + 1 and q as functions of x^ and for 
which the differential Eq.(18.11) has been integrated, giving as a 
function of x. The results of such computations are shown in Table 21.1 
for the simplified homogeneous model of §20. We shall use the numbers 
of this tabulation as roughly representative for main sequence stars. 

Numerical Results 

As a first example let us apply Eq.(21.21) to the sun. We have for the 
sun 


»'_=2— and 
sec 



Furthermore, according to Table 21.1, the function v* as well as the 
Legendre polynomial Pj are of the order of unity. We therefore find the 
velocity of circulation in the sun to be of the order of 10 ® cm/sec. It 
follows from this extremely low circulation velocity that it would take 
several times 10^^ years for matter to rise from the interior regions of the 
sun to its surface. Since this time interval exceeds the age of the sun by 
about a factor 1000, we conclude that the circulation in the sun caused 
by its rotation can have produced practically no mixing whatsoever. 

Does the same conclusion hold also for the faster rotating stars of the 
upper main sequence? To answer this question in a general manner let 
us define the mixing time as the time required by an element to rise 
along the axis of rotation from the core to the surface. According to this 
definition we obtain for the mixing time 



dr 


CHP 


1 


V 


W^LR^ D* 


(21.23) 
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with — = = 2.20. (21.24) 

Jx^ 

Here we have used Eq.(21.2l) for the radial circulation velocity along the 
axis, i.e. with Pj = 1 at 0 = 0. The numerical value of Eq.(21.24) is 
based on the values of given in the last column of Table 21.1, which 
we may consider as approximately representative. 


TABLE 21.1 


Rotational distortion and circulation velocity for simplified model (cj nor« 
malised to 1 at center). (Harm and Rogerson, ApJ, 121 1 439, 1955.) 





/I + 1 


dcj 


X 

1 

U 

ca 

dx 

v* 

0.2 

0.22 

2.42 

2.85 

1.09 

1.01 

0.61 

0.3 

0.51 

1.69 

3.62 

1.24 

2.04 

0.15 

0.4 

0.76 

1.02 

3.98 

1.52 

3.63 

0.16 

0.5 

C 90 

0.54 

4.14 

1.99 

5.89 

0.27 

0.6 

0.97 

0.25 

4.21 

2.72 

8.91 

0.53 

0.7 

0.99 

0.10 

4.24 

3.80 

12.70 

1.09 

0.8 

1.00 

0.02 

4.25 

5.29 

17.19 

2.08 

0.9 

1.00 

0.00 

4.25 

7.25 

22.28 

3.78 

1.0 

1.00 

0.00 

4.25 

9.76 

27.89 

6.43 


We may compare this mixing time with a critical time, , defined as 
the time during which 5 percent of the stellar mass is transmuted from 
hydrogen into helium. We have chosen this value of 5 percent since 
Fig. 20.2 shows that the evolutionary changes of a star over time in¬ 
tervals in which several per cent of the mass are transmuted depend 
significantly on the existence or non-existence of effective homogenizing 
mixing currents. According to our definition of the critical time, we have 


*crit = 6xl0“x 


0.05M 


(21.25) 


where we have used the value given by Eq.(10.21) for the number of ergs 
liberated per gram of hydrogen burned. 

We may now ask: what is the value of the critical equatorial rotation 
velocity for which the mixing time is equal to the critical time? By 
equating Eq.{21.23) to Eq.(21.25) we find for the critical rotation velocity 


IF - JL ^ 

P sec' 


(21.26) 


By using in this equation the average masses and radii as functions of 
spectral type for upper main sequence stars, we find the critical rotation 
velocities listed in Table 21.2. For comparison the average observed 
rotational velocities are also given in this table. 
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From the data of Table 21.2 we conclude that the majority of the main 
sequence stars of type F and later have rotation velocities well below 
the critical rotation velocity. This means that in these stars the circu¬ 
lation caused by the rotation is too slow to produce effective mixing 
throughout the radiative layers. For the majority of these stars, there¬ 
fore, the ‘‘inhomogeneous evolution” appears to be a better approxima¬ 
tion than the “homogeneous evolution”—a welcome conclusion since 
the inhomogeneous evolution leads into the red giant area while the 
homogeneous one does not. 

On the other hand, Table 21.2 gives for the early main-sequence stars 
of type A and earlier an average observed rotation velocity definitely 

TABLE 21.2 


Average observed rotation velocities and critical velocities (km/sec) 
for upper main-sequence stars. (Slettebak, Ap,J, 121 ^ 653, 1955.) 


Spectrum 

obs 

W 

^ crit 

B 

210 

100 

A 

170 

60 

F 

30 

55 


larger than the critical velocity, suggesting the possibility of effective 
mixing. But even in these stars mixing by circulation caused by rotation 
is probably not effective, as is shown by the following additional 
consideration. 

Effects of Inhomogeneities in Composition 

The values for the critical rotation velocity listed in Table 21.2 are 
based on a number of approximations. Specifically, we have used a sim¬ 
plified stellar model and we have assumed solid body rotation. There 
does not appear to be much danger that these two approximations have 
caused serious errors. More important appear to be the effects which we 
have omitted by assuming that the composition is homogeneous on each 
equipotential surface. This assumption is fulfilled in rotating stars in 
the absence of meridional circulation since nuclear burning causes in¬ 
homogeneities along the radius vector but not along an equipotential 
surface. Let us now, however, consider the effects of composition in¬ 
homogeneities caused by the very circulation which we have been dis¬ 
cussing. Assume that a slow circulation sets in as discussed before and 
starts carrying material of heavier molecular weight upwards along the 
rotation axis. Now the molecular weight is not any longer constant on 
equipotential surfaces. We still can deduce from the hydrostatic equi¬ 
librium condition that the pressure and density must be constant on equi¬ 
potential surfaces. On the other hand, we must now conclude from the 
equation of state that the higher molecular weight in the regions near 
the axis has to be compensated by slightly higher temperatures in these 
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regions as compared with points that are on the same equipotential sur¬ 
faces but located near the equatorial plane. Hence there will now exist 
a temperature gradient parallel to the equipotential surfaces, and this 
will cause an additional radiation flux along the equipotential surfaces 
from the axial regions to the equatorial regions. This additional radia¬ 
tion flux will cause an additional term for the divergence of the radiation 
flux, positive near the axis and negative in the equatorial plane. This 
new term has therefore the opposite sign from the original term given by 
Eq.(21.16) since is negative, according to the normalization Eq.(18.15) 
with the replacement (21.13), and Pj is positive along the axis and nega¬ 
tive in the equatorial plane. Thus the net divergence of the radiation 
flux will be reduced, the speed of the circulation will be diminished, and 
the critical rotation velocity will be raised. 

In fact, quantitative estimates indicate that the inhomogeneities on 
equipotential surfaces caused by the circulation itself increase the 
critical rotation velocity quite appreciably, so that, contrary to Table 
21.2, the critical rotation velocity will exceed the observed average 
rotation velocity even for the early main-sequence stars. 

Thus we conclude that rotation does not cause effective mixing in the 
vast majority of stars. 

^e shall therefore proceed in the following sections under the assump¬ 
tion that no raising occurs in the radiative layers of a star—while, of 
course, we continue to assume that turbulent mixing is highly effective 
in convective layers and keeps these layers homogeneous in composition. 

Even though our present conclusion appears well founded for most 
normal stars, it does seem likely that mixing mechanisms of the type here 
discussed will eventually have to be taken into account in those excep¬ 
tional cases in which stars suffer extraordinarily large distortions. These 
exceptional cases may include not only those early-type stars with ex¬ 
tremely high rotation velocities but also perhaps such contact binaries 
as the W Ursae Majoris stars in which the strong mutual gravitational 
distortion may cause a circulation much like the one here discussed. 


22c Evolution of Upper Main^Seguence Stars 

We might be tempted to assume now that we can compute the accurate 
evolutionary model sequences for upper main sequence stars by exactly 
the same method which we have employed for the simplified models of 
§20. If this were correct, all we would have to do would be to determine 
more accurately the appropriate gas characteristics relations and then to 
repeat the computations of §20 with these new relations. That this pro¬ 
cedure, however, would lead to incorrect results will be seen in the fol¬ 
lowing paragraphs. 
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Occurrence of Inhomogeneous Zone 

For the simplified models we had assumed that the star consisted of a 
convective core, in which the hydrogen abundance was steadily diminished 
by the nuclear transmutations, and of a radiative envelope, in which the 
composition remained unchanged—in complete agreement with the re¬ 
sults of the last section. Furthermore we had assumed that the interface 
between the core and the envelope remained at the same layer throughout 
the evolutionary phases considered, that is that the mass fraction con¬ 
tained in the convective core did not vary. The validity of this last as¬ 
sumption for the simplified models of §20 is verified by the nearly com¬ 
plete constancy of the values of Table 20.1. It turns out, however, 
that this lucky circumstance depends sensitively on the law for the ab¬ 
sorption coefficient. For example, if we had not chosen Kramers’ opacity 
but rather electron scattering, we would have found that the mass fraction 
in the convective core was steadily decreasing during the early evolu¬ 
tionary phases and that therefore it would have been wrong to assume 
simply the development of a sharp discontinuity in composition at a fixed 
interface between core and envelope. 

How then does the early evolution of upper main sequence stars pro¬ 
ceed in reality? From the initial models of §15 we know that in these 
stars electron scattering plays a major role. We therefore have to expect 
that the convective core will contain a smaller and smaller mass fraction 
as the evolution proceeds. Consequently, there will appear an inter¬ 
mediate zone between the core and the envelope. The layers of this 
zone are initially contained in the convective core, but later on will lie 
outside the core. The composition of any layer in this zone is deter¬ 
mined by the moment when die layer ceases to belong to the convective 
core. After this moment the composition of the layer will not change any 
more—at least not during the early evolutionary phases we are con¬ 
sidering—since the nuclear transformation occur only in the central 
portion of the core and their effect can reach out only as far as convec¬ 
tive mixing will carry them. In consequence, the lower layers of the in¬ 
termediate zone, which belonged to the convective core for a long time, 
will have a lower hydrogen abundance than the higher layers of this 
zone, which remained in the convective core only for a short time. Thus 
the composition of the intermediate zone will be a continuous function of 
the distance from the center, starting at the inner edge with the hydrogen- 
poor composition of the core and ending at the outer edge with the hydrogen- 
rich composition of the envelope. 

We may conclude that we now have to construct for each upper main 
sequence star an evolutionary sequence of models consisting of a con¬ 
vective core which steadily decreases in mass, an inhomogeneous radia¬ 
tive zone which steadily increases in mass, and a homogeneous radiative 
envelope. Before we start the actual construction, let us assemble the 
necessary equations. 
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Basic Equations and Definitions 

For the gas characteristics relations we shall clearly choose again 
Eqs.{15.1) to (15.5), which we have found appropriate for the initial state 
of upper main sequence stars. When we apply the standard transformation 
(13.2) we shall use the non-varying composition of the envelope as a 
standard, as we have done for the simplified models. Similarly, we shall 
define the parameters /I, R, C, and D again by Eqs.(15.9), (15.11), (15.13), 
and (15.16), but we shall use the envelope composition in these equa¬ 
tions wherever the composition occurs. Furthermore, we shall use the 
numerical values of Table 15.1 for the parameters in the absorption law 
and for A and 6, as before. 

The composition functions Z, /, and i are given by Eq,(20,l) for the 
envelope and (20.2) for the core, as was the case for the simplified 
models. In the new intermediate zone we may use once more Eqs.(20.2) 
if we drop the subscript i in these equations. For the relation between 
/ and I we shall here use the approximate formula. 

/= Z+°*^« (22.1) 


This formula is a little more accurate than Eq.(20.10), which we used for 
the simplified models. 

With these choices and definitions we now obtain the basic equilibrium 
conditions for the envelope and the intermediate zone in the form 
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dt 
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g^2-a 


( 22 . 2 ) 


(22.3) 


The two auxiliary relations (15.10) and (15.12), which fix the contribution 
of the radiation pressure to the total pressure and of the electron scat¬ 
tering to the opacity, now become 

^4 jO(«^4.5"CC 

( 22 . 4 ) 

For the convective core the hydrostatic equilibrium conditions are 
given by Eqs.(22,2), but the radiative equilibrium condition (22.3) must 
be replaced by the adiabatic relation (15.14). If we again neglect the 
slight variation of /3 in the core, as well as the small effect of the radia¬ 
tion pressure on y, we may apply the supplementary transformation (15.17) 
as we did for the initial models, although in the present case we have to 
replace /3 by Zj^. in these equations. With this transformation we again 
obtain the polytropic equation (15.20) and hence may use again the unique 
and available core solution of this equation. 
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Finally we have to modify the thermal equilibrium condition (15.15) in 
accordance with the composition functions of our present case, and we 
obtain 

^ = +D i.f. (22.5) 

dx 

Since we are not interested in the run of { through the core we may inte¬ 
grate Eq.(22.5) as before. Thus, with due regard to the boundary condi¬ 
tions for / and with the help of the supplementary transformations (15.17), 
we obtain 


1 = D 


ii (2.5)^ 


1 




x*^ dx*. 


( 22 . 6 ) 


This completes our assembling of the necessary equations. 

Construction of the **First ModeV^ 

Let us consider in detail the construction of the “first model,” which 
follows the initial model in the evolution of a star of, say, 10 solar 
masses. We could start by choosing a definite value for the time interval 
which we suppose to have elapsed between the initial and the first 
models. Next we could compute the changes in the composition caused 
by the nuclear transmutations during this time interval, and last we could 
solve the over-all boundary value problem for this new composition. This 
last step would then give the changes of all the stellar properties during 
the time interval considered; in particular it would give the change in the 
parameter C. 

We may, however, invert this procedure and, instead of choosing a defi¬ 
nite value for the elapsed time interval, choose a definite value for the 
parameter C for the new model. In this latter inverted procedure the 
choice of C fixes the entire new model, including the run of the new com¬ 
position, whereas in the direct physical procedure the run of composition 
is determined by the rate of nuclear transmutations in the convective core 
and by the reduction rate of the core mass. The inverted procedure has 
the advantage of leading to a relatively simple computing scheme, as we 
shall see. 

We start then by selecting a value of C for the first model, for example 
log C = —6.500 as compared with log C — —6.579 for the initial model. 
Next we obtain the solution for the envelope without any arbitrariness by 
a single numerical integration of the Eqs.(22.2) to (22.4) from the surface 
inwards. 

We have to terminate this envelope solution when the interior mass 
fraction q reaches the value which is equal to the mass fraction q^ at 
the interface between core and envelope in the initial model. This fol- 
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lows from the fact that the envelope is defined as that part of the stellar 
mass which is at no time contained in the convective core so that the 
mass of the envelope for the subsequent phases is fixed from the outset 
by the mass of the envelope of the initial model. 

If we want to continue the envelope solution beyond into the inter¬ 
mediate zone, we have to take into account the variation of the composi¬ 
tion in this zone. Since the intermediate zone will still be shallow in 
the first model, it will suffice to represent the variation of the composi¬ 
tion function I by the simple formula 

I = h (22.7) 

Here we can determine the factor immediately by the condition that the 
composition must not change d is continuously at the interface between 
the envelope and the intermediate zone. The exponent m, however, which 
characterizes the steepness of the composition variation from the outer 
edge of the zone to the inner edge, can be determined only with the help 
of the fitting conditions at the edge of the convective core. For the time 
being, therefore, we have to assume a trial value for m. With this trial 
value we may introduce Eqs.(22.7) and (22.1) into the main Eqs.(22.2) to 
(22.4) and then by numerical integration of these equations obtain the 
continuation of the envelope solution through the intermediate zone. 

We still have to fit the intermediate zone solution to the core solution 
—with the help of the UV plane, as always. Fig. 22.1 shows a section 
of the UV plane in which is drawn the envelope solution of the initial 
model as well as the convective core solution. This figure also shows 
the envelope solution for the first model and its termination point. The 
intermediate zone solution is shown by the solid line which starts at this 
termination point and leads sharply to the right. 

For the fitting of the intermediate zone solution to the core solution 
we must remember that in our present models—in contrast to the simpli¬ 
fied models of §20—the composition is continuous at the edge of the 
core so that the three invariants U, F, and + 1 must be continuous as 
well. The termination point of the intermediate zone solution is therefore 
that point where this solution crosses the core solution. At this cross 
point U and V are automatically continuous and we have only to check on 
the continuity of n + 1. We know that w + 1 has the value 2.5 in the con¬ 
vective core, and we can read its value at the termination point of the 
intermediate zone from the numerical integration. If these two values do 
not agree we have chosen a wrong trial value of the exponent m, we have 
to choose a new trial value, and we have to repeat the numerical integra¬ 
tion for the intermediate zone (the envelope solution remains unchanged). 
When we have found that value of m which leads to the fulfillment of the 
fitting condition for n + 1 we have completed the integration of the model. 
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Fig. 22,1. Section of the IJV plane showing the evolutionary model sequence for 
a star of 5 solar masses. (R. S. Kushwaha, ApJ. 125, 242, 1957) 


We can then determine the various properties of this model as follows. 
If we apply Eq.{22.7) to the edge of the core it gives us From this in 
turn we obtain with the help of Eq.(20.2). For this last step we have 
to assume a definite envelope composition, i.e, initial composition, for 
which we shall use consistently here the composition (15.22) already 
used for the corresponding initial models. With the value of and with 
Z. = Z^ the new composition of the core is entirely determined, i.e. 
can be computed. 

The remainder of the determination of the model properties runs much 
like that for the initial models. By applying the first two of the trans¬ 
formation equations (15.17) to the fitting point we determine and 
D follows from Eq.(22.6), for which i. can be obtained from the last of 
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Eqs.(20*2). Finally, the luminosity and the radius of the model are com¬ 
puted from the key equations (15.9) and (15.16). 

Construction of the Subsequent Models 

After this discussion of the ‘‘first model” let us have a short look at 
the construction of the “second model.” We again start by choosing a 
definite value for C and obtaining the corresponding envelope solution by 
numerical integration of Eqs.(22.2) to (22.4). We terminate this solution 
as before at Next we have to determine the solution for the inter¬ 
mediate zone. In the second model this zone consists of two shells. 
The first shell contains those layers which already belonged to the inter¬ 
mediate zone in the first model. The second shell contains those layers 
which still belonged to the convective core in the first model, but which 
emerged from the convective core during the time interval in which the 
star evolved from the first to the second model. In the first shell no fur¬ 
ther changes of composition can have occurred since the time of the first 
model. Hence in this shell we may use Eq.(22.7) with the value for the 
exponent m which we have determined for the first model. We can there¬ 
fore continue the numerical integration of the envelope through this first 
shell without any arbitrariness. In contrast, we do not know the run of 
the composition in the second shell since the layers of this shell still 
belonged partially to the convective core during the time interval between 
the first and the second models and thus still suffered composition 
changes. We may use the approximate formula (22.7) again and determine 
the value of tn for this shell by trial and error integrations until we have 
obtained the fulfillment of the fitting condition for n 4 - 1 at the edge of 
the convective core. In this way the second model is completely determined. 

The construction of the subsequent models follows the same pattern. 
The intermediate zone of any model is divided into shells, the number of 
which exceeds by one the number of shells of the preceding model. The 
run of the composition is known from the preceding model for all the 
shells except the innermost one, which has just emerged from the convec¬ 
tive core. The run of the composition in the innermost shell, which is 
characterized by the value of m for this shell, always has to be deter¬ 
mined by trial and error integrations, which luckily are restricted to this 
one shell. 

Results for Hydrogen Depletion 

The construction procedure which we have here described has been ap¬ 
plied to the three upper main sequence stars for which we have discussed 
the initial models in §15. The results of these computations are listed 
in Table 22.1 and shown in Fig. 22.2. In this figure each of the three 
columns refers to one of the three stars, and the four graphs in a column 
depict the hydrogen depletion in four successive phases of evolution. In 
each graph the hydrogen content is plotted as a function of the mass 
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Fig. 22.2. Hydrogen depletion in the core of three upper main- 
sequence stars in successive phases of evolution. In each of the 
twelve small graphs the abcissa is the mass fraction q (center at 
the left, surface at the right) and the ordinate is the hydrogen 
abundance X (0 at the bottom, 1 at the top). Initially X is taken to 
be 0.9. 

fraction, with the center at the left and the surface at the right. The 
high horizontal line on the right-hand side of each graph represents the 
high and invariable hydrogen content of the envelope while the left-hand 
horizontal line shows the steadily diminishing hydrogen content in the 
convective core. Between the envelope and the core the graphs show the 
development of the steadily increasing inhomogeneous zone. 

Later Phases with Hydrogen Burning 
in the Intermediate Zone 

Before we plot the results of these evolution computations in the 
Hertzsprung-Russell diagram let us try to press these computations a 
little further. Fig. 22.2 shows how the hydrogen abundance of the con¬ 
vective core steadily decreases and how simultaneously the mass frac¬ 
tion contained in the core steadily shrinks during the evolution. There 
must come a time in the evolution when these two factors together force 
the energy generation to reach beyond the edge of the core. From then 
on the energy generation in the intermediate zone will add a substantial 
contribution to that of the core. 

This change has two consequences. First, the energy generation has 
to be taken into account in the intermediate zone by applying there the 
thermal equilibrium condition (22.5). This step necessitates a modifica¬ 
tion of the radiative equilibrium condition (22.3) by multiplying its right- 
hand side by f. Second, the composition of a layer in the intermediate 
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TABLE 22.2. 


Properties of an upper main-sequence star in two evolutionary phases 
(following those of Table 22,1) in which hydrogen burning outside the 
core becomes important* (Kushwaha, Ap,J, 125, 242, 1957.) 


Mass = 

Model = 

4th 

© 

o 

5 th 

log C 

- 6.293 


- 6.286 

log D 

- 3.330 


- 2.53 

log Pc 

+ 2.731 


+ 2.784 

log 

+ 0.258 


+ 0.258 

7f 

0.061 


0.034 

Tt X 10“* 

28.2 


33.7 

Pi 

9.34 


16.6 

l-fii 

0.084 


0.084 

Tc X 10"« 

37.0 


40.8 

Pc 

14.1 


22.1 


0.024 


0.002 

Lcore/L 

0.947 


0.554 

log L/Lq 

+ 3.736 


+ 3.742 

log R/Rq 

+ 0.781 


+ 0.738 

log Te 

+ 4.304 


+ 4.327 

X 

0.7694 


0.7683 

r* 

0.09977 


0.09983 

log T (yrs) 

7.5216 


7.5218 


zone, which had remained constant with time from the moment the layer 
emerged out of the convective core, will now start changing owing to the 
nuclear transmutations within the layer itself. 

These changes, though simple in principle, greatly complicate the com¬ 
putations. It does not appear practical to continue with the procedure 
which we have described for the earlier evolution phases. Instead we 
have to fall back essentially on the general method described for the 
over-all problem in §12. This means in terms of the non-dimensional 
variables that for each evolutionary model we have to determine C and D 
by trial integrations for the envelope and the intermediate zone. In fact 
we even have to add a third parameter, m, which has to be determined by 
trial and error, if we want to use Eq.(22.7) to represent as well as before 
the run of composition in the shell which has just emerged from the core. 

Not only do we have to solve this problem with three trial parameters 
for each evolutionary model but between every two consecutive models 
we also have to compute the change in the composition with the help of 
Eqs.{12.8), (10.22), and (10.23). 

Such computations have been carried out Iot two models which corre¬ 
spond to evolutionary phases following the three models given in Table 
22.1 for the evolution of a star of 10 solar masses. The main numerical 
results for these two additional models are listed in Table 22.2. The 
successively increasing hydrogen depletion is shown in Fig. 22.3 for 
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Figure 22.3. Hydrogen depletion in the central 
portion of an upper main sequence star {M = 
lOM^ in the evolutionary phases in which 
nuclear burning outside the convective core 
becomes important. 

these two models as well as for the model just preceding, which was al¬ 
ready represented by the bottom left-hand graph in Fig. 22.2. The new 
figure indicates that the hydrogen content is rapidly decreasing not only 
in the convective core but now also in the inner portions of the inter¬ 
mediate zone. 

Evolutionary Tracks in Hertzsprung-Russell Diagram 

Let us now plot our evolutionary model sequences in the Hertzsprung- 
Russell diagram. Fig. 22.4 shows the evolutionary tracks for our three 
upper main sequence stars according to the data for the luminosities and 
effective temperatures of Tables 22.1 and 22.2. The three tracks are 
very similar in character to the inhomogeneous evolutionary track which 
we have already derived for the simplified models in §20. The tracks 
turn from the main sequence to the right, the luminosity increases, the 
effective temperature decreases, the tracks point towards the red giants. 

To make possible a more detailed comparison of the three evolutionary 
tracks they have once more been plotted in Fig. 22.5. For this figure the 
luminosities and effective temperatures have been expressed in units of 
the initial luminosity and effective temperature of each star. Thus the 
three tracks have been moved to one and the same origin, which repre¬ 
sents their respective initial models. 

Fig. 22.5 shows that the three tracks are very similar in form. This 
similarity permits us to use graphical interpolation to draw with good ac- 
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Fig. 22.4. Evolutionary tracks in the Hertzsprung-Russell diagram for 
three upper main-sequence stars of 10 5 and 2.5 respec¬ 

tively. (Data from Table 15.2, 22.1 and 22.2). 


curacy the evolutionary track of any upper main sequence star with a 
mass between 2.5 and 10 solar masses. 

Time Scale of Evolution 

We have this far completely ignored one essential quantity, the time. 
The inversion of general procedure which we have used for the construc¬ 
tion of all the models of Table 22.1 made it unnecessary to refer to the 
time explicitly. But clearly the evolutionary models which we have de¬ 
rived correspond to very definite times in the life of the respective stars, 
and we shall need to know these times if we are to interpret the observed 
Hertzsprung-Russell diagrams. We may obtain these times by the follow¬ 
ing short calculation. 

The time enters the evolutionary phases we are here considering es¬ 
sentially through the rate of change of the hydrogen content, which is 
given by Eq.(10.22). We may formulate this equation in a more conveni¬ 
ent form for our present purposes. Let us define the average hydrogen 
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content, A, by 



( 22 . 8 ) 


The total amount of hydrogen in a star is then represented by MX. The 
time derivative of this quantity gives the rate of hydrogen burning through¬ 
out the star. If we multiply this rate by the conversion factor which 
according to its definition (10.21) converts the number of grams burned 
into ergs, we obtain the total luminosity of the star. Thus we have 


cc 


dr 


(22.9) 


This equation could also have been derived by integrating Eq.(10.22) 
over the whole star. 

Let us define the age of the star as the time elapsed since the star 
first started to burn its hydrogen fuel, that is since the moment when the 
star was constructed according to its initial model. The age thus defined 
may be determined for any evolutionary model from Eq.(22.9) by first di¬ 
viding this equation by L and then integrating it over time from the initial 
phase to the evolutionary phase in question. In this manner we obtain 




7 % _ 

^ dX 


( 22 . 10 ) 


where the zero subscript refers to the initial state. We can write this 
equation in the following more convenient form: 

r=ror* (22.11) 

with To = -^ and I — dX. (22.12) 

Lq Jv l 


We may call Tq the “expected life” since this quantity represents the time 
a star would live if it started with one hundred per cent hydrogen, if it 
were capable of completely burning up all its hydrogen fuel, and if it 
maintained its luminosity equal to its initial luminosity throughout its 
life. On the other hand we may call r* the “relative age” since this 
quantity gives the fraction of the expected life which a star has actually 
lived. The relative age will be much smaller than 1 throughout the evo¬ 
lutionary phases here considered, first because only a small fraction of 
the total hydrogen content is burned during these phases, and second be¬ 
cause the luminosities increase from their initial values during the 
evolution. 

It is easy to compute the average hydrogen content for all our models, 
according to Eq.(22.8), from the data on the hydrogen content represented 
in Figs. 22.2 and 22.3. Next we can plot for each evolutionary sequence 
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Fig. 22.5. Relative evolutionary tracks in the Hertzsprung-Russell 
diagram for upper main-sequence stars, in terms of their initial 
luminosities and effective temperatures. The dashed lines connect 
points of equal relative age, r*. (Data from Tables 15,2, 22.1, and 
22 . 2 .) 

the reciprocal of the luminosity against the average hydrogen content and 
then obtain the relative age according to the second of Eqs.(22.12) by 
graphical integration. Finally we may compute the actual age for each 
model from Eq.(22.11), 

The data resulting from this calculation are given in the bottom sec¬ 
tion of Tables 22.1 and 22.2. The ages in the last line of these tables 
are quite of the expected order of magnitude, about a billion years for the 
lightest of the three stars, but only several times ten million years for 
the heaviest one. 

Apsidal Motion Test for Evolutionary Models 

Clearly the most important application of our present theoretical re¬ 
sults will be for the interpretation of the observed Hertzsprung-Russell 
diagrams of galactic clusters. This weighty topic we shall postpone un¬ 
til §29. Now we shall restrict ourselves to the comparison of our evolu¬ 
tionary models with the observed apsidal motion in binaries, the same 
critical test to which we have subjected the initial models for upper main 
sequences stars in §18. 

As we have seen in §18, this test is centered around the apsidal mo¬ 
tion coefficient k. This coefficient can be computed according to Eq.(18.17) 
fcx any model for which the differential equation (18.11) has been solved 
by a numerical integration. These computations have been carried out 
for several of the evolutionary models considered in this section and the 
resulting values for k are listed in Table 22.3. This tabulation shows 
that the apsidal motion coefficient varies significantly during the early 
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Fig. 22.6. The apsidal motion coefficient as a function 
of effective temperature (see Fig. 18.3). The dots 
represent the observed binaries of Table 18,1 and circles 
the evolutionary model sequences of Table 22.1 to 22.3. 

evolution phases of a star and thus provides—at least in principle—the 
possibility of determining the ages of the binaries in which apsidal mo- 
tion is observed. 

The comparison between theory and observations is given by Fig. 22.6, 
in which—just as in Fig. 18.3—the apsidal motion coefficient is plotted 
against the effective temperature. Again the observations of Table 18.1 
are represented by dots and the theoretical models by circles. The new 
figure contains not just three circles for the three initial models but rather 
three sequences of circles corresponding to the three evolutionary model 
sequences derived in this section. 

Fig. 22.6 shows that the apsidal motion coefficients k for the evolu¬ 
tionary phases here considered agree somewhat better with the observed 
values than did those for the initial models. There is still left an aver¬ 
age discrepancy of about a factor 2 which needs explanation. In view of 

TABLE 22.3. 


Apsidal motion coefficient of evolutionary model sequences for upper 
main sequence stars. (Kushwaha, Ap.J. 125, 242, 1957.) 


Mass 

Model 

log k 

o 

© 

Initial 

-1.70 

Third 

-1.94 

»» 

Fifth 

-1.96 

5 Mq 

*» 

Initial 

-1.87 

Third 

-2.11 

2.5 M(3 

ff 

Initial 

-2.07 

Third 

-2.31 
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the present theoretical and observational inaccuracies, however, the re¬ 
maining discrepancy is not large and should not distract us from our con¬ 
clusion that the apsidal motion observations confirm the over-all structure 
of our theoretical models. 


23. Evolution of the Sun 

In principle it is just as easy to compute models for the early evolu¬ 
tionary phases of lower main-sequence stars as we have found it for 
upper main-sequence stars in the preceding section. In practice, how¬ 
ever, these computations are complicated by two circumstances. First, 
the nuclear transmutations occur in a radiative, not a convective, core 
and hence one has to compute explicitly from the outset the decrease of 
the hydrogen abundance at every point in the core for each evolutionary 
model. Second, lower main-sequence stars have convective envelopes 
which affect the radii significantly, and the depth of such an envelope 
can be determined only by the derivation of a model stellar atmosphere 
for each evolutionary phase. 

On the other hand, the calculations for lower main-sequence stars are 
made less laborious by the fact that we may restrict ourselves to stars 
with masses close to that of the sun; stars with appreciably smaller 
masses use up their nuclear fuel so slowly that even the oldest of them in 
our galaxy have hardly evolved appreciably beyond the initial main se¬ 
quence state. Accordingly we shall limit ourselves here to the dis¬ 
cussion of the evolution of the sun itself. 

Depletion of Hydrogen in the Sun 

Let us assume that five billion years ago the sun was in its initial 
homogeneous state, and let us derive the present inhomogeneous model 
of the sun as it must have evolved in consequence of the nuclear trans¬ 
mutations in the time interval elapsed. To save labor, let us bridge the 
entire five billion years in a single step. Such a coarse time step can 
hardly lead to serious inaccuracies since the evolutionary changes in the 
internal structure of the sun can hardly have been so very great up to 
now. 

We shall start then with one of the homogeneous models which we have 
constructed in §16 for lower main-sequence stars. The series of models 
shown in the upper half of Table 16.1—with a= 0.25 for the sun—differ 
from each other in the depth of the convective envelope, i.e. in the value 
of E. Which of these models is the correct one for the initial state of the 
sun? We might think of answering this question by using an E value as 
indicated in Table 16.2. The data of this table, however, were derived 
under the assumption that the present luminosity and radius of the sun 
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could be applied to its initial homogeneous state. From the improved 
point of view of the present section we must consider this earlier proce¬ 
dure as inaccurate since the luminosity and the radius of the sun may 
well have changed from the initial to the present state. We shall there¬ 
fore not use any of the solar data of Table 16.2> but shall consider the 
value of E for the initial state of the sun as undetermined. 

Luckily this indeterminacy does not at all affect our results for the 
present state of the sun. The initial value of E, that is the initial depth 
of the convective envelope, affects only the outer layers but not the 
structure of the interior portion, at least not as long as the convective 
envelope does not reach much deeper than it appears to do in the sun. 
For our present purposes we are interested only in the interior portion of 
the initial model, since it is only there that hydrogen burns and causes 
the present inhomogeneities of composition. For the following calcula¬ 
tions we may therefore choose any one of the models in the upper half of 
Table 16.1—for example the one with E = 1.68. It is easy to check at 
every step of the following calculations that another choice would have 
given us the same results. 

To bridge the interval of five billion years we have to compute at every 
point in the sun the amount of hydrogen consumed. The rate of change of 
the hydrogen content is given by the transmutation equation (10.22). In 
this equation we need consider here only the term arising from the proton- 
proton reaction. The energy generation by this reaction in the sun is 
represented by Eq.(16.3). We may put this rate of energy generation into 
a more convenient form by expressing it in terms of its value at the cen¬ 
ter of the sun, 6^, and by representing the variation of the energy genera¬ 
tion from the center outwards in terms of the asterisked variables de¬ 
fined by the transformation (13.13) and (13.14). Thus we obtain for the 
transmutation equation 

^ _-fs. X — t*’-'. (23.1) 

dr E* p* 

We can simplify the transmutation equation still further. According to 
the definition (16.10) of the parameter D we can express the central rate 
of energy generation by 

(23.2) 

C ^ c 

The numerical values of the three non-dimensional factors in this equa¬ 
tion can be read from Table 16.1, giving 

6 = — X 9.9. 

<= M 


( 23 . 3 ) 
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Fig. 23.1. Distribution of the hydrogen abundance 
X in the snn as a function of the mass fraction q. 

(Schwarzschild, Howard, and Harm, Ap,J. 125, 233, 

1957) 

If we introduce the last relation into the transmutation equation (23.1), if 
we ignore any time variations of the right-hand side of this equation, and 
if we integrate over time from the initial state, with the hydrogen abun¬ 
dance X^, to the present state, we find 

X = X - — X 9.9x (23.4) 

^0 Pc 

Here we have introduced again the expected life which we defined in 
the preceding section and which has for the sun the value 

ro = £*p | = 10“yrs. 

If we introduce this value for Tq 1^^® Eq.(23.4), as well as five billion 
years for r and 0.80 for X^ , we finally obtain 

;? = 0.80-0.50 —t**-®. (23.5) 

Pc 

With the help of this formula we can compute the hydrogen abundance at 
every point in the present sun if we read the values of the asterisked 
variables from the core solution of the initial model. Fig. 23.1 shows the 
resulting distribution of the hydrogen abundance throughout the sun. 

Construction of Inhomogeneous Solar Model 

To make the subsequent integrations easier we may represent the run 
of as a function of q by the following formulae 

log {X/X^) = - 0.416 for log q < - 3.2436 

logiX/X^) = - 0.1565 + 0.08 log q for-3.2436 < logq <-2.0436 

log{X/X^) = + 0.0887+ 0.20 log g for-2.0436 < logg <-0.4436 

log iX/X^) = 0.000 for - 0.4436 < log g. 


(23.6) 
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These formulae represent the computed run of X with an error nowhere 
exceeding 3 percent. 

The composition enters our basic equations through the three composi¬ 
tion functions Z, /, and i. We may again represent these three functions 
by simple exponential formulae similar to Eqs.(20.10) which we used for 
the simplified models. Here we shall use 

Z = — = 


/ 

i 


= {X/X 

1 + '^. 


^ AV a = 


(X/X) 


,+1.54 


(23.7) 


These formulae represent the composition functions with a maximum error 
of 3 percent for the range of X from 0.3 to 0.8. Eqs.(23.6) and (23.7) to¬ 
gether give us the three composition functions for every value of q through¬ 
out the present sun. 

We may now perform the integrations for the present inhomogeneous 
model with much the same equations as we have used for the homogeneous 
models for lower main sequence stars. For the gas characteristics rela¬ 
tions we will again employ Eqs.(16.1) to (16.3) with the parameters of the 
opacity law given by the first line of Eq.(16.4). With the help of the 
standard transformation (13.2) we can write the basic equations for the 
convective envelope as before in the form of Eqs.(16.5). In these equa¬ 
tions the parameter E is defined by Eq.(16.6), with ^ replaced by 

Continuing as for the homogeneous models, we go on to the radiative 
interior and apply the supplementary transformation (13.13) with its con¬ 
ditional equations (13.14) modified by (16.8). The parameters C and D 
are again defined by Eqs.(16.9) and (16.10), in which the composition 
factors are now defined by the constant envelope composition. The basic 
equations for the radiative interior then take the form of Eqs.(16.11). 
Now, however, we have to multiply the first two of these equations by 
Z, the third by and the fourth by il. It is through these factors, 

which we compute according to Eqs.(23.6) and (23.7), that the composi¬ 
tion inhomogeneities enter the new models. 

The construction of the models proceeds as before: a solution for the 
interior characterized by a specific value of p* is fitted in the UV plane, 
shown by Fig. 23.2, to the appropriate envelope solution characterized 
by a specific value of E. Thus a series of models is obtained in which 
all the models have the same composition inhomogeneity in the interior 
but differ from each other in the value of E, i.e. in the depth of the con¬ 
vective envelope. 
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Fig. 23.2. Solutions for the solar core with hydrogen depletion 
represented in the UV plane. The core solutions (solid curves) 
are labelled with the p* values while the convective envelopes 
(dashed curves) are designated by their E values. (Schwarz- 
schild, Howard, and Harm, Ap,J, 125, 233, 1957) 
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One complication is encountered in this model construction. When one 
integrates the differential equations (16.11), appropriately multiplied by 
the composition factors, to obtain the solution for the interior, one needs 
to know the composition functions Z, /, and i as functions of the asterisked 
variable 7 *. But our equations (23.6) and (23.7) give these three func¬ 
tions only in terms of the non-asterisked variable q. Therefore we have 
to make at the outset a guess at the value of which relates q with (f 
according to the transformation (13.13). With such a guessed value for 
q^ we then have to carry out an interior integration. The fitting of this 
integration to the envelope solutions gives us the accurate value of q^. 
If our guessed value turns out to be in error by more than one or two per¬ 
cent, we have to repeat the procedure. This complication therefore in¬ 
creases the amount of numerical work necessary, but the increase is not 
very great since the homogeneous models of §16 give us good first esti¬ 
mates for the proper q^ values. 

The results of these computations are listed in Table 23.1, which gives 
the essential mathematical characteristics for three models of this new 
inhomogeneous series, corresponding to three specific values of E. 

Results for the Present State of the Sun 

We are ready to apply the new inhomogeneous models to the sun. As 
with the homogeneous models, we may use the key equations (16.9) and 
(16.10) to determine the initial helium content and the depth parameter 
of the convective envelope, E, for the sun. This determination is shown 
in graphical form in Fig. 23.3, in which the left-hand curve shows the 
relation between the parameters C and D for the inhomogeneous models 
of Table 23.1. For comparison, the curve to the right represents the 
homogeneous models of Table 16.1 which we have already used in Fig. 
16.1. The two horizontal curves are also the same as those in Fig. 16.1; 
they were computed by introducing the solar values of L, M, and R into 

TABLE 23.1 


Mathematical properties of lower main-sequence models (a = 0.25) with 
hydrogen depletion in the core as given by Eq.(23.6)* (Schwarzschild, 
Howard, and Harm, Ap,]. 125 1 233, 1957.) ___ 


* 

Pc 

0.809505072 

0.8095050581 

0.8095050576 

E 

7.58 

3.90 

1.76 


0.152 

0.061 

0.020 

Vi 

10.22 

12.80 

16.92 

qo 

0.070 

0.070 

0.070 

9f 

logPf 

log 

0.759 

0.980 
- 1.367 

0.805 

0.994 
- 1.950 

0.852 

0.999 
- 2.657 

- 0.898 

- 1.016 

~ 1.160 

log Pc 

+ 2.237 

+ 2.428 

+ 2.582 

log tc 

- 0.015 

+ 0.032 

+ 0.072 

log C 

- 5.424 

~ 5.369 

- 5.315 

log D 

- 0.831 

- 1.186 

— 1.474 
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Fig. 23.3. Interrelation of the parameters C 
and D for solar models. 


the key equations (16.9) and (16.10) and by determining from these equa¬ 
tions the relation between C and D for any chosen value of X^, with Z as 
running parameter. The intersections of these horizontal curves with the 
curve for the inhomogeneous models give us the C and D values of the 
new solutions for the sun. With the help of these values we can obtain 
the various physical properties of interest by interpolation between the 
models of Table 23.1. The results are given in Table 23.2 for three 
values of . 

Table 23.2 represents our final results for the sun, derived with due 
regard to the inhomogeneities in composition caused by the nuclear 
transmutations during the past five billion years. Table 16.2 gave the 
corresponding data computed neglecting the inhomogeneities. This neg¬ 
lect is well justified for faint main sequence stars such as Castor C 
since even in the center of such stars the nuclear transmutations can 
have changed the composition very little. For the sun, however, we see 
by comparing the two tables that the introduction of the inhomogeneities 
has had noticeable effects on some of the results. 

We notice from Table 23.2 that the abundance of the heavier elements 
Z has the value 0.02 suggested by the spectroscopic observations of the 
solar atmosphere when the hydrogen content X^ has the value 0.78, which 
corresponds approximately to the left-hand column of the table. We shall 
therefore consider this column as our final representation of the sun in 
its present evolutionary phase. 

There are two values in the left-hand column of Table 23.2 which we 
can check with other sources. First, the tabulated value of E falls well 
within the range of E values given in Eq.(16.7) which were derived from 
model solar atmospheres (the E values here discussed all refer, of course, 
to the present state of the sun; the E value of the initial state remains 
undetermined, but has hardly any influence on the determination of the 
present state). Second, the tabulated value for the temperature T^ at the 
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TABLE 23.2 


Physical properties of the sun as deduced from models with hydrogen 
depletion in the core, for various assumed initial hydrogen contents. 
(Schwarzschild, Howard, and Harm, ApJ, 125t 233, 1957.) 



0.8 

0.7 

0.6 


0.185 

0.26 

0.30 

z 

0.015 

0.04 

0.10 

E 

2.95 

3.25 

3.61 


0.824 

0.818 

0.810 


0.997 

0.996 

0.995 

Ti X 10~« 

1.12 

1.27 

1.46 

Pi 

0.035 

0.041 

0.049 

Tc X 10-* 

14.8 

15.8 

17.1 

Pc 

132 

127 

132 


bottom of the convective envelope is well below the maximum value of 
2.5 million degrees which we had deduced in §10 from the observed 
existence of lithium in the solar atmosphere. The satisfactory outcome 
of these two qualitative checks may justifiably increase our confidence 
in the essential correctness of our latest solar model. 

Changes in the Solar Luminosity and Radius in the Past 

We have finished our investigation of the present evolutionary state 
of the sun. But there still remains the question: how much has the sun 
changed in luminosity and radius during the past five billion years? 

We can compute these changes from the key equations (16.9) and 
(16.10) which apply both to the homogeneous initial models and to the 
inhomogeneous present models. For each of the two states we may solve 
the key equations for L and R, Then we may form the ratios of present 
luminosity to initial luminosity and of present radius to initial radius. 
Finally, into the resulting equations we may introduce the values of C 
and D of the model with E - 3.90 from Table 23.1 for the present state 
and the values of the model with E = 4.14 of Table 16.1 for the initial 
state. Thus we obtain 


L present (C^’^° inhomog. 

L initial " hoitiogen, 

/? present (C°*^® homogen. 

R initial ° (C®.**£)»•«) inhomog. “ 

present 
initial 


Here we have included the change in the effective temperature, which re¬ 
sults from the changes in luminosity and radius according to the defini¬ 
tion (1.3) for the effective temperature. 
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Before we accept these results let us inquire into the effect of the 
value of E assumed for the initial state—for which the true £-value is as 
yet quite undetermined. If we had chosen a very different value for the 
initial E from that used above—for example E = 0.00 instead of £ = 4.14 
—we would have found hardly any effect in the luminosity but a very 
noticeable effect in the radius and hence in the effective temperature. 
This situation corresponds exactly to what we have already found in our 
discussions of the subdwarfs: the depth of the convective envelope has 
little effect on the deep interior and hence hardly any effect at all on the 
luminosity, but it does affect the radius noticeably. We must therefore 
consider the changes in radius and effective temperature given by (23.8) 
with great caution but may accept the change in the luminosity with good 
confidence. 

We may thus conclude that the solar luminosity must have increased by 
about a factor 1.6 during the past five billion years. Can this change in 
the brightness of the sun have had some geophysical or geological con¬ 
sequences that might be detectable? 




CHAPTER VI 

ADVANCED EVOLUTIONARY PHASES 

24. Growth of Isothermal Core 

To the best of our present knowledge the basic considerations which 
we need for the advanced evolutionary phases do not differ seriously from 
those which we have applied to the early evolutionary phases. Never¬ 
theless this chapter on the advanced phases will read very differently 
from the preceding one. This difference arises from the circumstance 
that we could base our discussion of the early phases on fairly detailed 
and rather accurate computations, while for the advanced phases only 
the most approximate survey computations are available. This situation 
will change rapidly since large electronic computers are already at work 
at several places to fill this gap. In spite of this fast-moving situation 
it is intriguing to discuss the advanced evolutionary phases even now on 
the basis of the available preliminary computations, which appear to be 
sufficiently detailed to indicate the main developments occurring during 
these phases. 

Stars with Cores Exhausted of Hydrogen 

What do we expect to have happen when a star has nearly burned up all 
the hydrogen in its core? We have already seen in §22 that by and by the 
burning in the core will be replaced by burning in a shell further out 
which is still hydrogen-rich. When the hydrogen in the core is completely 
exhausted all the energy generation by nuclear processes will occur in 
the shell. The star will then consist of a helium core (with an admixture 
of heavy elements as determined by the initial composition), an energy- 
producing shell and a hydrogen-rich envelope. 

Let us assume that expansions or contractions and the corresponding 
temperature variations with time do not play a role in the evolutionary 
phases we are now considering. Then the core must soon reach an iso¬ 
thermal state since any temperature gradient would cause an energy flux 
for which there exist no sources. 

Let us furthermore permit ourselves the following simplifying approxi¬ 
mations. The thickness of the energy-producing shell can be estimated 
to be small in comparison with the stellar radius; for the present rough 
purposes we may therefore represent the shell by a layer of zero thick¬ 
ness. The envelope is not strictly homogeneous in composition since 
the composition of the layers just outside the burning shell may have 
been affected by the hydrogen burning during the earliest evolutionary 
phases, as we have seen in the preceding chapter. Since these inhomo- 
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geneities, however, can hardly have decisive effects we may here ignore 
them without serious worry. 

We are thus led to a model consisting of a homogeneous isothermal 
helium core, an interface which represents the energy-producing shell, 
and a homogeneous hydrogen-rich envelope. 

In the construction of such models a great difference is encountered 
between the massive stars—with more than, say, two solar masses and 
the less massive stars. The densities in the massive stars are sub¬ 
stantially lower than those in the less massive stars, as is shown in de¬ 
tail in Tables 22.1 and 23.2. Thus the ideal gas law will continue to 
hold in the massive stars, while partial degeneracy is encountered in the 
less massive stars during the advanced evolutionary phases. We shall 
see that the occurrence or non-occurrence of degeneracy has a decisive 
effect on the evolution. 


Dilemma of Massive Stars with Isothermal Cores 

Let us start with the massive stars. The construction of a non-degenerate 
isothermal core is particularly simple. Since temperature gradient and 
energy flux are both zero we have to consider only the hydrostatic equi¬ 
librium conditions, which in the non-degenerate case can be used in the 
non-dimensional form of Eqs.{13.5) and (13.6). If as usual we employ the 
supplementary transformation (13.13), but this time fix the constants with 
zero subscript by the conditions 

L^ = l. p„=Pe, = (24.1) 

‘*0*0 *o?o 


then the hydrostatic equilibrium conditions 
dx* ^ *** ’ <(** 


take the form 

= + p* 


(24.2) 


and the boundary conditions at the center become 

at ** = 0 : p* = 1, q* = 0. (24.3) 

The differential equations (24.2) do not contain any parameters, and the 
boundary conditions (24.3) completely determine the starting values. The 
solution we are looking for is therefore unique—and has long ago been 
obtained by numerical integration. 

For the envelope we may utilize the same one-parameter family of solu¬ 
tions which we have already used for the early evolutionary phases. 
These envelopes, specifically for stars of five solar masses, are shown 
in the UV plane of Fig. 24.1, in which the solution for the isothermal 
core is also represented. 

Before we can combine these solutions into a definite model we still 
have to fix two items. The first is the composition of the envelope and 
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Fig. 24.1. Impossibility of extensive isothermal cores in heavy stars, as shown 
in VV plane. 

the core. Let us use for the envelope a composition similar to that dis¬ 
cussed for massive stars at the end of §15, with, say, — 0.67. For the 
core we must assume the same abundance of the heavier elements, but 
zero hydrogen content. Thus we obtain pt. = 1.35. Since we are repre¬ 
senting the energy-burning shell by a sharp interface the molecular 
weight must therefore jump discontinuous!/ by a factor 2 at this interface. 
We have already investigated the consequences of such a discontinuity in 
§20. According to the fitting conditions (20.5) and (20.6) f/ and V must 
also jump by a factor 2 at the interface. 

The second item we have to fix is the fraction of the mass contained 
in the core. This mass fraction is clearly an increasing function of time 
since the hydrogen-burning shell will move further and further out as the 
evolution progresses. For our present calculations we may use the value 

= 0.15 which according to Fig. 22.2 appears to be representative for a 
phase immediately following the early evolutionary phases discussed 
in §22. 

Our fitting problem is now completely defined and may be handled as 
shown in Fig. 24.1. For each trial value of C we have a definite envelope. 
We have to terminate this envelope at the point where q reaches the value 
0.15. This termination point is marked in Fig. 24.1 by a dot on each 
envelope. Because of the change in ^ at the interface we now have to 
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jump from the termination point on the envelope by a factor of 2 in Z/ and 
V. The end point of this jump is marked in Fig. 24.1 by a circle. If this 
end point falls on the solution for the isothermal core we have completed 
the construction of a consistent model. We do not expect this last con¬ 
dition to be fulfilled for every arbitrarily chosen trial value of C. But is 
it fulfilled for any value of C? According to Fig. 24.1 the answer is 
clearly no; the locus of the end-point (dotted line) nowhere crosses the 
isothermal core (dashed line). We may conclude that under the specific 
circumstances here considered an equilibrium model with a non-degenerate 
isothermal core does not exist. Fig. 24.1 suggests that we could have 
avoided this dilemma either by considering a smaller value of or by 
using a smaller jump in fi. In reality, however, neither of these two al¬ 
terations appears to provide a way out of the difficulty since the mass 
fraction contained in the core and the difference in molecular weight be¬ 
tween core and envelope are both fixed by the previous evolution and are 
therefore not freely disposable in the search for equilibrium configura¬ 
tions for subsequent phases. 

The character of the dilemma into which we have led the star becomes 
clearer if we make the following thought experiment. Let us assume for 
the moment that there exists at the interface between core and envelope 
not only a jump in /x but also a jump in the pressure. If one derives the 
fitting conditions for U and V at such a double discontinuity, with the 
help of the defining equations (13.24), one finds that although as before 
the jump in V is proportional to that in /n the jump in U is proportional 
not only to that in /x but also to that in P. Accordingly, if one assumes 
that the pressure in the innermost layers of the envelope is higher than 
the pressure in the outermost layers of the core, one can shift the locus 
of the jump end-point in the UV plane (dotted line in Fig. 24.1) to the left 
and thus enforce an intersection with the core solution (dashed line). But 
of course such a solution is not stable; the higher pressure in the en¬ 
velope will force the core to contract. This contraction will raise the 
temperature in the core and may thus provide the increase in pressure 
necessary for the support of the envelope. 

We had started this section with the assumption that contraction did 
not play a decisive role during the evolutionary phases here considered. 
Now we see that this assumption may be incorrect, at least for the mas¬ 
sive stars in which the ideal gas law holds. We shall postpone the prob¬ 
lem of core contraction in massive stars to the next section and now turn 
to the problem of isothermal cores in less massive stars. 

Stars of Moderate Mass with Partially Degenerate Cores 

The essential feature which we have to introduce for the less massive 
stars is the possibility of partial degeneracy in the central portion of the 
helium core. We have already discussed the mathematical character of 
partially degenerate isothermal cores in §13. We found that these cores 
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can be represented by a family of solutions which is defined by Eqs.(13.20) 
to (13.23) and which depends only on the one parameter p* . These solu¬ 
tions are shown in the W plane of Fig. 13.2. We see that the solutions 
reach higher and more to the right in the JJV plane the higher the value of 
p* , that is the higher the degree of degeneracy at the center. The com¬ 
parison of Fig. 13.2 for the partially degenerate cores with Fig. 24.1 for 
the non-degenerate massive stars strongly suggests that partial degen¬ 
eracy will save us from our previous dilemma—provided of course that 
our final models for the less massive stars will give us an appreciable 
degree of degeneracy at the center in the evolutionary phases we are here 
considering. 

The envelope solutions we may again derive in terms of the non- 
dimensional variables from our basic equations (13.5) to (13.10). As 
generally for stars with moderate mass, we have to expect that the outer 
portion of the envelope will be convective, and hence we have to use the 
second alternative of the surface condition (13.12). Thus the envelope 
solutions depend on the three parameters C, D, and E. 

The value of E has to be determined for each stellar model by the con¬ 
struction of an appropriate model atmosphere. We shall postpone the dis¬ 
cussion of the atmospheres until towards the end of this section and for 
the time being consider E a free and undetermined parameter. We shall 
eliminate the parameter D by the following approximate procedure. In¬ 
stead of integrating the nuclear energy production according to Eq.(13.8) 
throughout the energy-producing shell and thus insuring that the total 
nuclear production equals the luminosity of the star, we shall assume 
that we can fulfill this latter condition by simply choosing an appropriate 
temperature for the shell. The specific value which we shall use for the 
subsequent computations will be Tj = 2 x 10’. This procedure introduces 
the danger of a poor guess for the temperature necessary in the shell to 
fulfill the thermal equilibrium condition (13.8) accurately, but it greatly 
simplifies the computations. With this disposal of D the envelope solu¬ 
tions, for an arbitrarily but definitely chosen value of £, depend only on 
the one parameter C. 

Before we can construct a definite model we have to prescribe the 
stellar mass, the stellar composition, and the specific evolutionary 
phase. For the stellar mass we shall use 1.2 M 0 for reasons which will 
become apparent in the discussion of the llertzsprung-Russell diagram of 
globular clusters in §29. For the composition—which is not of critical 
importance here—we shall use for the envelope 90 percent hydrogen and 
a negligible amount of heavier elements and for the core accordingly 
practically pure helium. These data lead to a jump of the molecular 
weight at the interface between the envelope and the core by a factor of 
2.5. The evolutionary phase, finally, may be fixed by the mass fraction 
contained in the core, the larger this fraction the later the phase. The 
following computations have been carried out for two phases, correspond¬ 
ing to = 0.23 and = 0.25 respectively. 
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The models can now be constructed according to the following recipe. 
Choose a value of E arbitrarily. Determine by numerical integration 
several envelope solutions corresponding to several values of C. Plot 
these solutions in the UV plane and terminate each solution at the point 
where q reaches the prescribed value of . Jump from the termination 
point to a point in the UV plane with U and V values 2.5 times larger. 
Connect the several end points corresponding to the several envelope 
solutions by a curve. Next turn to the core solutions. From the given 
values of M and q^ compute Introduce this last value into the first of 

Eqs.(13.21) and determine the corresponding value of Mark in the UV 
plane on each core solution the point where (f reaches the value 
Connect these points on the several core solutions by a curve. Find the 
intersection of this curve with that one which had previously been drawn 
through the jump end-points. This intersection fixes the entire model 
since it fixes the particular envelope solution and the particular core 
solution which lead to the intersection point. The various physical 
quantities follow from the non-dimensional quantities in the usual way. 
The only modification is that while we can use the key equation (13.9) 
involving C we cannot use the second key equation (13.10) involving D 
since the latter parameter has been eliminated. Instead of the second key 
equation we have to use the last of Eqs.(13.2) applied to the interface 
for which the temperature was fixed at the outset. 

The results of computations according to this recipe are given in 
Table 24.1. Six models are given in this table corresponding to three 
arbitrary values of E for each of the two selected values of q ^. The data 
of Table 24.1 are not accurate since in the application of the above 
recipe a number of additional simplifying approximations have been em- 
employed. Nevertheless it appears probable that these data are not mis¬ 
leading regarding the main phenomena occurring during the evolutionary 
phases we are here sxmveying. 

The group of data at the bottom of Table 24.1 shows the extent of the 
convection zone in these evolutionary phases. The small values of 
and q^ , which refer to the interface between the convective and radiative 
parts of the envelope, indicate that now the convection zone not only 
covers from one half to three quarters of the radius but even contains a 
substantial fraction of the entire stellar mass. The values of show 
that the temperature at the bottom of the convection zone is of the order 
of a million degrees, much as in the initial models for lower main- 
sequence stars. 

The group of data on log p in Table 24.1 makes it clear that the central 
densities are indeed high enough to provide a large degree of degeneracy 
but that the density drops outwards so rapidly that at the energy-producing 
shell just outside the core degeneracy has already completely disappeared. 

Finally, the group of data for R, L, and in Table 24.1 give the radii 
and luminosities of the models which have been plotted in the Hertzsprung- 
Russell diagram of Fig. 24.2. In this diagram the six models fall above 
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TABLE 24.1. 


Models with partially degenerate isothermal helium cores (subscripts c 
to 1), radiative intermediate zones (1 to 2), and convective envelopes (2 
to surface). {M — 1 . 2 Mq , = 20 X 10 ®). (Hoyle and Schwarzschild, 

Ap,J, Suppl. No. 13 , 1955 .) 


9i * 

E = 


0.23 

25.0 



0.25 

27.5 


^^ 25.3 

20.0 

17.0 

r 

23.9 

20.0 

"y 

18.9 

logC 

- 5.00 

- 4.60 

- 4.50 

- 5.00 

- 4.75 

- 4.50 

logp* 

+ 2.11 

+ 2.09 

+ 2.08 

+ 2.20 

+ 2.19 

+ 2.19 


0.031 

0.045 

0.049 

0.022 

0.027 

0.033 


3.06 

3.26 

3.31 

3.38 

3.50 

3.61 

(n + Die 

3.93 

3.93 

3.93 

3.96 

3.96 

3.96 

log *1 

- 1.75 

- 1.93 

- 2.01 

- 2.02 

- 2.34 

- 2,45 

log 9i 

- 0.64 

- 0.64 

- 0.64 

- 0.60 

- 0.60 

- 0.60 

log t. 

+ 0.61 

+ 0.75 

+ 0.80 

+ 0.84 

+ 1.11 

+ 1.28 

log Pi 

+ 3.72 

+ 4.64 

+ 4.94 

+ 4.49 

+ 5.90 

+ 6.55 


0.53 

0.70 

0.59 

0.34 

0.58 

0.60 

V, 

1.91 

3.19 

3.68 

1.90 

2.28 

2.88 

log R/ftg 

+ 0.48 

+ 0.62 

+ 0.67 

+ 0.71 

+ 0.98 

+ 1.15 

log L/ L 0 

+ 1.68 

+ 1.44 

+ 1.01 

+ 1.98 

+ 1.67 

+ 1.47 

log 7’e 

+ 3.94 

+ 3.81 

+ 3.68 

+ 3.90 

+ 3.69 

+ 3.55 

log Pc 

+ 4.46 

+ 4.46 

+ 4.44 

+ 4.52 

+ 4.51 

+ 4.51 

1°6 ^le 

+ 1.42 

+ 1.78 

+ 1.88 

+ 1.27 

+ 1.60 

+ 1.57 

acj = Tj/fi 

0.21 

0.40 

0.52 

0.16 

0.26 

0.35 

9a = Mr2/M 

0.33 

0.63 

0.72 

0.32 

0,45 

0.59 

Tj X 10 ~‘ 

4.1 

1.7 

1.0 

3.0 

1.1 

0.6 


and to the right of the main sequence. This suggests that in these more 
advanced phases the evolutionary track in the Hertzsprung-Russell dia¬ 
gram will continue the same trend away from the main sequence and 
towards the red giants that we had already found for the earlier evolu¬ 
tionary phases. These six models, however, do not permit the deduction 
of a definite evolutionary track as long as we have not determined the 
appropriate E values by consideration of the atmosphere. For the time 
being we may note that the range of E values required by the stellar in¬ 
terior to give reasonable radii and effective temperatures is very narrow. 

Stars with Large Partially Degenerate Cores 

Before we turn to the atmosphere and the determination of E we should 
obviously try to push our present derivation of stellar models to higher 
values of , that is to later evolutionary phases. But the computations 
according to the above recipe for models with larger values become in¬ 
creasingly laborious since longer and longer numerical integrations are 
required for the core as well as for the envelope. Furthermore, it is not 
possible to make offhand the necessary guess for the temperature in the 
energy-producing shell, particularly since this temperature will keep in¬ 
creasing as the luminosity of the star grows. Luckily, appreciable in- 
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Fig. 24.2. Hertzsprung-Russell diagram representing 
two evolutionary phases with helium cores of moderate 
size, for various trial values of E (data from Table 
24.1). 

sight into the structure of the core during the more advanced evolutionary 
phases can be obtained by the following trick. 

We see from Table 24.1 that the invariants V and n + 1 at the inner 
edge of the envelope approach the values 

Fi^«4, (7 i+1)i^«4. (24.4) 

These values are found to be the limiting values to which V and n + 1 
converge on radiative solutions with electron scattering if these solu¬ 
tions are followed inwards to small fractions of the radius. Since in 
reality electron scattering provides the dominant opacity in the inner por¬ 
tions of the envelopes here considered, and since we have to follow these 
radiative solutions to quite small fractions of the radius—the smaller 
the more advanced the phase—we may use these values with good 
confidence. 

According to the definitions (13.24) for the invariants V and n + 1 the 
above numerical values fix the relative pressure and temperature gradi¬ 
ents in the innermost layers of the envelope, in the energy-producing 
shell. Thus from Eqs.(13.24) and (24.4) we obtain for the pressure and 
temperature run through the energy-producing shell 

P-P.(i)-, (24.5) 

The second of these formulae is not very accurate since the relative 
temperature gradient must vary through the shell from the value given 
here at the outer edge of the shell to a value of 0 at the inner edge. Such 
a correction, however, would hardly alter the following estimates. 

We may now use Eqs.(24.5) for the pressure and temperature run through 
the shell to determine the total nuclear energy production within the 
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shell. If we use Eq.(10,15) for the carbon cycle together with the ap¬ 
propriate coefficients from Table 10.1 we obtain 


L = 



SpAnr^ dr^ p\^ 


CN 



18 


(24.6) 


This equation relates the total luminosity as produced by the carbon 
cycle to the physical conditions in the shell. 

On the other hand, the luminosity may also be determined through the 
condition of radiative equilibrium. If we use the definition (13.24) for the 
invariant n + 1 and if we replace the pressure and temperature gradients 
in this definition by the conditions (12.1) and (12.4) for the hydrostatic 
and radiative equilibrium, and if we finally express the opacity coef¬ 
ficient by Eq.(9.19) for electron scattering, we then find 


, 4ac 47rGM_. T/ 

(n + l)i- = 4 = - - — . 

3 0.19(1+ YJL P, 


(24.7) 


This equation represents a second relation between L and the physical 
conditions in the shell. We may eliminate L between Fqs.(24.6) and 
(24.7). We may furthermore eliminate p^, Mr\ , and with the help of 
Eqs.(13.20) and (13.21). After these eliminations we end up with an 
equation for the temperature in the shell in terms of the values of the 
asterisked variables at the shell. 

Our new recipe for constructing model cores for more advanced evolu¬ 
tionary phases goes as follows. Take a particular solution for a partially 
degenerate isothermal core corresponding to a particular value of p* . 
Follow this solution over its maximum in the UV plane and down to the 
point where V is equal to 10. At this point you have reached the shell 
since, because of the jump in p, the value of V at the interface must be 
2.5 times larger in the core than the value in the envelope given by 
Eq.(24.4). Read the values of all the asterisked variables from your 
core solution at this point. Introduce these values into the equation for 
Tj, the derivation of which we have just described. With the value of 
Tj thus obtained compute the other physical quantities for the shell with 
the help of Eqs.(13.20) and (13.21). Finally, derive the luminosity from 
Eq.(24.7). 

Table 24.2 gives the results of such computations for a sequence of 
values of p* . The top group of data shows the asterisked variables at 
the shell. The middle group of data gives the quantities most essential 
for us: the shell temperature, the mass fraction of the core and the 
luminosity. We see that the core models of Table 24.2 cover a range of 
evolutionary phases in which the mass fraction of the core increases from 
about 30 percent to nearly 60 percent. During these phases the internal 
temperature steadily rises, reaching values above forty million degrees 
(retrospectively we notice that the temperature guess of twenty million 
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TABLE 24.2. 


Core characteristics for red-giant models with large isothennal helium 
cores (Af = Acn = 0.001). (Modified data from Hoyle and 

Schwarzschild, Ap.J. Suppl. No. 13» 1955.) _ 


log Pc = 

+ 2.36 

+ 2.43 

+ 2.48 

+ 2.54 

+ 2.58 

+ 2.63 

log s* 

+ 1.58 

+ 1.62 

+ 1.65 

+ 1.68 

+ 1.72 

+ 1.74 

qf 

27.0 

28.0 

29.0 

30.0 

31.0 

32.0 

log*? 

+ 0.44 

+ 0.45 

+ 0.46 

+ 0.48 

+ 0.49 

+ 0.50 

log s{ 

- 0.98 

- 1.21 

- 1.49 

- 1.75 

- 2.01 

- 2.25 

T, X 10 “‘ 

28.9 

31.9 

36.1 

40.7 

45.7 

50.9 


0.32 

0.36 

0.41 

0.47 

0.53 

0.59 

log L/L Q 

+ 1.80 

+ 2.15 

+ 2.56 

+ 2.96 

+ 3.34 

+ 3.71 

log Ti 

+ 9.47 

+ 9.47 

+ 9.48 

+ 9.47 

+ 9.47 

+ 9.46 

l°g Pc 

+ 4.86 

+ 4.96 

+ 5.08 

+ 5.19 

+ 5.30 

+ 5.39 

log ^le 

+ 2.30 

+ 2.13 

+ 1.94 

+ 1.75 

+ 1.57 

+ 1.40 


degrees which we have used in the preceding discussion for the some¬ 
what earlier evolutionary phases may be correct for = 0.23 but is 
most likely somewhat too low for = 0.25). The luminosity steadily in¬ 
creases during these evolutionary phases, covering the range from about 
a hundred times to over a thousand times the solar luminosity—a range 
fitting well for the red giants. 

The last group of data in Table 24.2 gives some further information re¬ 
garding the core. Its radius turns out amazingly constant, amounting to 
about 4 percent of the solar radius, in spite of the substantial increase in 
the core mass. The central density increases slowly and reaches values 
above 10®, well inside the degenerate range. On the other hand, the 
density at the interface remains relatively low, definitely in the non¬ 
degenerate range. 

The Surface Layers of Stars with Isothermal Cores 

We have followed the evolution of a star of moderate mass up to the 
phase when its helium core contains about one half of the stellar mass. 
We have determined the increase of the luminosity as a function of the 
growth of the core. But we still have to determine the behavior during 
these phases of the radius, which is determined not so much by the inner 
portion of the star on which we have concentrated thus far in this section 
but rather by the outermost parts to which we now turn. 

We may consider the parameter E as the connecting link between the 
interior and the atmosphere. The determination of E from the interior is 
graphically shown in Fig. 24.2. The determination of E from the at¬ 
mosphere may be formulated as follows. To start with, we select a 
definite star, that is one with a definite mass and a definite envelope 
composition. Next we choose arbitrary values for L and R, which fix the 
effective temperature and the surface gravity. Then we compute the 
photospheric density according to Eq.(11.3). From there we integrate 
inwards, first through the layers of the lower photosphere in radiative 
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equilibrium. When we reach the onset of convective instability we add to 
the radiation flux the convective heat transport according to Eqs.(7.4) to 
(7.7). We continue the integration inwards through the hydrogen and 
helium ionization zones and finally into the deep convective layers in 
which the simple adiabatic relation (11.7) holds. The value of the co¬ 
efficient K in this relation determines E according to its definition 
(13.12). Thus we have determined E as required by the atmosphere for a 
definite star and an arbitrarily chosen set of L and R values. 

If we repeat this computation for a number of sets of L and R values, 
we can determine E for the star as a function of L and R, as a function 
of the position in the Hertzsprung-Russell diagram. On the other hand, 
our earlier discussion, represented by Fig. 24.2, shows that for a definite 
star in a definite phase of evolution the analysis of the stellar interior 
gives a line in the Hertzsprung-Russell diagram and that for every point 
on this line the interior requires a definite value of E, Combining the 
interior and the atmosphere analyses we find that there exists only one 
point on such a line in which the interior E value and the atmospheric E 
value agree. This point in the Hertzsprung-Russell diagram must then 
represent the star in the particular evolutionary phase considered. If we 
determine this point for a number of phases, that is for a number of 
values, we obtain the evolutionary track of the star for the advanced 
phases here considered. 

The computations which we have just sketched have thus far been 
carried out only in the roughest of approximations. We shall not repro¬ 
duce them here in detail, but just emphasize the major points of uncer¬ 
tainty and then indicate the results. 

The worst uncertainties arise from the convection in the subphoto- 
spheric layers. In the outermost convective regions the convective energy 
transport efficiency is so low that the radiative temperature gradient 
holds in good approximation. In the deeper convective layers the con¬ 
vective energy transport efficiency is so high that the adiabatic tempera¬ 
ture gradient is an excellent approximation. But in the transition region, 
which has an appreciable influence on the pressure^temperature relation 
further in, the exact values of the quantities occurring in the convective 
equations (7.4) to (7.6) play a serious role. In particular, the character¬ 
istic length I for the convective elements has to be known. Since in 
these outer layers the density drops by large factors over distances small 
compared with the radius it seems unlikely to be correct to take I equal 
to a moderate fraction of the stellar radius as we have done for the deep 
interior. Instead it appears more likely that at every point I will be equal 
to a moderate multiple of the scale height (i.e. the distance in which the 
pressure drops by a factor e). Exactly which multiple to take appears, 
however, rather uncertain. 

Another uncertainty arises when the convective velocities computed 
from Eq.(7.5) turn out to be supersonic—as is frequently the case for the 
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red giants. Under these circumstances one can certainly not use Eq.(7.5) 
any further, and it may be best for the time being simply to replace i; by 
the sound velocity in Eq.(7.4) for the convective energy transport. 

Results for Stars of Various Compositions 

With these uncertainties duly in mind, we may now look at the results 
of the approximate computations thus far available. Fig. 24.3 gives the 
evolutionary tracks in the Hertzsprung-Russell diagram obtained by com¬ 
bining the interior analysis discussed in detail in this section with the 
atmospheric analysis just sketched. The two evolutionary tracks shown 
in this figure both refer to stars of 1.2 solar masses. The left-hand track 
is derived for a composition with very low metal abundance, appropriate 
for Population II stars. We see that this track covers the evolutionary 
phases in which the helium core grows from 25 percent of the mass to 50 
percent. The evolutionary track for these phases agrees most satisfac¬ 
torily with the red-giant branch observed in globular clusters. 

Similarly encouraging are the preliminary results for Population I 
stars with higher metal abundance, as represented by the right-hand 
track. This evolutionary track leads to lower effective temperatures, just 
as is observed for Population I giants. 

The effect of the difference in the metal abundance, which causes the 
difference between the two evolutionary tracks, can be understood in 
terms of the temperature-density diagram of Fig. 11.1. An increased 
metal abundance provides a relatively large number of free electrons and 



Fig. 24.3. Approximate evolutionary tracks in 
Hert 2 asprung-Russell diagram for stars of 1,2 in 
phases with large helium cores. The numbers give 
the mass fraction of the core, as it increases 
during the evolution. (Hoyle and Schwarzschild, 
Ap.J,, Supplement No. 13, 1955) 
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thus increases the opacity in the photosphere. This increase has to be 
compensated by a lower photospheric density to preserve the proper 
optical depth. Thus the point representing the photosphere moves to the 
left in the diagram. Furthermore, the lower densities will cause the con¬ 
vective transport to be ineffective rather far in, so that the steep radia¬ 
tive temperature gradient will hold for an appreciable distance inwards. 
The curve in the temperature-density diagram which represents these 
outer layers will therefore rise steeply from the photospheric point and 
will eventually turn over into an adiabat relatively high in the diagram, 
that is at relatively high temperatures. Finally, high temperatures pro¬ 
duce low pressure gradients according to the hydrostatic equilibrium con¬ 
dition and thus cause an extended envelope. It is this chain of effects 
that appears to explain the relatively more extended radii of Population I 
giants compared with Population II giants. 

Onset of Fast Core Contraction 

Again we postpone the detailed comparison of the theoretical evolu¬ 
tionary tracks with the observed Hertzsprung-Russell diagrams until §29. 
Let us finish this section by answering the question why we have not 
pushed the evolutionary tracks with the same technique beyond the last 
phases indicated in Fig. 24.3. For the right-hand track representing Pop¬ 
ulation I giants the answer is that a continuation of the track leads to 
such low photospheric temperatures that a more detailed analysis of the 
photospheric state of ionization is first needed. For the left-hand track 
representing Population II giants the most direct answer is that a con¬ 
tinuation of the track would have led to higher luminosities than are ever 
observed among Population II giants. 

Happily a good theoretical reason also offers itself for stopping where 
we have. Consider the rate of evolution of a star during the interval in 
which the helium core increases its mass fraction from 0.45 to 0.50. Ac¬ 
cording to Fig. 24.3, during this phase the star will have a luminosity 
approximately a thousand times larger than that of the sun. Correspond¬ 
ingly one finds from Eq.(22.10) that the star will need only six million 
years to run through this evolutionary interval. We see that because of 
the high luminosity the rate of evolution is enormously increased compared 
with the early evolutionary phases. This large increase makes it prac¬ 
tically certain that the thermal effects of the core contraction, which is 
evidenced by the steadily increasing central density, can no longer be 
ignored. 

We may conclude that sooner or later the contraction of the core has to 
be taken into account in the evolution of any star—for the massive stars 
immediately after the convective core has exhausted its hydrogen, as we 
have deduced early in the section, and for the less massive stars only 
after an extensive development of a partially degenerate isothermal helium 
core. 
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25. Heating of Core by Contraction 

We have followed the evolution of stars, both massive and less massive 
ones, to the phase when the contraction of the core starts to play a 
decisive role. Shall we pursue stellar evolution still further, into the 
short but critical phases in which the contraction of the core raises the 
central temperature to more than a hundred million degrees so that helium 
burning commences? These phases introduce nothing that we have not 
already included in our discussion of the over-all problem in §12. To 
follow the evolution through these phases in a completely determined 
manner all we have to do is to replace the thermal equilibrium condition 
(12.3) by the more general equation(12.10). This replacement, however, 
greatly increases the necessary computational effort. It is not surprising 
then that only the roughest surveys have been made for these contraction 
phases until very recently when the large electronic computers have been 
set to work attacking this problem. 

It would thus clearly be safer if we stopped our discussion of stellar 
evolution here and waited for the results from the big computers, which 
we may expect in the nearest future. But for those whose curiosity is 
stronger than their wish for safety we shall go on—fully aware of the 
risk. 

Contracting Cores in Massive Stars 

For the massive stars we have found that contraction becomes im¬ 
portant virtually as soon as the hydrogen is exhausted in the center. For 
the subsequent phases we must therefore consider models which consist 
of a helium core in which gravitational energy is released by contraction, 
of a hydrogen-burning shell and of a hydrogen-rich envelope. Such models 
would be easy to construct if it were not for the unknown distribution 
throughout the core of the energy set free by the contraction. This dis¬ 
tribution is determined by the laborious application of Eq,(12.10). We 
can circumvent this complication, however, by the following crude 
approximation. 

Let us assume that the net energy release by contraction per gram per 
second, that is the difference between the gravitational energy set free 
and the thermal energy consumed for increasing the temperature, is con¬ 
stant throughout the core. This simplifying assumption relieves us from 
having to apply Eq.(12.10) point by point throughout the core. It does 
not, however, relieve us from having to compute the total amount of 
energy released by the contraction in the core as a whole, as we shall 
see below. 

Constant energy release per gram means that the total energy release 
within a sphere must be proportional to the mass contained in the sphere, 
that is that must be proportional to throughout the core for any 
given phase. If in addition to this proportionality we assume that de- 





222 


VL ADVANCED EVOLUTIONARY PHASES 


generacy is negligible and that electron scattering, provides the main 
opacity—two fair assumptions for the cores of massive stars—and if we 
apply our standard transformation (13.2) and the supplementary trans¬ 
formation (13.13)> and if we dispose of the constants with zero subscripts 
in a manner similar to Eq.(13.l4)> we obtain for the basic conditions 


rfp* p*q* ^ dq* _ dt* 

’ dx^ ^ ’ dx^ 


* * 
P <1 




(25.1) 


and for the boundary conditions at the center 


at;c* = 0:r=^*=0, t*=L (25.2) 

Thus we find again that the core solution is determined by a set of dif¬ 
ferential equations which contain no extra parameter and by a set of 
boundary conditions which leave indeterminate only p^, so that altogether 
p* is the sole free parameter—exactly as in the solutions for non-con¬ 
tracting cores governed by Eqs.(l3.15) to (13.19). 

The single-parameter family of core solutions defined by Eqs.(25.l) 
and (25.2) are represented by the solid curves in the UV plane of Fig. 
25.1. The character of these solutions is strikingly similar to the par¬ 
tially degenerate isothermal cores depicted in Fig. 13.2. This similarity 
in the solutions is caused by a similarity in the pressure-density relation; 
in the inner portions of both types of cores the pressure rises somewhat 
more steeply than the density—in the contracting cores because of the 
increase of temperature towards the center and in the partially degenerate 
cores because of the degeneracy—while in the outer portions both types 
of cores approach nondegenerate isothermal conditions. The dilemma of 
Fig. 24.1 in which we found ourselves when we tried to fit a non-degener¬ 
ate isothermal core into the appropriate envelopes is clearly avoided by 
the contracting cores of Fig. 25.1 for the massive stars, just as we found 
that it was avoided by the partially degenerate cores of Fig. 13.2 for the 
less massive stars. 

Gravitational Energy Release in a Contracting Core 

To fit the contracting cores to the proper envelopes we may again ap¬ 
proximate the thin hydrogen-burning shell by a sharp interface at which 
the composition jumps discontinuously from the helium of the core to the 
hydrogen-rich mixture of the envelope. As before, the discontinuity in 
composition causes a discontinuity in V and V and we may write the 
fitting conditions for these invariants according to Eqs.(20.5) and (20.6) 
in the form 





(25.3) 


The fitting condition for the third invariant n + 1 we may derive from 
its definition (13.24), in which we may replace the pressure gradient with 
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Fig. 25.1, W plane showing models with nondegenerate, contract¬ 
ing helium cores, (Sandage and SchwarzschiId, Ap.J, 116, 463, 
1952) 


the help of the hydrostatic equilibrium condition (12,1) and the tempera¬ 
ture gradient with the help of the radiative equilibrium condition (12.4). 
After these eliminations we find an expression for ra + 1 in terms of 
various physical quantities, all of which are continuous at the interface 
with the exception of the absorption coefficient yt and the energy flux L 
The discontinuity in X is directly caused by the discontinuity in com¬ 
position, while the discontinuity in L ^ arises from the fact that, whereas 
just inside the interface the energy flux represents only the gravitational 
energy released by the core contraction, outside the interface it repre¬ 
sents also the nuclear energy released in the shell. Our third fitting 
condition, therefore, is 


in + 1)^^ _ X^. Lii 
(n + 1)^. 


(25.4) 


Strictly speaking we should already have applied this third condition 
when we were constructing models with isothermal cores. But in a core 
which is isothermal because it lacks energy sources, is zero and 
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{n + l)^ is I*y definition infinite. Hence condition (25.4) was automati¬ 
cally fulfilled by the models we considered in the previous section. Now, 
on the other hand, though small, is not zero because of the gravita¬ 
tional energy released, and (ra + though large, is not infinite in a 

contracting core. We must now, therefore, take explicit care of this third 
fitting condition. 

To be able to fulfill condition (25.4) we have to compute and it is 
for this reason that we have to determine the total amount—not the 
distribution—of the gravitational energy release in the core. Let us 
consider two definite neighboring phases of evolution. The energy SE^ 
set free by the contraction during the time interval between the two 
phases is given by the difference between the two phases in the excess 
of the gravitational energy over the thermal energy throughout the core 
and by the work done by the pressure at the surface of the core owing to 
the change in volume of the core. Thus we have 





(25.5) 


Had we wanted to stress the relation between the new Eq.(25.5) and our 
basic conditions we could have derived it from the basic energy balance 
condition (5.9) by integrating this condition over the entire core, by per¬ 
forming a partial integration, and by employing the formulae 



which follow from the hydrostatic equilibrium conditions (12.1) and (12.2). 
We may thus consider Eq.(25.5) just as an integrated form of the basic 
condition (5.9). We should note that the differences on the right-hand side 
of Eq.(25.5) are to be taken at a fixed value of It may sometimes be 

more convenient to use different values of Mr^ for the two phases, as, for 
example, the actual values of the core, which will grow in mass a little 
from the first to the second phase. In such a case we have to replace 
the simple difference operator S by the modified operator 


d-8[Mr]x—, 


While the gravitational energy released between the two phases is 
given by Eq.(25.5), the nuclear energy released in the same time interval 
is determined by the mass increment of the helium core since this mass 
increment represents the amount of hydrogen which has been transmuted 
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into helium in this time interval. Thus, according to the transmutation 
coefficient (10.21), we obtain 

dE„ = El^S[Mrh (25.6) 


Since the two energy releases SEg and SEj^ occur over the same time 
interval their ratio gives directly the ratio of the two corresponding 
energy fluxes Lg and L^. Accordingly we can express the jump in the 
energy flux at the interface between core and envelope by the relation 


^le + SE^ + 8Eg 


(25.7) 


This relation in conjunction with Eqs.(25.5) and (25.6) finally enables us 
to apply the fitting condition (25.4). 

Evolution of Massive Stars During Core Contraction 

How do we now construct an evolutionary sequence of models with 
contracting cores? To start the sequence let us use a model with a core 
which is not yet seriously contracting and is hence still isothermal and 
which contains the maximum mass fraction that still avoids the dilemma 
of Fig. 24.1. With this choice for the first model we can be sure that the 
star is forced into a core contraction during the subsequent phases. This 
starting model is represented in the VV plane of Fig. 25.1 by the lowest 
of the core solutions and by the jump line labelled /. 

For the second model in the sequence let us use the second core 
solution shown in Fig. 25.1* Let us terminate this core solution at an 
arbitrary trial point. From this trial termination point we have to take a 
jump in the VV plane in accordance with the fitting conditions (25.3). 
The end point of this jump uniquely determines the envelope which we 
have to fit to the core. In this manner we have completely determined a 
trial model for the second phase and we can compute all the various 
physical quantities in the usual manner. This trial model fulfills by its 
construction all the necessary equations and conditions except for the 
fitting condition (25.4). We can check on the fulfillment of this condition 
by using Eqs.(25.5) to (25.7), where we can compute the differences 
occurring on the right-hand sides of Eqs.(25.5) and (25.6) from the dif¬ 
ferences in the physical quantities between the definitively chosen first 
model and the trial model for the second phase. If we find that condition 

(25.4) is not fulfilled, we deduce that we have chosen a wrong termina¬ 
tion point on the core solution. By trial and error we eventually find the 
correct termination point which leads to the fulfillment of condition 

(25.4) . We see that nothing is left arbitrary in the construction of the 
second model and that this second model is tied to the first one through 
the differences occurring in Eqs.(25.5) and (25.6). 
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By the same method of construction we can derive the subsequent 
models of the evolutionary sequence, with each model uniquely deter¬ 
mined through its relation to the preceding one. 

Such calculations have been carried out for the sequence of five 
models indicated in Fig. 25.1. The results of this computation must be 
considered rather uncertain, for the following reasons. First, we used 
only an approximation for the distribution of the gravitational energy 
release throughout the core. Second, the envelope solutions used take 
account of the transition from Kramers’ opacity in the outer parts to 
electron scattering in the inner parts only in a most approximate manner. 
Third, the jump in opacity needed for Eq.(25.4) was inadvisedly computed 
for Kramers’ opacity instead of for electron scattering. We shall there¬ 
fore not discuss the results of these computations in detail but only 
consider the following overall results, in which we may have reasonable 
confidence. 

During the evolution from the first to the fifth model shown in Fig. 25.1 
the mass contained in the helium core increases by only a fraction of a 
percent of the total mass. The smallness of this effect of the hydrogen 
burning proves that the entire evolutionary period which we here consider 
must be of very short duration. This is no surprise. We have seen al¬ 
ready in §5 that the total gravitational energy available to a star is very 
small. Hence the period in which gravitational energy release plays a 
noticeable role can only last a small fraction of the total life of the star. 

The computations further show that during the phases considered the 
luminosity of the star changes little while the radius seems to increase 
by perhaps a factor 3 and the effective temperature decreases by about 40 
percent. The small change in luminosity is again no surprise; we have 
already found other examples indicating that the luminosity of a star is 
insensitive to the exact internal structure and depends mainly on the 
average composition of the star, which changes little during the short 
evolutionary period of the core contraction. The changes in radius and 
effective temperature we should consider with great caution since they 
depend rather sensitively on the detailed structure of the envelopes and 
cores, which have not been treated with sufficient accuracy in the avail¬ 
able computations. In fact the true changes in radius and effective 
temperature may well differ appreciably between stars of say three and 
ten solar masses. 

Finally—and most important—the computations show that the short 
but effective core contraction raises the internal temperature from about 
thirty million degrees, adequate for hydrogen burning in the shell of the 
first model, to over a hundred million degrees, adequate for helium burn¬ 
ing in the center of the fifth model. The most essential effect of the 
core contraction then is that it leads to the start of helium burning by 
the triple-alpha process described in Eq.(10.16). After the helium burn¬ 
ing has once commenced it will be likely to maintain by itself the tem¬ 
perature it needs. 
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What will happen next in the evolution of a massive star? Only he who 
will investigate in detail models with helium-burning centers and hy¬ 
drogen-burning shells can hope to be able to give a reliable answer. 

Core Contraction in Stars of Moderate Mass 

For the less massive stars we have seen in the preceding section that 
core contraction does not begin to play a decisive role as soon as the 
hydrogen in the center is exhausted. On the contrary, a long sequence 
of evolutionary phases follows, characterized by a steadily growing 
partially degenerate isothermal helium core. Eventually, however, when 
the luminosity of the star has increased to a high value and when there¬ 
fore the evolutionary changes have become very fast, a short but critical 
period must occur—just as in an earlier phase of the massive stars—in 
which the core contraction raises the central temperature to the ignition 
point of helium. At what phase does this decisive event occur in the 
evolution of a star of, say, 1.2 solar masses? 

We can find an approximate answer to this question by the following 
considerations. The energy flux Lg caused by gravitational energy 
release will not produce a steep temperature gradient within the inner 
degenerate portion of the core since the highly efficient conduction by 
the degenerate electrons will prevent any appreciable temperature differ¬ 
ences there. Similarly, in the outermost portions of the core the density, 
and hence the opacity, is so low that radiative transfer will eliminate 
any great temperature gradients. The greatest temperature differences 
will occur in the layers just outside the degenerate portion since electron 
conduction there is not efficient whereas the radiative opacity is rather 
high. Let us designate the layer which is most effective for the buildup 
of a temperature difference by the subscript g. From the fact that this 
critical layer must be the innermost layer in which degeneracy is not yet 
serious we can locate this layer in terms of the asterisked variables 
defined by Eqs.(13.20) and find that the layer occurs where 5^*6. 
With the help of this condition we can determine all the physical charac¬ 
teristics in the critical layer by first reading the values of all the aster¬ 
isked variables from the core solution (appropriate for the evolution 
phase) at the point where s* reaches the above number, and then by 
introducing these values into Eqs.(13.20) and (13.21). 

If we are now ta estimate the temperature gradient in the critical layer 
at any evolution phase, we first have to compute the gravitational energy 
released in the inner portion of the core according to Eq.(25.5). Next we 
have to compute the energy flux through the critical layer Lg; the relation 
between Lg and SE^ is most easily established with the help of the total 
luminosity of the star L and the nuclear energy freed during the 

same evolutionary time interval, which together lead to the relation 
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Finally, we have to introduce the energy flux into the radiative equilib¬ 
rium condition (12.4) for the critical layer. If we consider now only 
those phases in which an appreciable temperature differential has al¬ 
ready been produced by the contraction, we may estimate that the central 
temperature has approximately the value given by the temperature gradient 
in the critical layer multiplied by the radius of this layer. Thus we ob¬ 
tain from the radiative equilibrium condition 


rp 4 3 Lg 

“ ^gPg 

4oc 4 TT r 


g 


(25.9) 


At what phase does Eq.(25.9) give us a central temperature sufficient 
to start the helium burning? We find the answer by applying Eq.(25.9), in 
conjunction with Eqs.(25.5), (25.6), and (25.8), to each of the models of 
the evolutionary sequence listed in Table 24.2. We find that in the early 
models of this sequence the core contraction affects the internal tem¬ 
peratures hardly at all, but that somewhere between the two last models 
listed in Table 24.2 the central temperature suddenly rises to the criti¬ 
cal value. We may conclude that a star of about 1.2 solar masses will 
commence to burn helium in its center when it has exhausted its hydro¬ 
gen in somewhat more than 50 percent of its mass and when its luminosity 
has risen to about 

L ^ 5000 Lo- (25.10) 

This critical value for the luminosity agrees within one magnitude with 
the luminosity observed for the top of the red-giant branch in globular 
clusters. It seems likely, therefore, that the onset of the helium burning 
is in fact the process which terminates the evolution up the red-giant 
branch. 

We have led our star of moderate mass into a precarious situation. 
The helium burning will tend to increase the central temperature further. 
Since the central portion of the star is degenerate, the increase in tem¬ 
perature does not lead to a noticeable increase in pressure and hence 
does not lead to a cooling expansion. It thus appears that the central 
temperature must continue to rise until the core has become non-de¬ 
generate. May the temperature gradient have become so steep by then 
that convection will mix the star from the center to the surface? May 
the star by this process again become homogeneous in composition and 
in consequence return to the main sequence, with the luminosity more 
than ten times brighter now than its initial luminosity because of the 
increased helium content? May then the star embark for a second time on 
an evolutionary development leading from the main sequence towards the 
right in the Hertzsprung-Russell diagram? Question after question .. . all 
unanswered at present, all surely within our grasp. 
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We have followed stars of various masses in their evolution to the 
furthest phases analyzed thus far. Ahead of us stretches a large territory 
of stellar evolution as yet hardly explored. In it we recognize many of 
the most fascinating types of stars: the supergiants, the pulsating 
variables, the blue stars of Population II, perhaps the Wolf-Rayet stars 
and the nuclei of planetary nebulae, surely the novae and supernovae. 
These are exciting topics for the future. For now we shall pass them by 
in a big jump to the end point of stellar evolution, the white dwarfs. 




CHAPTER VII 

FINAL STELLAR STRUCTURE 


26. Structure of White Dwarfs 


What will be the state of a star after it has exhausted the nuclear en¬ 
ergy store accessible to it? The precise answer to this question we can 
know only after we have solved the over-all problem formulated in §12 
successively for all the phases of nuclear burning. Meanwhile we may 
venture the guess that a star after exhausting the accessible nuclear fuel 
will commence a profound contraction. For the result of this contraction 
two alternatives appear plausible. The contraction may lead to very high 
temperatures, well above the range discussed in the second chapter, so 
that completely new physical phenomena—as, for example, endothermic 
nuclear reactions—may completely dominate the final evolution phases. 
Or the contraction may lead to very high densities so that degeneracy oc¬ 
curs not only in the core but virtually throughout the star, a situation 
which could permit the star to settle into a final state little affected by 
the continual loss of residual energy from the surface. 

This second evolutionary alternative then suggests that the final state 
of a star may be represented by the white dwarfs, for whom high mean 
densities were long ago deduced from observations. We shall therefore 
now analyze the structure of white dwarfs with this interpretation in mind. 

Models for Completely Degenerate Stars 

A white dwarf cannot be in a completely degenerate state, first be¬ 
cause in the very surface layers the density will be too low for any de¬ 
generacy, and second because even in the interior the density suffices 
for degeneracy of the electrons but not of the nucleii. On the other hand, 
we shall find in the next section that the non-degenerate surface layers 
of a white dwarf are very thin indeed. In addition, we may estimate that 
throughout the main part of a white dwarf the non-degenerate partial pres¬ 
sure of the nuclei is quite small compared with the degenerate partial 
pressure of the electrons. We shall permit ourselves therefore the sim¬ 
plifying approximation of complete degeneracy, that is of neglecting all 
non-degenerate pressure contributions and taking into account only the 
degenerate pressure of the electrons. 

In this approximation we can represent the equation of state according 
to Eqs.(8.4), (8.5), (8.15), and (8.17) by 


P = 


3A’ 


fix), 






(26.1) 
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with /jtg = 


2 

1 + ^* 


(26.2) 


Here the function f(x) is completely defined by its definition (8.16). 
From the discussion of §8 we remember that Eq.(26.1) represents the 
equation of state properly for the non-relativistic degenerate case at 
moderate densities as well as for the relativistic degenerate case at the 
highest densities. 

The fact that the equation of state (26.1) does not involve the tempera¬ 
ture has a consequence of great convenience; we can completely separate 
the hydrostatic problem, which we shall analyze in this section, from the 
thermodynamic problem, which we shall take up in the next section. Ac¬ 
cordingly we consider for now only the hydrostatic equilibrium conditions, 
which as always are given by 


dP 

dr 



dM^ 

dr 


- - ^nr^p. 


(26.3) 


Eqs.(26.1) to (26.3) completely define the hydrostatic problem for white 
dwarfs. 

We can solve this problem in the following direct manner. First let us 
choose a definite composition for the star. We thus fix by Eq.(26.2) the 
value of /Xj,, which is the only composition-dependent quantity in our 
problem. Next let us choose arbitrarily a definite value for the central 
density. With these choices all the starting values at the center are de¬ 
termined and we can derive the corresponding definite solution of the 
differential Eqs.(26,3) by numerical integration from the center outwards. 
We continue with the integration to the point where the pressure drops to 
zero, that is to the surface. The value of at this point gives us the 
mass of the white dwarf we have just constructed, and the value of r 
gives us its radius. 

If we repeat the procedure for different values of the assumed central 
density, we obtain a one-parameter family of white dwarf models, corre¬ 
sponding to different values of the mass and radius. 

If we now want to change the composition and correspondingly choose 
a different value of do we have to obtain another one-parameter family 
of solutions by more numerical integrations? No, we can obtain the solu¬ 
tions for the new composition (variables without superscripts) from the 
solutions for the old composition (variables with zero superscripts) by 
the simple transformation 


P 





(26.4) 


If we introduce this transformation into the basic Eqs.(26.1) and (26.3) 
we find that the new variables will fulfill these equations for the new 
value of /ig just as the old variables did for the old value. We conclude 
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that our one-parameter family of integrations is sufficient to represent all 
completely degenerate stellar models. 

This one-parameter family of completely degenerate models is well 
represented by the ten available integrations, which correspond to ten 
different values of the central density for a given composition. The ac¬ 
tual numerical integrations were performed not in terms of the physical 
variables of Eqs.(26.3) but in terms of special non-dimensional variables. 
The use of these special variables simplified appreciably the necessary 
numerical work for each integration, but could not reduce the number of 
necessary integrations in this case. The main results of these integra¬ 
tions are summarized in Table 26.1. The data of this table refer to a 
composition containing a negligible amount of hydrogen = 2). We 

shall see in the next section that it is exactly this composition which we 
have to assume for the interior of white dwarfs. 

Corrections to the Degenerate Equation of State 

Before we consider the results shown in Table 26.1 we have to men¬ 
tion two inaccuracies which we have tacitly committed. Both these in¬ 
accuracies occur in the derivation of the degenerate equation of state. 
They are of importance only at the highest densities and therefore affect 
only the data in the last three or four lines of Table 26.1. 

The first inaccuracy arises as follows. In a degenerate state, whereas 
the gravitational force acts mainly on the nuclei the pressure acts mainly 
on the electrons. These opposing forces will therefore slightly separate 
the nuclei and the electrons, thus producing an electrostatic field. It is 
just this electrostatic field which provides the linking force that permits 
the balancing of the gravitational force on the nuclei with the pressure 
force on the electrons and thus permits us to use the usual equation for 
hydrostatic equilibrium. On the other hand, this electric field has the 

TABLE 26.1. 


Mass-radius relation for white dwarfs = 2), uncorrected for secondary 
effects modifying degenerate equation of state. (Chandrasekhar, Stellar 
Structure, p. 427, Univ. of Chicago Press, 1938.)__ 




, R 

1°6 Pc 

M/Mq 

log 

5.39 

0.22 

“1.70 

6.03 

0.40 

“1.81 

6.29 

0.50 

“1.86 

6.56 

0.61 

“1.91 

6.85 

0.74 

“1.96 

7.20 

0.88 

“2.03 

7.72 

1.08 

“2.15 

8.21 

1.22 

“2.26 

8.83 

1.33 

“2.41 

9.29 

1.38 

“2.53 

oo 

1.44 

oo 
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secondary consequence of slightly altering the number of quantum- 
mecheuiical states available for the electrons. It therefore necessitates 
a correction in our derivation of the degenerate equation of state in §8. 

The second inaccuracy we have committed by ignoring the possibility 
that at very high degeneracy free electrons might be forced into nuclei. 
At very high densities this does in fact occur. It reduces the number of 
free electrons, i.e. increases the value of fi^. 

The effect of these two corrections for the degenerate equation of 
state on the white dwarf models has been estimated, and it appears that 
the mass values given in the lowest lines of Table 26,1 have to be re¬ 
duced somewhat, in the extreme cases probably as much as 20 percent. 
With these corrections in mind we turn now to the results shown in Table 
26.1. 

Mass^Radius Relation and Mass Limit 

The first main result is the existence of a definite relation between 
mass and radius for white dwarfs (assuming here always an interior com¬ 
position with negligible hydrogen content). That such a relation should 
exist follows directly from the fact that the completely degenerate models 
for a given composition form a one-parameter family. Even though the 
data of Table 26.1 are still affected by the inaccuracies which we have 
just discussed, they suffice to show two main features of the mass-radius 
relation: first, the larger the mass of a white dwarf the smaller its radius, 
and second, for white dwarfs with masses comparable to that of the sun 
the radii are by order of magnitude a hundred times smaller than that of 
the sun. 

The mass-radius relation affords in principle an excellent empirical 
test for the theory of completely degenerate stellar models. In reality, 
however, the observational data, as well as the theoretical results, on 
the masses and radii of white dwarfs are still afflicted by appreciable in¬ 
accuracies which prevent a sharp comparison as yet. All one can say at 
present is that there has not appeared thus far a serious discrepancy be¬ 
tween theory and observations. 

The second main result shown by Table 26.1 is the existence of an up¬ 
per limit for the mass of a completely degenerate star. As we increase 
the central densities to higher and higher values, the mass does not in¬ 
crease indefinitely but approaches a finite limit. The numerical value 
given for this limit in Table 26.1 still has to be corrected for the second¬ 
ary effects which we have discussed earlier. We may estimate that the 
actual value of the limiting mass for completely degenerate stars is ap¬ 
proximately 1,2 solar masses. 

How can we understand the occurrence of this limit? Let us consider 
the dependence on mass and radius for those internal physical quantities 
which are essential for hydrostatic equilibrium. If we ignore for this 
qualitative investigation any relative changes in the internal structure 
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and consider only the over-all scale changes, we clearly find for the 
density 


P « 




(26.5) 


and for the gravitational force 


P 





(26.6) 


If we want to compare the pressure force with the gravitational force, we 
have to distinguish between non-relativistic and relativistic degeneracy. 
In §8 we found that non-relativistic degeneracy occurs at the less ex¬ 
treme densities which, according to Table 26.1, are relevant in the less 
massive degenerate stars, while relativistic degeneracy occurs at the ex¬ 
treme densities found in the more massive degenerate stars. If we use 
the equations of state (8.6) and (8.7), which are the limiting forms of the 
general Eq.(26.1) for the cases of completely non-relativistic and com¬ 
pletely relativistic degeneracy respectively, we find for the pressure 


relativistic: 

and for the press\u*e force 
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(26.7) 


(26.8) 


Now compare the pressure force and the gravitational force for a star 
of a given mass. For the non-relativistic case you find that the two 
forces depend on a different power of the radius. Thus the star has the 
ability of bringing the two forces into balance by adjusting its radius. 
For example, if the star finds the pressure force to exceed the gravita¬ 
tional force, it will expand, the increase in the radius will reduce the 
pressure force more than the gravitational force, and expansion will stop 
when equilibrium is reached. 

Now compare the two forces for the relativistic case. You find that 
the two forces depend on the same power of the radius. Hence the star 
does not have the ability of bringing the two forces into equilibrium by 
simply adjusting its radius appropriately. Note also that in the relativis¬ 
tic case the two forces depend on different powers of the mass. Hence 
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there exists a specific mass value, the limiting mass, for which the two 
forces happen to be exactly in balance. For masses larger than the 
limiting mass the gravitational force will always exceed the pressure 
force, whatever the radius. The star cannot find an equilibrium state— 
unless it manages to reduce its mass by ejection. On the other hand, in 
a star with a mass smaller than the limiting mass the gravitational force 
will be smaller than the pressure force and the star will expand. In this 
expansion the density will decrease until, at least in the outer portions, 
the degeneracy changes from relativistic to non-relativistic. Now with 
increasing radius the pressure force decreases faster than the gravita¬ 
tional force so that eventually the two forces will come into balance. 

We may conclude that in stars heavier than the limiting mass the force 
of the degenerate pressure is never sufficient to balance gravity, that a 
star lighter than the limiting mass is able to balance gravity with de¬ 
generate pressure, and that to achieve this balance in the latter case the 
star has to adjust its radius to the value prescribed by the mass-radius 
relation for degenerate models. 

Location of Degenerate Stars in Hertzsprung-Russell Diagram 

To what extent does the analysis of the hydrostatic equilibrium of com¬ 
pletely degenerate stars determine the location of white dwarfs in the 
Hertzsprung-Russell diagram? For a degenerate star of a given mass— 
less than the limiting mass—hydrostatic equilibrium determines only the 
radius (by the mass-radius relation), not the luminosity. What can we 
conclude from the radius alone? 

According to the definition of the effective temperature the luminosity, 
the radius, and the effective temperature are related by Eq.(1.4). If we 
read the radius of a degenerate star of a definite mass from Table 26.1, 
correct this value as best as we can for the secondary effects we have 
discussed earlier, and introduce the corrected value into Eq.(1.4), then 
this equation gives us a relation between the luminosity and the effec¬ 
tive temperature which we can represent by a line in the Hertzsprung- 
Russell diagram. Four such lines of constant radius are drawn in Fig. 
26.1 for four mass values which fairly cover the masses which we might 
expect for white dwarfs. 

The four lines in Fig. 26.1 show that our hydrostatic analysis leads us 
to the expectation that the majority of the white dwarfs should lie in a 
fairly narrow strip in the lower left corner of the Hertzsprung-Russell 
diagram. The only exceptions should be white dwarfs with masses very 
close to the limiting mass, which should fall to the left of the indicated 
strip, and white dwarfs with exceptionally low masses, which should fall 
to the right of the four lines. Comparing the theoretical Fig. 26.1 with 
Fig. 1.6, which represents the observed luminosities and effective tem¬ 
peratures of white dwarfs, we may conclude that the observational data 
are in satisfactory accordance with the theoretical expectations. 
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log Te 

Fig. 26.1. Theoretical Hertzsprung-Russell diagram for the white dwarfs. 


27. Thermodynamics of White Dwarfs 

What are the internal temperatures of white dwarfs and what are the 
sources of their luminosity? These are two major questions which we 
could not answer in the preceding section where we analyzed solely the 
hydrostatic structure of degenerate stars. It is the thermal structure 
which we have to investigate if we are to answer these questions. 

Throughout the degenerate interior of a white dwarf conduction by the 
degenerate electrons is highly efficient. The degenerate interior must 
therefore be practically isothermal. This isothermal interior is blanketed 
by the non-degenerate surface layers with their high opacity. Accord¬ 
ingly, an analysis of these surface layers will lead us to the determina¬ 
tion of the internal temperatures. 
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The Internal Temperatures 

According to our discussion of §11 we may assume that the surface 
layers of the majority of white dwarfs, with their early spectral types, are 
in radiative equilibrium. Now for radiative envelopes in which the opacity 
can be approximated by Kramers’ law we have found—by a simple inte¬ 
gration of the hydrostatic and radiative equilibrium conditions—the 
pressure-temperature relation (11.5), which we may transform into the 
density-temperature relation 


P = 



4ac H 


4 7T CAA ^ ^ y3,25 
HqL / 


(27.1) 


For the coefficient in the opacity law we should use here, according to 
Eq,(9.16), 


Xo = 4.34 X 10“ 


Z(l + Y) 

it/g) * 


Eq.(27.1) gives us the run of the density as a function of temperature in 
the surface layers of a star of given mass, composition and luminosity. 

If we follow this relation further and further inwards through the sur¬ 
face layers of a white dwarf, we eventually reach the point where de¬ 
generacy begins. At the transition layer between the degenerate and the 
non-degenerate state the density and the temperature must fulfill the 
criterion (8.10), which gives 


Pit ~ 



(27.2) 


If we apply our general relation (27.1) specifically to the transition 
layer, we can eliminate between Eqs.(27.1) and (27.2) and thus ob¬ 
tain a condition for the temperature at the transition layer, which we may 
write in the form 


L = 5.7 X 10* X 4- 


it/g) 


7 ^ 3.5 

^tr 


(27.3) 


This equation determines the temperature at the transition layer, that is 
the temperature of the practically isothermal interior, for any white dwarf 
with given mass, composition, and luminosity. 

Let us assume for the subsequent computations the following com¬ 
position, mass, and average guillotine factor 


x-0, 7 = 0.9, 2 = 0,1; i.e. fji = 1.38, = 2.00 

M-Mq, (^/g) = 10. 


(27.4) 
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With these numerical values Eq.(27.3) becomes 

L = 2.0 X 10® X Tl;^ (27.5) 

From this formula we can compute directly the internal temperature for 
any given luminosity. The results of such a computation are shown in 
Table 27.1 for three values of the luminosity which fairly represent the 
observed luminosities of white dwarfs. 

The main uncertainty in these results arises from our lack of knowl¬ 
edge about the composition of the surface layers of white dwarfs. Yet 
even if we were to replace the hydrogen-free composition (27.4) by pure 
hydrogen and thus lower the opacity by about a factor 20, we would de¬ 
crease the internal temperature according to Eq.(27.3) by only about a 
factor 2. We may then conclude from the data of Table 27.1 with good 
certainty that the internal temperatures of white dwarfs must be of the 
order of several million degrees—quite comparable with the central 
temperatures of red dwarfs. 

Extent of Non^Degenerate Layers 

We have answered the first of our two main questions regarding the 
thermodynamic structure of white dwarfs. Before we turn to the second 
main question let us fill in a hole which we have left in the preceeding 
section, namely the justification of the neglect of the non-degenerate 
surface layers in the analysis of the hydrostatic structure of white 
dwarfs. To justify this neglect two conditions must be fulfilled: first, 
the density at the bottom of the non-degenerate layers must be small 
compared with the internal densities so that zero density is a good ap¬ 
proximation for the boundary condition of the degenerate model; and 
second, the geometrical depth of the non-degenerate layers must be small 
compared with the radius so that it can be neglected in the computation 
of the radius. 

We can compute the density at the bottom of the non-degenerate layers 
directly from the degeneracy criterion (27.2) with the help of the tempera¬ 
ture values which we have already derived. The resulting density values 
are shown in Table 27.1. Comparison with the central densities listed in 
Table 26.1 shows that the densities at the transition level at the bottom 
of the non-degenerate layers are in fact very much smaller than the in¬ 
ternal densities, so that the first condition is fulfilled. 


TABLE 27.1. 


Temperatures and cooling times of white dwarfs, specified by Eq.(27.4). 
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17 X 10‘ 

3.5 

0.011 

0.3x 10’ yrs 

0 

9x 10‘ 

3.1 

0.006 
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The depth of the non-degenerate surface layers we can derive with the 
help of the relation between T and r which we have derived for a radia¬ 
tive envelope by a simple integration of the radiative equilibrium condi¬ 
tion and which is represented by the first of Eqs.(14.5). If we apply this 
equation to the transition level we obtain 

“ 4.25 t R V„ / 

Into this formula we may introduce for the molecular weight and the mass 
the values listed under (27.4) and for the radius the value 0.005 Rq in 
accordance with the mass-radius relation of the preceding section. If, 
finally, we use the temperature values listed in the second column of 
Table 27.1 we obtain from Eq.(27.6) the relative depth of the non-degenerate 
layers as given in the fourth column of the same table. We see that this 
depth is very small indeed and contributes extremely little to the radius 
of a white dwarf. 

We may then rest assured that both the conditions under which the 
neglect of the non-degenerate layers in the construction of models for 
white dwarfs is permitted are in fact satisfactorily fulfilled. 

Proton-Proton Reaction and the Interior Hydrogen Content 

There remains the question regarding the source of the luminosity of 
white dwarfs. Could the energy source lie in some residual nuclear fuel? 
Of the various energy-liberating processes which we have discussed in 
§10 only the proton-proton reaction can be effective at the relatively low 
temperatures of the white dwarfs. For the moment let us postpone con¬ 
sideration of whether the proton-proton reaction is actually the main 
energy source of white dwarfs, and first derive on the basis of the proton- 
proton reaction an upper limit to their hydrogen content. 

If we select a mean temperature according to Table 27.1 and a mean 
internal density according to Table 26.1 we can compute the correspond¬ 
ing mean rate of energy generation from the proton-proton reaction with 
the help of Eq.(10.14) and the numerical parameters of the first line of 
Table 10.1. We find 


for T = 6 X 10® and p = 10®: « 10^ x A ^ (27.7) 

On the other hand, we can estimate the mean rate of energy generation 
also from the luminosity and the mass, obtaining for a typical white dwarf 

for L = 10 "* L 0 and M = ^ ^ ^ ^ ’ (27.8) 

By setting the mean rate of energy production as given by Eq.(27.7) equal 
to that obtained from the observed luminosity according to Eq.(27.8) we 
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find for the average internal hydrogen content of a typical white dwarf 
the value 


A « 0.0005. (27.9) 

We may conclude that the residual hydrogen fuel remaining in the interior 
of the white dwarf must be very low; otherwise, under the prevailing 
temperatures and densities, the proton-proton reaction would liberate 
energy at a rate far exceeding the observed luminosities. 

This low average hydrogen content in the interior does not, of course, 
imply necessarily a low value in the surface layers. A high hydrogen 
content there would not cause an excessive rate of the proton-proton re¬ 
action because of the relatively low temperatures and densities. 

For the interior, however, even the low hydrogen content indicated by 
(27.9) is only an upper limit, for two reasons. First, we have assumed 
that nuclear processes are the only energy source; if other sources— 
which we shall discuss later—provide appreciable contributions then the 
hydrogen content necessary to feed the proton-proton portion of the energy 
liberation will naturally have to be less than our above estimate. The 
second reason lies in the fact that Eq.(l0.14), which we have used for 
the proton-proton reaction, underestimates the rate of energy liberation 
for the high densities encountered in white dwarfs. At these high densities 
the electrons screen the coulomb fields of the protons quite effectively 
and thus make it much easier for two protons to come close to and react 
with each other. Correction of this underestimate of the reaction rate re¬ 
duces still further the permissible hydrogen content. We may therefore 
conclude with good certainty that the average internal hydrogen content 
of a white dwarf must be extremely small, even smaller than the value 
given by (27.9). 

This conclusion has one immediate comforting consequence. We can 
now be entirely sure that /Xg , which is the only composition-dependent 
parameter occurring in the hydrostatic equilibrium equations for the white 
dwarfs and which is determined by Eq.(26.2), has the definite value 

= (27.10) 

a value which in anticipation we have already used throughout the pro¬ 
ceeding section. Hence no doubt caused by uncertainty in the composi¬ 
tion is left in the analysis of the hydrostatic structure of white dwarfs. 

Secular Instability Caused by Nuclear Reactions 

As to our main question regarding the source of the luminosity of the 
white dwarfs, we may now ask ourselves whether the proton-proton re¬ 
action fed by a very low residual hydrogen content does provide the 
source. The answer is probably no, because the star, though in equi¬ 
librium, would probably not be in stable equilibrium. We have to watch 
out for two types of instability, secular and pulsational. 
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Consider a small perturbation which slightly raises the internal tem¬ 
perature of a white dwarf. Let us start with the simplifying assumption 
that Eq.(10.14) represents appropriately the rate of the proton-proton re¬ 
action even at the high densities here in question, at least as far as the 
temperature dependence is concerned. We find then from Table 10.1 that 
in the temperature range in question the nuclear energy production will 
rise with about the 5th power of the temperature. On the other hand, the 
luminosity according to Eq.(27.5) increases only with the 3.5th power of 
the internal temperature. The increase in temperature will therefore 
cause a larger increase in the energy gained from the nuclear reactions 
than in the energy lost by the luminosity. Hence there will be a net 
energy gain, which will cause a further increase in temperature. Thus 
the temperature will continue to increase indefinitely; the star is secu¬ 
larly unstable. 

We have once before encountered this type of instability, in §25 at the 
top of the red-giant sequence in globular clusters. There we had tenta¬ 
tively concluded that the appearance of this instability might well be the 
cause of the termination of the red-giant sequence and that the instability 
might lead to a complete remixing of the stellar interior. For a white 
dwarf the consequences of such an instability would probably be much 
more catastrophic because the very high densities within white dwarfs 
would necessitate a temperature increase by a dangerously large factor 
before non-degeneracy could be reached with a subsequent cooling 
expansion. 

Before we conclude that any hydrogen burning in the interior of white 
dwarfs would lead to an instability which is in no way suggested by the 
observations we have to make a correction to the above argument. As we 
have already mentioned, Eq.(l0.14) does not properly represent the rate 
of the proton-proton reaction at the high densities of the deep interior of 
white dwarfs. At these densities the electrons screen the coulomb fields 
of the protons. This reduction in the coulomb fields permits the partici¬ 
pation in the reactions not only of those protons which have exception¬ 
ally high energies but also of those with more nearly average energies. 
While the number of exceptionally energetic protons is highly temperature- 
sensitive, the number of protons with more nearly average energy is not. 
In consequence the temperature sensitivity of the proton-proton reaction 
is much reduced at the high densities. In fact, at densities above 10 , 
such as occur in the deep interior of the white dwarfs, the temperature 
sensitivity of the proton-proton reaction is so low that it probably does 
not lead to secular instability. 

On the other hand, it is not in the deep interior that we should expect 
the star to have retained some residual fuel. It is in the outer layers that 
it appears more likely that the temperature has never been high enough 
to complete the exhaustion of hydrogen by nuclear processes. In the 
outer degenerate regions, however, with densities below 10®, electron 
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screening plays only a minor role, and our original argument which indi¬ 
cated secular instability must hold. 

Thus far our attempt to provide a white dwarf with a source for its 
luminosity by burning hydrogen in its degenerate interior has not been 
successful; in the deep interior hydrogen burning would probably not lead 
to any instability but there it appears highly unlikely that any hydrogen 
could have survived the earlier hotter evolution phases, while in the 
outer portions of the degenerate structure hydrogen burning would lead 
to secular instability. Might there be a way out by placing the hydrogen 
burning in the very outermost layers, which are not degenerate? 

Pulsational Instability Caused by Nuclear Reactions 

Hydrogen burning in the non-degenerate layers would probably not lead 
to the danger of secular instability because under non-degenerate condi¬ 
tions an increase in the temperature causes an increase in the pressure, 
so that any accidental heating would right away be compensated by a 
cooling expansion. Another instability, however, does threaten—pulsa¬ 
tional instability. 

We may consider any star as an elastic system in equilibrium. Such a 
system is capable of a large variety of elastic oscillationsi The simplest 
such oscillations for a star are radial pulsations. In general such pulsa¬ 
tions will be highly damped. One damping mechanism is heat leakage, 
which tends to cause a loss of energy for stellar pulsations just as it 
causes an energy loss for ordinary acoustic oscillations. Another damp¬ 
ing mechanism consists of direct loss of pulsational energy through the 
atmosphere of the star if in the atmosphere the pulsation has the char¬ 
acter of outgoing progressive waves. 

If there exists under special circumstances an energizing mechanism 
for the pulsations which is stronger than the damping mechanisms, the 
pulsations will not be damped and pulsational instability will occur. 
Much effort has been directed towards finding an energizing mechanism 
which could explain the observed pulsations of cepheids and other vari¬ 
ables—without any success. The only case thus far in which pulsa¬ 
tional instability has been found applies to a model for white dwarfs 
with nuclear energy generation in t- e non-degenerate outer layers—while 
observations do not give any indication of pulsations for white dwarfs. 
In this special case the unwanted energizing mechanism works as follows. 

During a pulsation cycle at the phase of highest compression the tem¬ 
perature will be above normal and in consequence the nuclear processes 
will exceed their average rate. This excess in the energy liberation will 
cause a slight extra increase of the temperature. This will produce for 
the subsequent expansion phases a slight pressure excess and hence a 
small extra acceleration outwards. Accordingly the outward pulsational 
motion will reach to a somewhat increased expansion amplitude. Similarly, 
at the phase of greatest expansion the temperature, and hence the nuclear 
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rate of energy liberation, will be below average. The deficiency in the 
energy production will cause a slight deficiency in the temperature and 
hence in the pressure during the subsequent contraction phases. Thus 
there will be a deficient pressure compensation of the gravitational ac¬ 
celeration inwards and the pulsational motion will swing to a higher con¬ 
traction amplitude. Altogether we see that the variation of the nuclear 
energy liberation in this way automatically feeds energy into the pulsa¬ 
tion in the expansion phase as well as in the contraction phase. 

This energizing mechanism for pulsations exists in all stars which 
contain nuclear energy sources. Normally, however, it is very ineffec¬ 
tive, for the following reason. The pulsational amplitude—in particular 
the amplitude of the temperature variation—is found to be strongly de¬ 
pendent on the distance from the center of the star, in the sense that it 
is much larger in the outermost layers than in the deep interior. In con¬ 
sequence the damping mechanisms are most active in the outer layers, 
while in all the models we have discussed in the preceeding chapters the 
nuclear energy sources which could provide the energizing mechanism are 
located fairly deep in the interior. With respect to the pulsations, any 
interior nuclear reaction operates therefore at a highly disadvantageous 
location. In fact no case has been found in which an interior nuclear re¬ 
action can provide an energizing mechanism sufficiently strong to ovei^ 
come the damping mechanisms. 

In the special case, however, of a white dwarf with nuclear energy 
sources in the non-degenerate outer layers, the nuclear reactions are ex¬ 
ceptionally favorably located for energizing the pulsations. In fact the 
analysis of this situation indicates that the energizing mechanism would 
be stronger than the damping mechanisms, that is that pulsational in¬ 
stability would occur, and that therefore even a nuclear energy source in 
the non-degenerate outer layers does not lead to a stable model for the 
white dwarfs. 

The detailed quantitative analysis of the instabilities which we have 
just discussed in a qualitative manner is complicated and has not as yet 
led to entirely certain results. Nevertheless we may summarize the dis¬ 
cussion by inferring that the luminosity of white dwarfs probably does not 
stem from the burning of a residual of nuclear fuel. 

Residual Thermal Energy and Cooling Time 

What other source for the luminosity of a white dwarf is available? The 
gravitational energy, though large, is not available; after a star has con¬ 
tracted so far that its radius has practically reached the value prescribed 
by the mass-radius relation of completely degenerate models, no further 
contraction is possible and hence no further release of gravitational 
energy can occur. Similarly, the kinetic energy of the electrons is not 
available; when a white dwarf has reached an essentially completely de¬ 
generate state the energy of the electrons cannot be any further reduced 
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because the exclusion principle prohibits any additional crowding into 
low-energy states. There remains the thermal energy of the non-degenerate 
nuclei. 

The total thermal energy of the nuclei in a white dwarf must be of the 
same order of magnitude as the thermal energy of the sun since the masses 
and the temperatures are comparable. For the sun we have seen in §5 
that the thermal energy could account for the solar luminosity for about 
30 million years. Accordingly for a white dwarf, with a luminosity smaller 
than that of the sun by two or more powers of ten, the available thermal 
energy should be an entirely adequate source. Let us investigate this 
possibility in woirewhat more detail. 

If the thermal energy of the nuclei is the only source within a white 
dwarf, then the rate of loss of this energy is given directly by the lumi¬ 
nosity. Thus we have 

L = - i-i- (27.11) 

dr V2 Ma « / 


Here the molecular weight of the nuclei is defined by Fq.(8.9) and 
has the value 4.44 for the composition listed in (27.4). Now the lumi¬ 
nosity of a typical white dwarf is related to the internal temperature by 
Eq.(27.5). If we use this equation to eliminate the luminosity from 
Eq.(27.11) we obtain a differential equation for the internal temperature 
as a function of time. If we integrate this differential equation we obtain 
for the cooling time 


T 


cooling 


1 3 

2.0 X 10^ 2 


kU 




(2.5L). 

(27.12) 


Here we have set the integration constant equal to zero. Strictly speak¬ 
ing, this choice corresponds to counting the cooling time from the moment 
when the temperature was infinite. Practically, however, we are counting 
in this way only the interval in which the temperature drops from, say, 
twice its present value down to its present value since the earlier in¬ 
terval during which the temperature may have dropped from very high 
values to twice the present value is very short. We may therefore con¬ 
sider the cooling time given by Eq.(27.12) as representing the time taken 
by a white dwarf to reach its present state since its last burning of nu¬ 
clear fuel. 

If we apply Eq.(27.12) to white dwarfs with mass and composition fixed 
by (27.4) and with luminosities and temperatures as listed in the two 
first columns of Table 27.1, we obtain the cooling times listed in the last 
column of this table. We see that the cooling times which we have de¬ 
rived in this manner are of just the right order of magnitude. The cooling 
times are sufficiently short so that many stars have had time enough to 
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reach those values of the internal temperature which, according to 
Eq.(27.3), give the observed low luminosities of white dwarfs. At the 
same time, the cooling times are sufficiently long so that a cooling star 
will not become unobservably faint too quickly. 

It thus appears probable that the only source for the luminosity of the 
white dwarfs is the remaining thermal energy. Accordingly, they have 
reached a state in which no further changes will occur except for a slow 
and steady decrease of the internal temperature and the luminosity— 
truly the final state of stellar evolution. 




CHAPTER VIII 

SUMMARY AND REVIEW 


28, Physical State of the Stellar Interior 

In the preceding four chapters we have constructed laboriously and in 
detail models for a variety of stars in various evolutionary phases, from 
their initial states to their final ones. The models are based on the 
stellar masses and initial compositions for which we have assembled the 
observational data in Chapter I. On the basis of these fundamental data 
the models we have constructed follow directly from the physical laws 
discussed in Chapter II. Our aim for this section is to review the main 
physical results that can be deduced from all this model construction 
work. 

An over-all consequence of the investigations described in the preced¬ 
ing chapters is that we can now identify the various observed types of 
stars with the main evolutionary phases of a star’s life. These identifi¬ 
cations, which now seem fairly certain, go as follows. The initial main 
sequence, deduced from the observations of stellar clusters, represents 
that state of stars in which the nuclear hydrogen burning just commences 
its role as the major energy source. The contraction phase which pre¬ 
cedes the main sequence phase and lasts only a very short time for each 
star must be represented by a very small percentage of the red dwarfs; a 
definite identification of this contraction phase has been made thus far 
only in some very young galactic clusters. The main sequence of the 
nearby stars is made up of a mixture of stars, partly still in the initial 
state and partly in early evolutionary phases in which the nuclear proc¬ 
esses have begun the depletion of the hydrogen in the core. The sub¬ 
dwarfs of Population II (at least those among them which do not lie too 
far below the ordinary main sequence in the Hertzsprung-Russell dia¬ 
gram) appear to correspond to exactly the same evolutionary states as 
the ordinary main-sequence stars of Population I, and differ from the 
latter only because of the difference in initial composition between the 
stellar populations. 

The more advanced evolutionary phases, in which the core of the star 
is exhausted of hydrogen and the nuclear burning occurs in a shell sur¬ 
rounding the core, can be identified with the subgiants and the red gi¬ 
ants; during these phases the star moves towards the right in the 
Hertzsprung-Russell diagram, further and further away from the main 
sequence. The most advanced phases of stellar evolution, which follow 
the state when helium burning commences at the center, cannot yet be 
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identified securely since we have thus far not succeeded in constructing 
the appropriate models. It seems highly likely, however, that among the 
stars in these late, bright and fast evolutionary phases must belong the 
stars occupying the horizontal branch in the Hertzsprung-Russell diagram 
of the globular clusters, all the pulsating stars, the carbon and S stars, 
many of the supergiants, the novae, and probably the supemovae. Fi¬ 
nally, in spite of this gap in our model construction we may be sure that 
the end state of stellar evolution is represented by the white dwarfs, in 
which the nuclear energy appears to be practically exhausted and only 
the remaining thermal energy feeds the fading luminosity. 

From this qualitative identification of observed types of stars with 
phases of stellar evolution let us turn now to more quantitative results. 
Data on the physical state and the internal structure are given in de¬ 
tailed numerical form in Tables 28,1 to 28,8 for a number of stars in 
various evolutionary phases. These data will form the basis of the 
following discussion. 

Temperatures and Densities 

An over-all view of the temperatures and densities occurring in typical 
stars is given by Fig. 28.1. This graph gives the temperature-density 
relation for four representative stars: two main-sequence stars (the sun 
and a B1 star of 10 solar masses), a red giant (1,3 solar masses) and a 
white dwarf (0,89 solar masses). Each star is represented by a solid 
curve. The dot at the upper end of the curve corresponds to the center 
of the star and the dot at the lower end approximately to its photosphere. 
The four intermediate dots on each curve divide the star into five shells 
of equal mass. 

The complicated form at the bottom of the curves for the sun and for 
the red giant is a consequence of the hydrogen ionization zone which we 
have discussed in §11. The crosses on these two curves indicate the 
transition from the convective envelope to the radiative interior. The 
curves for the red giant and for the white dwarf each have a horizontal 
top portion which indicates an isothermal interior; the isothermal condi¬ 
tion in the white dwarf is caused by the high electron conduction in the 
degenerate state, which does not permit appreciable temperature gradi¬ 
ents; the isothermal condition in the red giant arises because with the 
hydrogen of the core exhausted there exists no energy flow which could 
cause a temperature gradient. 

Comparison of the curves for the sun and for the B1 star in Fig. 28.1 
shows that the upper main-sequence stars have higher temperatures and 
somewhat lower densities than the lower main-sequence stars. Compar¬ 
ison of the curve for the sun, representing an early evolutionary phase, 
with that for the red giant, representing an advanced evolutionary phase, 
indicates that as the evolution progresses the internal temperature tends 
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Fig. 28.1. Temperature-density diagram for four representative stars. Each 
line representing a star starts at the right with a point for the center and ends at 
the left with a point for the photosphere. The four intermediate points divide 
the star into five shells of equal mass. The dashed lines represent transitions 
in the equation of stale. The dotted line separates the hot region in which 
electron scattering provides the main opacity, from the cooler region in which 
Kramers* opacity (bound-free and free-free transitions) dominates. 

to increase and that the density of the core will increase by a large 
factor during these evolutionary phases. 

If you ignore the outermost 20 percent of the mass of any star, that is 
the interval between the lowest two points on each curve in Fig. 28,1, 
and if you furthermore ignore the entire convective envelope of the red 
giant, then you find that the internal temperatures of the four representa¬ 
tive stars shown in this figure range from about 4 million degrees to 40 
million degrees. This is the main temperature range for the stellar inte¬ 
rior. But both higher and lower temperatures may be encountered. Higher 
temperatures may nearly certainly be expected in the most advanced 
evolutionary phases, in which helium is transmuted into heavier ele¬ 
ments. On the other hand, lower temperatures are found in the massive 
envelopes of red giants and may be expected even in the cores in three 
types of stars': stars in the early part of the pre-main-sequence contrac¬ 
tion, the faintest main-sequence dwarfs, and old, faint, white dwarfs. 
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Detailed models do not yet exist, however, for either the especially hot 
or the especially cold stars. 

The values of temperature and density in the stellar interior, as shown 
by Fig. 28.1, uniquely govern the equation of state, the atomic processes 
which provide the opacity, and the nuclear processes which provide the 
energy sources within a star. The results for these three gas character¬ 
istics run as follows. 

Equation of State and Opacity 

One of the dashed lines in Fig. 28.1 represents the degeneracy limit. 
Another represents the states in which the radiation pressure equals the 
gas pressure. These two lines (copied from Fig. 8.1) divide the tempera¬ 
ture-density diagram into three parts, a diagonal middle strip in which 
the equation of state of an ideal gas holds, an upper left-hand corner in 
which radiation pressure dominates, and a right-hand portion in which 
the free electrons are in a degenerate state. 

We see from Fig. 28.1 that most of the curves representing our sample 
stars fall in the middle strip, where the ideal gas law holds. Radiation 
pressure is important only in the interior of the most luminous main- 
sequence stars. Degeneracy rules in the white dwarfs, but occurs also 
in the cores of stars in advanced evolutionary phases, such as the red 
giants. 

For the opacity we have to consider another limit which is represented 
in Fig. 28.1 by the dotted line (copied from Fig. 9.1). This limit sepa- 
rates the region in the temperature-density diagram where electron scat¬ 
tering dominates from that in which Kramers’ opacity law holds. Here we 
take Kramers’ law to represent the bound-free transitions of the heavier 
elements as well as the free-free transitions of hydrogen and helium; the 
former are more important in Population I stars and the latter in Popula¬ 
tion II stars where the abundance of the heavier elements is low. 

For the opacity we have to consider also the degeneracy limit, since 
in the degenerate state electron conduction rather than radiative transfer 
is the main energy-transporting mechanism. Thus we again have the 
temperature-density diagram divided into three parts, the upper left-hand 
part with electron scattering, a central portion with Kramers opacity and 
a right-hand part with electron conduction. 

Fig. 28.1 indicates that Kramers’ opacity is dominant in the outer 
portions of all our representative stars as well as throughout the interior 
of lower main-sequence stars such as the sun. In the interior of upper 
main-sequence stars, however, electron scattering provides the main 
opacity, and the same is true in a zone surrounding the isothermal core 
in red giants. Finally, electron conduction is important wherever de¬ 
generacy occurs, in white dwarfs and in the central cores of red giants. 

The review of the equation of state and the opacity with the help of 
Fig. 28.1 emphasizes the variety of physical processes which have to 
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be taken into account when the equation of state and radiation transfer 
are to be applied to the stellar interior. This variety of physical proc¬ 
esses complicates the computations for the stellar interior. It does not, 
however, introduce any indefiniteness since at any point in the tempera¬ 
ture-density diagram relevant to the stellar interior the dominant physical 
processes are uniquely determined and can by now be computed with fair 
accuracy. 

Nuclear Energy Sources 

The energy radiated from the stars has its source nearly exclusively 
in nuclear transmutations. Exceptions to this rule are stars in their pre- 
main-sequence contraction and the white dwarfs. Stars in their early 
contraction phase have as their source the gravitational energy freed by 
the contraction; half of the gravitational energy is transformed into ther¬ 
mal energy while the other half is free for the radiation from the surface. 
On the other hand, the white dwarfs shine most probably from the re¬ 
mainder of the thermal energy of the nuclei in their interior (the kinetic 
energy of the free electrons is frozen by the degeneracy). These two 
exceptional types of stars—characterizing the very beginning and the 
very end of stellar life—provide only a minute fraction of the total energy 
radiated from stars. In all other types of stars gravitational and thermal 
energies play a minor role as energy sources compared with nuclear 
processes—though gravitational contraction appears to play a decisive 
role for the structural development during certain short phases of stellar 
evolution. 

Of all the nuclear processes which can provide energy sources two are 
overwhelmingly the most important: the transmuattion of hydrogen into 
helium and the transmutation of helium into heavier elements. The pre¬ 
dominance of these two processes arises from two factors, first the large 
mass defect of the proton and the alpha particle, and second the high 
abundance of hydrogen in the initial composition of stars. Of these two 
processes hydrogen burning provides a much bigger source than helium 
burning because the energy released from one gram of hydrogen is about 
ten times larger than that released from one gram of helium. 

Hydrogen burning appears to provide the energy source for all the 
main-sequence stars, the subdwarfs, the subgiants, and even most of the 
red giants. Hydrogen burning can proceed by two processes, the proton- 
proton reaction which is dominant at the lower temperatures in the fainter 
stars, and the carbon cycle which is dominant at the higher temperatures 
in the brighter stars. The sun happens to be near the dividing line of 
the two processes; the proton-proton reaction provides most of the solar 
energy but the carbon cycle appears to make a small contribution, too. 

Helium burning requires higher temperatures than hydrogen burning and 
therefore can occur only in the advanced evolutionary phases when a 
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star has exhausted the hydrogen in its core. Only one observed type of 
star has thus far been identified fairly certainly with a helium-burning 
phase, namely the top of the red-giant branch in globular clusters. It 
appears highly likely, however, that helium burning provides the main 
energy source in some, if not most, of the most advanced phases of 
stellar evolution that are as yet poorly identified. 

We have finished our review of the main physical processes character¬ 
istic of the gases in a star. What now is the resulting over-all structure 
of a star? 

Density Distribution 

The structure of a star may best be symbolized by its density distribu¬ 
tion throughout the interior from the center to the surface. Fig. 28.2 
gives the density distribution (normalized to 1 at the center) for four 
stars: three main sequence stars (of 10, 1.0, and 0.6 solar masses) and a 
white dwarf. The striking feature of this figure is the similarity in the 
density distributions of these four very different types of stars. Their 
internal structure differs little from that of the “standard model” of two 



Fig. 28.2. Density distributions in three main-sequence stars and a white 
dwarf (data from Tables 28.1, 28.3, 28.4, and 28.8). 
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decades ago. In fact, the ratio of central to mean density for the three 
main-sequence models runs from 20 to 60, as compared with 54 for the 
“standard model.’’ 

Does this similarity in internal structure hold for all stars? No, only 
for stars with homogeneous composition, not for inhomogeneous stars. 
The four stellar models represented in Fig, 28.2 are all homogeneous in 
composition, and it is this feature which makes their structure so simi¬ 
lar. But inhomogeneities in composition (such as those shown in Figs. 
22o2, 22.3, and 23.1) are an essential feature in stellar evolution. They 
are caused by the nuclear transmutation in the inner portions of a star. 
They appear soon after the initial main-sequence state, last through all 
the subgiant and giant phases, and disappear only when all the nuclear 
fuel is exhausted and the star settles into the white dwarf state. It is 
these inhomogeneous phases which the stellar models of two decades 
ago could not well represent. 

The density distribution in an inhomogeneous red giant, such as that 
represented in Table 28.7, cannot be shown in a graph like those of Fig. 
28.2; the density drops much too steeply in the core, reaching one per¬ 
cent of its central value at less than one thousandth of the radius. 
Clearly the density distribution in a red giant is very different from that 
in main-sequence stars. The ratio of central to mean density for the red 
giant of Table 28,7 is about two billion, i.e. eight orders of magnitude 
larger than for main-sequence stars. 



Fig. 28.3. Density distribution in a red giant (data from 
Table 28.7). 
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To give a picture of the denstiy distribution in a red giant, the loga- 
rithm of the density is plotted against the mass fraction in Fig. 28.3. 
This figure shows that the red giant consists of two sharply distinct 
parts, a degenerate helium core of high density and a convective hydro¬ 
gen envelope of low density. Between these two parts there occurs a 
radiative transition zone which covers only a minute fraction of the 
stellar mass, but contains in its middle the hydrogen-burning shell. 

While this internal structure which is characteristic for advanced 
phases of stellar evolution may look complicated, it is a straightforward 
consequence of the basic physical processes which govern stellar evo¬ 
lution. 






254 


TABLE 28.1 


Model for star of 10 solar masses in initial main-sequence state. 
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-0.212 

0.688 

0.818 

6.968 

3.931 

0.50 

0.867 

1.000 

14.780 

6.892 

-0.308 

0.699 

0.719 

7.437 

3.971 

0.52 

0.890 

1.000 

14.649 

6.860 

-0.406 

0.708 

0.629 

7.918 

4.006 

0.54 

0.910 

1.000 

14.515 

6.826 

-0.507 

0.719 

0.546 

8.416 

4.035 

0.56 

0.927 

1.000 

14.378 

6.793 

-0.610 

0.728 

0.472 

8.936 

4.060 

0.58 

0.941 

1.000 

14.239 

6.758 

-0.715 

0.740 

0.405 

9.484 

4.081 

0.60 

0.953 

1.000 

14.094 

6.723 

-0.825 

0.748 

0.344 

10.07 

4.100 

0.62 

0.963 

1.000 

13.946 

6.687 

-0.936 

0.759 

0.291 

10.69 

4.115 

0.64 

0.971 

1.000 

13.794 

6.650 

-1.052 

0.770 

0.243 

11.37 

4.127 

0.66 

0.978 

1.000 

13.639 

6.612 

-1.170 

0.781 

0.202 

12.11 

4.138 

0.68 

0.983 

1.000 

13.476 

6.573 

-1.294 

0.791 

0.165 

12.94 

4.147 

0.70 

0.988 

1.000 

13.307 

6.532 

-1.422 

0.804 

0.134 

13.86 

4.155 

0.72 

0.991 

1.000 

13.132 

6.490 

-1.555 

0.816 

0.107 

14.89 

4.161 

0.74 

0.994 

1.000 

12.948 

6.446 

-1.694 

0.830 

0.084 

16.07 

4.166 

0.76 

0.996 

1.000 

12.755 

6.400 

-1.842 

0.841 

0.065 

17.44 

4.171 

0.78 

0.997 

1.000 

12.549 

6.350 

-1.998 

0.860 

0.048 

19.06 

4.175 

0.80 

0.998 

1.000 

12.329 

6.298 

-2.166 

0.873 

0.035 

20.99 

4.178 

0.82 

0.999 

1.000 

12.092 

6.241 

-2.346 

0.893 

0.025 

23.34 

4.181 

0.84 

1.000 

1.000 

11.832 

6.179 

-2.544 

0.914 

0.017 

26.28 

4.184 

0.86 

1.000 

1.000 

11.546 

6.111 

-2.762 

0.937 

0.011 

30.04 

4.186 

0.88 

1.000 

1.000 

11.222 

6.033 

-3.009 

0.967 

0.007 

35.06 

4.189 

0.90 

1.000 

1.000 

10.850 

5.946 

-3.293 

0.993 

0.004 

42.00 

4.191 

0.92 

1.000 

1.000 

10.400 

5.837 

-3.636 

1.04 

0.002 

52.61 

4.192 

0.94 

1.000 

1.000 

9.834 

5.702 

-4.067 

1.11 

0.001 

70.18 

4.192 

0.96 

1.000 

1.000 

9.055 

5.516 

-4.661 

1.20 

0.000 

105.2 

4.192 

0.98 

1.000 

1.000 

7.746 

5.204 

-5.659 

1.38 

0.000 

210.9 

4.192 

1.00 

1.000 

1.000 

_ 

_ 


_ 

0.000 

oo 

4.192 
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TABLE 28.2 


Model for star of 2.5 solar masses in initial main*sequence state. 





II 

2.5, 

= 21.2, 

^=1.59. 




M 

L 








r/R 

r 

M 

T 

L 

log P 

log T 

logp 

K 

U 

V 

n+1 

0.00 

0.000 

0.000 

17.166 

7.297 

+ 1.684 

conv. 

3.000 

0.000 

2.500 

0.02 

0.000 

0.020 

17.161 

7.295 

1.681 

ff 

2.992 

0.022 

2.500 

0.04 

0.003 

0.122 

17.147 

7.289 

1.672 

f * 

2.969 

0.087 

2.500 

0.06 

0.011 

0.317 

17.123 

7.280 

1.658 

»» 

2.930 

0.195 

2.500 

0.08 

0.027 

0.551 

17.090 

7.267 

1.638 


2.876 

0.348 

2.500 

0.10 

0.050 

0.757 

17.048 

7.250 

1.613 

f f 

2.808 

0.547 

2.500 

0.12 

0.083 

0.887 

16.995 

7.229 

1.581 

tf 

2.724 

0.792 

2.500 

0.14 

0.125 

0.957 

16.933 

7.204 

1.544 

ft 

2.627 

1.087 

2.500 

0.16 

0.177 

1.000 

16.860 

7.172 

1.499 

0.955 

2.515 

1.433 

2.589 

0.18 

0.236 

1.000 

16.777 

7.142 

1.446 

1.03 

2.377 

1.823 

2.892 

0.20 

0.300 

1.000 

16.685 

7.112 

1.384 

1.10 

2.218 

2.243 

3.156 

0.22 

0.368 

1.000 

16.583 

7.080 

1.313 

1.18 

2.047 

2.685 

3.383 

0.24 

0.436 

1.000 

16.473 

7.049 

1.235 

1.25 

1.871 

3.139 

3.577 

0.26 

0.503 

1.000 

16.356 

7.017 

1.150 

1.33 

1.695 

3.598 

3.740 

0.28 

0.567 

1.000 

16.233 

6.984 

1.059 

1.42 

1.525 

4.056 

3.878 

0.30 

0.627 

1.000 

16.105 

6.952 

0.963 

1.49 

1.362 

4.507 

3.994 

0.32 

0.681 

1.000 

15.972 

6.919 

0.863 

1.58 

1.209 

4.951 

4.091 

0.34 

0.729 

1.000 

15.836 

6.886 

0.760 

1.66 

1.068 

5.385 

4.172 

0.36 

0.772 

1.000 

15.697 

6.853 

0.654 

1.75 

0.938 

5.811 

4.240 

0.38 

0.810 

1.000 

15.556 

6.820 

0.546 

1.83 

0.820 

6.230 

4.297 

0.40 

0.843 

1.000 

15.412 

6.787 

0.436 

1.92 

0.713 

6.645 

4.345 

0.42 

0.870 

1.000 

15.268 

6.754 

0.324 

2.01 

0.618 

7.055 

4.386 

0.44 

0.894 

1.000 

15.120 

6.720 

+0.210 

2.11 

0.533 

7.470 

4.420 

0.46 

0.914 

1.000 

14.972 

6.687 

+ 0.096 

2.20 

0.457 

7.888 

4.448 

0.48 

0.931 

1.000 

14.823 

6.654 

-0.020 

2.29 

0.391 

8.313 

4.472 

0.50 

0.944 

1.000 

14.672 

6.620 

-0.138 

2.39 

0.332 

8.754 

4.492 

0.52 

0.956 

1.000 

14.519 

6.586 

-0.257 

2.50 

0.281 

9.212 

4.508 

0.54 

0.965 

1.000 

14.364 

6.551 

-0.377 

2.63 

0.236 

9.693 

4.523 

0.56 

0.973 

1.000 

14.207 

6.517 

-0.500 

2.73 

0.197 

10.20 

4.534 

0.58 

0.979 

1.000 

14.048 

6.482 

-0.624 

2.85 

0.163 

10.74 

4.544 

0.60 

0.984 

1.000 

13.884 

6.446 

-0.751 

2.99 

0.134 

11.34 

4.553 

0.62 

0.988 

1.000 

13.719 

6.410 

-0.881 

3.12 

0.110 

11.98 

4.559 

0.64 

0.991 

1.000 

13.549 

6.372 

-1.014 

3.28 

0.089 

12.68 

4.565 

0.66 

0.993 

1.000 

13.376 

6.334 

-1.149 

3.45 

0.071 

13.45 

4.570 

0.68 

0.995 

1.000 

13.195 

6.295 

-1.290 

3.61 

0.056 

14.33 

4.574 

0.70 

0.996 

1.000 

13.009 

6.254 

-1.435 

3.81 

0.044 

15.31 

4.578 

0.72 

0.997 

1.000 

12.816 

6.212 

-1.586 

4.02 

0.033 

16.42 

4.581 

0.74 

0.998 

1.000 

12.613 

6.168 

-1.745 

4.24 

0.025 

17.68 

4.584 

0.76 

0.999 

1.000 

12.400 

6.121 

-1.912 

4.52 

0.019 

19.18 

4.586 

0.78 

0.999 

1.000 

12.173 

6.072 

-2.089 

4.80 

0.013 

20.93 

4.588 

0.80 

1.000 

1.000 

11.932 

6.019 

-2.278 

5.16 

0.009 

23.04 

4.590 

0.82 

1.000 

1.000 

11.672 

5.963 

-2.481 

5.53 

0.006 

25.60 

4.591 

0.84 

1.000 

1.000 

11.387 

5.901 

-2.704 

6.00 

0.004 

28.82 

4.593 

0.86 

1.000 

1.000 

11.073 

5.832 

-2.950 

6.60 

0.003 

32.94 

4.594 

0.88 

1.000 

1.000 

10.718 

5.755 

-3.228 

7.29 

0.001 

38.44 

4.596 

0.90 

1.000 

1.000 

10.310 

5.666 

-3.548 

8.22 

0.001 

46.04 

4.598 

0.92 

1.000 

1.000 

9.816 

5.559 

-3.934 

9.48 

0.000 

57.69 

4.598 

0.94 

1.000 

1.000 

9.196 

5.424 

-4.420 

11.38 

0.000 

76.93 

4.598 

0.96 

1.000 

1.000 

8.342 

5.238 

-5.089 

14.71 

0.000 

124.1 

4.598 

0.98 

1.000 

1.000 

6.908 

4.926 

-6.212 

22.69 

0.000 

225.3 

4.598 

1.00 

1.000 

1.000 

— 

— 

— 

— 

0.000 

oo 

4.598 
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TABLE 28.3. 


Model for star of one solar mass in initial main-sequence state (initial 
sun). 


M _ _L 

Mq Lq 


R 

0.578, — 
R0 


1 . 021 . 


r 

R 

Mr 

M 

L 

logP 

log T 

log p 

K 

U 

V 

n+ 1 

0.00 

0.000 

0.000 

17.130 

7.093 

+ 1.886 

1.42 

3.000 

0.000 

2.882 

0.02 

0.000 

0o004 

17.125 

7.091 

1.882 

1.43 

2.990 

0.025 

2.890 

0.04 

0.004 

0.034 

17.109 

7.086 

1.871 

1.47 

2.961 

0.099 

2.914 

0.06 

0.012 

0.103 

17.082 

7.076 

1.854 

1.54 

2.913 

0.222 

2.952 

0.08 

0.028 

0.212 

17.045 

7.064 

1.829 

1.63 

2.846 

0.392 

3.007 

0.10 

0.052 

0.348 

16.996 

7.048 

1.796 

1.75 

2.759 

0.608 

3.078 

0.12 

0.085 

0.492 

16.938 

7.030 

1.757 

1.89 

2.656 

0.867 

3.163 

0.14 

0.126 

0.628 

16.871 

7.009 

1.711 

2.07 

2.538 

1.165 

3.261 

0.16 

0.176 

0.742 

16.795 

6.986 

1.657 

2.27 

2.407 

1.495 

3.371 

0.18 

0.232 

0.830 

16.709 

6.960 

1.597 

2.52 

2.265 

1.855 

3.490 

0.20 

0.292 

0.893 

16.616 

6.934 

1.530 

2.77 

2.114 

2.233 

3.613 

0.22 

0,354 

0.936 

16.516 

6.907 

1.457 

3.04 

1.957 

2.626 

3.735 

0.24 

0.417 

0.962 

16.409 

6.879 

1.378 

3.32 

1.801 

3.024 

3.854 

0.26 

0.479 

0.978 

16.296 

6.850 

1.294 

3.63 

1.646 

3.425 

3.966 

0.28 

0.539 

0.988 

16.180 

6.821 

1.207 

3.95 

1.495 

3.820 

4.067 

0.30 

0.594 

0.994 

16.060 

6.792 

1.116 

4.26 

1.353 

4.206 

4.158 

0.32 

0.646 

0.997 

15.937 

6.763 

1.022 

4.57 

1.217 

4.584 

4.239 

0.34 

0.692 

0.998 

15.812 

6.733 

0.926 

4.94 

1.091 

4.950 

4,308 

0.36 

0.734 

0.999 

15.684 

6.704 

0.829 

5.27 

0.975 

5.306 

4.369 

0.38 

0.772 

1.000 

15.556 

6.675 

0.729 

5.60 

0.868 

5.651 

4.421 

0.40 

0.805 

1.000 

15.426 

6.646 

0.628 

5.94 

0.770 

5.987 

4.466 

0.42 

0.834 

1.000 

15.296 

6.617 

0.528 

6.32 

0.681 

6.315 

4.504 

0.44 

0.859 

1.000 

15.165 

6.588 

0.425 

6.68 

0.601 

6.640 

4.536 

0.46 

0.881 

1.000 

15.034 

6.559 

0.323 

7.08 

0.529 

6.960 

4.564 

0.48 

0.900 

1.000 

14.903 

6.530 

0.221 

7.50 

0.465 

7.277 

4.588 

0.50 

0.916 

1.000 

14.770 

6.501 

0.117 

7.92 

0.407 

7.598 

4.609 

0.52 

0.930 

1.000 

14.638 

6.473 

+ 0.014 

8.30 

0.355 

7.920 

4.625 

0.54 

0.942 

1.000 

14.506 

6.444 

“•0.090 

8.77 

0.309 

8.248 

4.640 

0.56 

0.952 

l.OOO 

14.373 

6.416 

-0.195 

9.16 

0.268 

8.585 

4.652 

0.58 

0.960 

1.000 

14.240 

6.387 

-0.299 

9.67 

0.233 

8.931 

4.663 

0.60 

0.967 

1.000 

14.105 

6.358 

-0.405 

10.18 

0.200 

9.293 

4.671 

0.62 

0.973 

1.000 

13.970 

6.329 

-0.511 

10.71 

0.172 

9.670 

4.678 

0.64 

0.978 

1.000 

13.834 

6.300 

-0.618 

11.24 

0.147 

10.06 

4.684 

0.66 

0.982 

1.000 

13.697 

6.271 

-0.726 

11.79 

0.126 

10.49 

4.688 

0.68 

0.985 

1.000 

13.558 

6.241 

-0.835 

12.43 

0.106 

10.94 

4.689 

0.70 

0.988 

1.000 

13.417 

6.211 

-0.946 

13.07 

0.090 

11.41 

4.689 

0.72 

0.990 

1.000 

13.275 

6.181 

-1.058 

13.72 

0.075 

11.93 

4.685 

0.74 

0.992 

1.000 

13.130 

6.150 

-1.172 

14.47 

0.063 

12.49 

4.673 

0.76 

0.994 

1.000 

12.982 

6.118 

-1.288 

15.32 

0.052 

13.10 

4.650 

0.78 

0.995 

1,000 

12.830 

6.085 

-1.407 

16.28 

0.042 

13.79 

4.604 

0.80 

0.996 

1.000 

12.674 

6.051 

-1.529 

17.34 

0.035 

14.51 

4.521 

0.82 

0.997 

1.000 

12.514 

6.015 

-1.653 

18.71 

0.028 

15.45 

4.339 

0.84 

0.998 

1.000 

12.346 

5.975 

-1.781 

20.70 

0.022 

16.55 

3.983 

0.86 

0.998 

1.000 

12.170 

5.927 

-1.908 

24.48 

0.018 

18.07 

3.232 

0.88 

0.999 

1.000 

11.979 

5.856 

-2.029 

Conv, 

0.015 

20.83 

2.500 

0.90 

0.999 

1,000 

11.758 

5.767 

-2.161 

♦ * 

0.012 

24.97 

2.500 

0.92 

1.000 

1.000 

11.490 

5.660 

-2.322 


0.009 

31.26 

2.500 

0.94 

1.000 

1.000 

11.156 

5.526 

-2.522 

>» 

0.005 

41.60 

2,500 

0.96 

1.000 

1.000 

10.691 

5.340 

-2.801 

»» 

0.003 

62.33 

2.500 

0.98 

1.000 

1.000 

9.922 

5.031 

-3.261 

»» 

0.000 

125.0 

2.500 

1.00 

1.000 

1.000 

— 

— 

— 

f * 

0.000 

oo 

2.500 
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Model for star of 0.6 solar masses in initial main-sequence state (Castor C). 


^ = 0.603, = 0.565, = 0.644 

Mq ^0 




R 

M 

L 

log P 

log T 

logp 

H 

u 

V 

71+1 

0.00 

0.000 

0.000 

16.871 

6.906 

+1.813 

2.63 

3.000 

0.000 

3.140 

0.02 

0.000 

0.002 

16.869 

6.905 

+1.812 

2.65 

2.994 

0.013 

3.145 

0.04 

OeOOl 

0.012 

16.860 

6.902 

+1.806 

2.69 

2.979 

0.051 

3.157 

0.06 

0.004 

0.040 

16.846 

6.898 

+1.796 

2.75 

2.953 

0.114 

3.180 

0.08 

0.010 

0.086 

16.827 

6.892 

+1.783 

2.84 

2.917 

0.202 

3.212 

0.10 

0.019 

0.153 

16.802 

6.884 

+ 1.766 

2.97 

2.870 

0.314 

3.252 

ai2 

0.033 

0.237 

16.772 

6.875 

+ 1.745 

3.12 

2.815 

0.450 

3.300 

0.14 

0.051 

0.332 

16.737 

6.865 

+1.721 

3.29 

2.750 

0.607 

3.358 

0.16 

0.071 

0.433 

16.697 

6.853 

+1.693 

3.51 

2.676 

0.784 

3.424 

0.18 

0.097 

0.531 

16.652 

6.840 

+ 1.661 

3.75 

2.595 

0.980 

3.498 

a20 

0.127 

0.623 

16.603 

6.826 

+ 1.625 

4.03 

2.507 

1.191 

3.579 

0.22 

0.161 

0.704 

16.549 

6.811 

+1.586 

4.35 

2.413 

1.418 

3.666 

0.24 

0.197 

0.773 

16.491 

6.795 

+1.544 

4.71 

2.313 

1.654 

3.758 

a26 

0.236 

0.830 

16.429 

6.779 

+ 1.498 

5.09 

2.210 

1.900 

3.852 

0.28 

0.277 

0.876 

16.364 

6.762 

+ 1.450 

5.52 

2.104 

2.151 

3.948 

a30 

0.319 

0.910 

16.296 

6.745 

+1.399 

5.97 

1.997 

2.405 

4.043 

0.32 

0.362 

0.936 

16.225 

6.728 

+1.345 

6.43 

1.890 

2.660 

4.138 

a34 

0.405 

0.955 

16.152 

6.711 

+ 1.289 

6.92 

1.784 

2.913 

4.227 

0.36 

0.447 

0.969 

16.076 

6.693 

+1.231 

7.48 

1.679 

3.163 

4.310 

a38 

0.488 

0.979 

15.999 

6.675 

+ 1.172 

8.08 

1.577 

3.409 

4.381 

0.40 

0.528 

0.986 

15.920 

6.657 

+ 1.111 

8.71 

1.478 

3.649 

4.450 

0.42 

0.566 

0.991 

15.841 

6.640 

+ 1.050 

9.31 

1.385 

3.880 

4.512 

0.44 

0.603 

0.994 

15.760 

6.622 

+0.986 

10.00 

1.293 

4.109 

4.559 

a46 

0.637 

0.996 

15.678 

6.604 

+0.922 

10.74 

1.208 

4.328 

4.590 

a48 

0.669 

0.998 

15.597 

6.586 

+0.859 

11.55 

1.127 

4.540 

4.605 

0.50 

0.700 

0.999 

15.515 

6.568 

+ 0.794 

12.39 

1.049 

4.749 

4.598 

0.52 

0.728 

1.000 

15.432 

6.550 

+0.730 

13.30 

0.978 

4.953 

4.561 

0.54 

0.755 

1.000 

15.349 

6.532 

+0.665 

14.27 

0.911 

5.155 

4.491 

0.56 

0.779 

1.000 

15.266 

6.513 

+0.601 

15.45 

0.849 

5.358 

4.375 

0.58 

0.802 

1.000 

15.183 

6.494 

+0.537 

16.73 

0.791 

5.568 

4.198 

0.60 

0.823 

1.000 

15.100 

6.473 

+ 0.474 

18.43 

0.737 

5.792 

3.940 

0.62 

0.843 

1.000 

15.015 

6.451 

+0.412 

20.48 

0.689 

6.039 

3.577 

0.64 

0.861 

1.000 

14.930 

6.426 

+ 0.353 

23.41 

0.648 

6.340 

3.058 

a66 

0.877 

1.000 

14.841 

6.393 

+ 0.297 

conv. 

0.613 

6.756 

2.500 

0.68 

0.893 

1.000 

14.750 

6.356 

+ 0.242 

t» 

a581 

7.260 

2.500 

a70 

0.908 

1.000 

14.655 

6.318 

+0.185 

ft 

0.547 

7.822 

2.500 

a72 

0.921 

1.000 

14.556 

6.279 

+ 0.126 

99 

0.511 

8.460 

2.500 

a74 

0.934 

1.000 

14.451 

6.237 

+0.063 

99 

0.473 

9.188 

2.500 

a76 

0.945 

1.000 

14.340 

6.192 

-0.004 


0.434 

10.03 

2.500 

0.78 

0.955 

1.000 

14.221 

6.145 

-0.076 

99 

0.394 

11.02 

2.500 

0.80 

0.964 

1.000 

15.093 

6.094 

-0.152 

99 

0.353 

12.20 

2.500 

a82 

0.972 

1.000 

13.956 

6.038 

-0.235 


0.312 

13.63 

2.500 

a84 

0.979 

1.000 

13.804 

5.978 

-0.326 


0.270 

15.41 

2.500 

a86 

0.985 

1.000 

13.636 

5.910 

-0.427 

99 

0.228 

17.67 

2.500 

0.88 

0.990 

1.000 

13.445 

5.834 

-0.541 


0.187 

20.69 

2.500 

0.90 

0.993 

1.000 

13.225 

5.746 

-0.673 

99 

0.147 

24.87 

2.500 

0.92 

0.996 

1.000 

12.958 

5.640 

-0.833 


0.108 

31.18 

2.500 

0.94 

0.998 

1.000 

12.625 

5.506 

-1.033 

99 

0.073 

41.55 

2.500 

0.96 

0.999 

1.000 

12.160 

5.320 

-1.312 

99 

0.041 

62.30 

2.500 

0.98 

1.000 

1.000 

11.387 

5.011 

-1.776 

99 

0.015 

125.0 

2.500 

1.00 

1.000 

1.000 



— 

99 

0.000 

ao 

2.500 
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TABLE 28.5 

Model for star of lO solar masses in evolutionary phase when hydrogen 
content at center is reduced to 6 percent. 





© 

II 

Hi, 

p 

^ = 5220, 4 = 
M© R® 

= 6.09. 




t/R 


L 

X 

log? 

log T 

logp 

H 

U 

V 

n + 1 

0.00 

0.000 

0.000 

0.061 

16.844 

7.545 

+1.075 

conv. 

3.000 

0.000 

2.500 

0.02 

0.001 

0.131 

0.061 

16.824 

7.537 

+1.063 

i< 

2.967 

0.092 

2.500 

0.04 

0.011 

0.582 

0.061 

16.764 

7.513 

+1.027 

II 

2.869 

0.371 

2.500 

0.06 

0.035 

0.974 

0.061 

16.662 

7.473 

+0.966 

II 

2.707 

0.844 

2.500 

0.08 

0.075 

1.000 

0.081 

16.506 

7.415 

+0.868 

0.417 

2.419 

1.486 

2.520 

0.10 

0.119 

1.000 

0.325 

16.223 

7.357 

+0.648 

0.415 

1.799 

1.602 

2.680 

0.12 

0.160 

1.000 

0.531 

15.998 

7.310 

■H).475 

0.414 

1.566 

1.665 

2.724 

0.14 

0.202 

1.000 

0.720 

15.826 

7.268 

+0.347 

0.416 

1.444 

1.708 

2.716 

0.16 

0.244 

1.000 

0.893 

15.670 

7.231 

+0.231 

0.418 

1.368 

1.738 

2.665 

0.18 

0.288 

1.000 

0.900 

15.575 

7.196 

+0.172 

0.426 

1.443 

1.984 

2.788 

0.20 

0.336 

1.000 

0.900 

15.478 

7.162 

+0.111 

0.434 

1.473 

2.260 

2.917 

0.22 

0.387 

1.000 

0.900 

15.379 

7.129 

+0.046 

0.442 

1.467 

2.560 

3.045 

0.24 

0.439 

1.000 

0.900 

15.276 

7.096 

-0.022 

0.451 

1.433 

2.880 

3.168 

0.26 

0.491 

1.000 

0.900 

15.170 

7.063 

-0.095 

0.459 

1.378 

3.216 

3.284 

0.28 

0.543 

1.000 

0.900 

15.061 

7.030 

-0.171 

0.468 

1.309 

3.562 

3.390 

0.30 

0.593 

1.000 

0.900 

14.949 

6.998 

-0.249 

0.476 

1.230 

3.916 

3.486 

0.32 

0.640 

1.000 

0.900 

14.834 

6.965 

-0.331 

0.485 

1.145 

4.277 

3.572 

0.34 

0.684 

1.000 

0.900 

14.717 

6.933 

-0.416 

0.492 

1.058 

4.640 

3.649 

0.36 

0.725 

1.000 

0.900 

14.597 

6.900 

-0.503 

0.501 

0.970 

5.008 

3.717 

0.38 

0.763 

1.000 

0.900 

14.476 

6.868 

-0.592 

0.508 

0.884 

5.378 

3.777 

0.40 

0.796 

1.000 

0.900 

14.351 

6.835 

-0.683 

0.516 

0.800 

5.753 

3.830 

0.42 

0.826 

1.000 

0.900 

14.226 

6.802 

-0.776 

0.524 

0.721 

6.131 

3.876 

0.44 

0.853 

1.000 

0.900 

14.098 

6.770 

-0.871 

0.530 

0.645 

6.517 

3.917 

0.46 

0.876 

1.000 

0.900 

13.968 

6.737 

-0.968 

0.537 

0.574 

6.910 

3.952 

0.48 

0.897 

1.000 

0.900 

13.837 

6.704 

-1.066 

0.544 

0.509 

7.312 

3.983 

0.50 

0.914 

1.000 

0.900 

13.704 

6.670 

-1.166 

0.552 

0.448 

7.731 

4.009 

0.52 

0.929 

1.000 

0.900 

13.568 

6.636 

-1.267 

0.560 

0.392 

8.166 

4.032 

0.54 

0.942 

1.000 

0.900 

13.431 

6.602 

-1.371 

0.566 

0.341 

8.622 

4.052 

0.56 

0.953 

1.000 

0.900 

13.291 

6,568 

-1.477 

0.572 

0.295 

9.104 

4.069 

0.58 

0.962 

1.000 

0.900 

13.148 

6.533 

-1.584 

0.580 

0.254 

9.618 

4.083 

0.60 

0.970 

1.000 

0.900 

13.002 

6.497 

-1.695 

0.587 

0.216 

10.17 

4.096 

0.62 

0.977 

1.000 

0.900 

12.854 

6.461 

-1.807 

0.594 

0.183 

10.77 

4.106 

0.64 

0.982 

1.000 

0.900 

12.700 

6.424 

-1.923 

0.602 

0.153 

11.43 

4.116 

0.66 

0.986 

1.000 

0.900 

12.544 

6.386 

-2.042 

0.609 

0.127 

12.14 

4.123 

0.68 

0.989 

1.000 

0.900 

12.382 

6.346 

-2.164 

0.619 

0.104 

12.94 

4.130 

0.70 

0.992 

1.000 

0.900 

12.213 

6.306 

-2.292 

0.626 

0.085 

13.85 

4.136 

0.72 

0.994 

1.000 

0.900 

12.038 

6.263 

-2.425 

0.637 

0.068 

14.87 

4.141 

0.74 

0.996 

1.000 

0.900 

11.854 

6.219 

-2.565 

0.646 

0.053 

16.04 

4.145 

0.76 

0.997 

1.000 

0.900 

11.661 

6.172 

-2.712 

0.657 

0.041 

17.41 

4.149 

0.78 

0.998 

1.000 

0.900 

11.455 

6.123 

-2.868 

0.668 

0.031 

19.00 

4.153 

0.80 

0.999 

1.000 

0.900 

11.236 

6.070 

-3.034 

0.682 

0.023 

20.93 

4.156 

0.82 

0.999 

1.000 

0.900 

11.000 

6.013 

-3.214 

0.696 

0.016 

23.26 

4.159 

0.84 

1.000 

1.000 

0.900 

10.741 

5.951 

-3.411 

0.711 

0.011 

26.20 

4.161 

0.86 

1.000 

1.000 

0.900 

10.456 

5.883 

-3.629 

0.728 

0.007 

29.94 

4.165 

0.88 

1.000 

1.000 

0.900 

10.133 

5.805 

-3.875 

0.750 

0.004 

34.95 

4.168 

0.90 

1.000 

1.000 

0.900 

9.762 

5.716 

-4.157 

0.777 

0.003 

41.86 

4.171 

0.92 

1.000 

1.000 

0.900 

9.313 

5.609 

-4.499 

0.809 

0.001 

52.45 

4.172 

0.94 

1.000 

1.000 

0.900 

8.750 

5.474 

-4.928 

0.856 

0.000 

69.94 

4.172 

0.96 

1.000 

1.000 

0.900 

7.973 

5.287 

-5.520 

0.931 

0.000 

104.9 

4.172 

0.98 

1.000 

1.000 

0.900 

6.669 

4.975 

-6.513 

1.08 

0.000 

210.2 

4.172 

1.00 

1.000 

1.000 

0.900 

- 

— 

- 

- 

0.000 

oo 

4.172 
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TABLE 28.6 


Model for star of one solar mass in evolutionary phase when hydrogen content at 
center is reduced to 50 percent (present sun, improved model by R. Weymann, 
ApJ. 126, 208, 1957). 


^=1 

Me 





M 

L 









r/R 

r 

M 

r 

L 

X 

log P 

log T 

logp 

K 

U 

V 

n+1 

0.00 

0.000 

0.000 

0.494 

17.351 

7.165 

+ 2.128 

1.07 

3.000 

0.000 

3.264 

0.02 

0.001 

0.006 

0.498 

17.335 

7.162 

+ 2.113 

1.07 

2.976 

0.043 

3.281 

0.04 

0.006 

0.042 

0.520 

17.307 

7.154 

+ 2.084 

1.10 

2.903 

0.166 

3.284 

0.06 

0.018 

0.124 

0.545 

17.265 

7.141 

+ 2.046 

1.16 

2.802 

0.350 

3.312 

0.08 

0.040 

0.244 

0.571 

17.205 

7.123 

+ 1.995 

1.24 

2.680 

0.597 

3.350 

0.10 

0.073 

0.396 

0.611 

17.135 

7.102 

+ 1.932 

1.34 

2.534 

0.873 

3.401 

0.12 

0.113 

0.538 

0.643 

17.058 

7.080 

+ 1.867 

1.45 

2.398 

1.159 

3.448 

0.14 

0.162 

0.668 

0.670 

16.970 

7.054 

+ 1.796 

1.60 

2.257 

1.480 

3.513 

0.16 

0.217 

0.774 

0.694 

16.874 

7.027 

+ 1.721 

1.76 

2.115 

1.748 

3.592 

0.18 

0.276 

0.854 

0.714 

16.774 

7,000 

+ 1.642 

1.93 

1.973 

2.160 

3.681 

0.20 

0.337 

0.909 

0.723 

16.667 

6.971 

+ 1.561 

2.12 

1.838 

2.524 

3.776 

0.22 

0.399 

0.945 

0.728 

16.554 

6.942 

+ 1.476 

2.32 

1.702 

2.896 

3.875 

0.24 

0.460 

0.968 

0.733 

16.438 

6.912 

+ 1.389 

2.55 

1.565 

3.265 

3.972 

0.26 

0.519 

0.981 

0.737 

16.319 

6.882 

+ 1.298 

2.78 

1.431 

3.630 

4.064 

0.28 

0.574 

0.989 

0.741 

16.196 

6.852 

+ 1.205 

3.02 

1.303 

3.988 

4.149 

0.30 

0.626 

0.994 

0.744 

16.072 

6.823 

+ 1.109 

3.23 

1.180 

4.332 

4.226 

0.32 

0.672 

0.997 

0.744 

15.944 

6.793 

+ 1.011 

3.47 

1.066 

4.676 

4.293 

0.34 

0.716 

0.998 

0.744 

15.816 

6.763 

+0.913 

3.73 

0.959 

5.009 

4.353 

0.36 

0.753 

0.999 

0.744 

15.690 

6.734 

+ 0.816 

3.99 

0.862 

5.327 

4.403 

0.38 

0.788 

1.000 

0.744 

15.562 

6.705 

+ 0.717 

4.25 

0.771 

5.640 

4.449 

0.40 

0.818 

1.000 

0.744 

15.432 

6.676 

+ 0.616 

4.51 

0.687 

5.944 

4.488 

0.42 

0.844 

1.000 

0.744 

15.302 

6.648 

+ 0.514 

4.74 

0.613 

6.243 

4.520 

0.44 

0.867 

1.000 

0.744 

15.174 

6.619 

+ 0.415 

5.04 

0.543 

6.534 

4.549 

0.46 

0.887 

1.000 

0.744 

15.045 

6.591 

+ 0.314 

5.31 

0.482 

6.825 

4.573 

0.48 

0.904 

1.000 

0.744 

14.917 

6.563 

+ 0.214 

5.60 

0.426 

7.111 

4.595 

0.50 

0.919 

1.000 

0.744 

14.788 

6.535 

+ 0.113 

5.89 

0.375 

7.401 

4.613 

0.52 

0.932 

1.000 

0.744 

14.660 

6.507 

+ 0.013 

6.21 

0.330 

7.692 

4.628 

0.54 

0,943 

1.000 

0.744 

14.531 

6.480 

-0.089 

6.47 

0.290 

7.989 

4.641 

0.56 

0.953 

1.000 

0.744 

14.403 

6.452 

-0.189 

6.83 

0.254 

8.291 

4.653 

0.58 

0.961 

1.000 

0.744 

14.274 

6.424 

-0.290 

7.19 

0.222 

8,602 

4.662 

0.60 

0.967 

1.000 

0.744 

14.144 

6.397 

-0.393 

7.48 

0.193 

8.926 

4.669 

0.62 

0.973 

1.000 

0.744 

14.015 

6.369 

-0.494 

7.87 

0.167 

9.261 

4.675 

0.64 

0.979 

1.000 

0.744 

13.885 

6.341 

-0.596 

8.27 

0.145 

9.612 

4.679 

0.66 

0.982 

1.000 

0.744 

13.755 

6.313 

-0.698 

8.69 

0.125 

9.982 

4.679 

0.68 

0.985 

1.000 

0.744 

13.622 

6.285 

-0.803 

9.08 

0.107 

10.38 

4.676 

0.70 

0.988 

1.000 

0.744 

13.489 

6.256 

-0.907 

9.59 

0.092 

10.79 

4.667 

0.72 

0.989 

1.000 

0.744 

13.355 

6.228 

-1.013 

10.01 

0.078 

11.24 

4.648 

0.74 

0.992 

1.000 

0.744 

13.218 

6,198 

-1.120 

10.60 

0.066 

11.73 

4.611 

0.76 

0.994 

1.000 

0.744 

13.079 

6.168 

-1.229 

11.17 

0.056 

12.27 

4.547 

0.78 

0.995 

1.000 

0.744 

12.937 

6.136 

-1.339 

11.96 

0.047 

12.88 

4.427 

0.80 

0.996 

1.000 

0.744 

12.792 

6.103 

-1.451 

12.86 

0.039 

13.57 

4.199 

0.82 

0.997 

1.000 

0.744 

12.642 

6.065 

-1.563 

14.40 

0.032 

14.47 

3.790 

0.84 

0.998 

1.000 

0.744 

12.484 

6.017 

-1.673 

17.53 

0.027 

15.77 

2.905 

0.86 

0.998 

1.000 

0.744 

12.312 

5.947 

-1.775 

conv. 

0.023 

17.84 

2.500 

0.88 

0.999 

1.000 

0.744 

12.119 

5.870 

-1.891 

ff 

0.018 

20.83 

2.500 

0.90 

0.999 

1.000 

0.744 

11.898 

5.782 

-2.024 

ff 

0.015 

24.97 

2.500 

0.92 

1.000 

1.000 

0.744 

11.631 

5.675 

-2.184 

f > 

0.011 

31.25 

2.500 

0.94 

1.000 

1.000 

0.744 

11.297 

5.541 

-2.384 

ft 

0.006 

41.60 

2.500 

0.96 

1.000 

1.000 

0.744 

10.832 

5.355 

-2.663 

f t 

0.003 

62.33 

2.500 

0.98 

1.000 

1.000 

0.744 

10.063 

5.046 

-3.123 

ft 

0.000 

125.0 

2.500 

1.00 

1.000 

1.000 

0.744 

— 

— 

— 

ff 

0.000 

oo 

2.500 
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TABLE 28.7. 

Model for red giant of 1,3 solar masses in evolutionary phase when hy¬ 
drogen is exhausted in inner 26 percent of mass (improved model by 
Schwarzschild and Selberg, unpublished). 


M ^ L 

Af© L© 


226, 



r/R 

Mr/M 

Lr/L 

log P 

log T 

logp 


0.00000 

0.000 

0.00 

21.74 

7.60 

+5.54 

degen. 

0.00005 

0.001 

0.00 

21.74 

7.60 

+5.53 

M 

0.00010 

0.003 

0.00 

21.71 

7.60 

+5.52 

It 

0.00015 

0.007 

0.00 

21.68 

7.60 

+5.50 

M 

0.00020 

0.014 

0.00 

21.63 

7.60 

+5.46 

11 

0.00025 

0.025 

0.00 

21.56 

7.60 

+5.43 

II 

0.00030 

0.039 

0.00 

21.49 

7.60 

+5.38 

11 

0.00035 

0.057 

0.00 

21.40 

7.60 

+5.32 

II 

0.00040 

0.078 

0.00 

21.30 

7.60 

+5.26 

II 

0.00045 

0.101 

0.00 

21.18 

7.60 

+5.19 

II 

0.00050 

0.126 

0.00 

21.04 

7.60 

+5.10 

11 

0.00055 

0.150 

0.00 

20.90 

7.60 

+5.10 

It 

0.00060 

0.174 

0.00 

20.72 

7.60 

+4.90 

II 

0.00065 

0.195 

0.00 

20.53 

7.60 

+4.78 

II 

0.00070 

0.214 

0.00 

20.31 

7.60 

+4.64 

II 

0.00075 

0.229 

0.00 

20.07 

7.60 

+4.48 

II 

0.00080 

0.241 

0.00 

19.80 

7.60 

+4.29 

It 

0.00085 

0.249 

0.00 

19.45 

7.60 

+4.05 

1.10 

0.00090 

0.254 

0.00 

19.12 

7.60 

+3.73 

0.78 

0.00095 

0.257 

0.00 

18.79 

7.60 

+3.41 

0.45 


0.0010 

0.0011 

0.0012 

0.0013 

0.0014 




L60 

L60 

L60 

L58 

L56 


-1-3.21 

4-2.63 

-Hl.84 

-1-1.72 

-hl.61 


0.32 

0.23 

0.37 

0.37 

0.37 
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TABLE 28.7 (continued) 


r/R 

Mr/M 

Lr/L 

logP 

log T 

logp 

H 

0.0015 

0.260 

0.97 

17.24 

7.53 

+1.53 

0.37 

0.0020 

0.261 

1.00 

16.77 

7.41 

+1.16 

0.37 

0.0030 

0.262 

1.00 

16.10 

7.24 

+0.66 

0.38 

0.0040 

0.263 

1.00 

15.63 

7.13 

+0.32 

0.38 

0.0050 

0.263 

1.00 

15.23 

7.04 

+0.05 

0.38 

0.006 

0.263 

1.00 

15.00 

6.97 

-0.16 

0.38 

0.008 

0.264 

1.00 

14.56 

6.86 

-0.49 

0.38 

0.010 

0.265 

1.00 

14.24 

6.78 

-0.73 

0.39 

0.015 

0.266 

1.00 

13.68 

6.64 

-1.15 

0.39 

0.020 

0.267 

1.00 

13.31 

6.55 

-1.43 

0.39 

0.025 

0.269 

1.00 

13.04 

6.48 

-1.63 

0.40 

0.030 

0.270 

1.00 

12.83 

6.43 

-1.78 

0.40 

0.035 

0.271 

1.00 

12.67 

6.38 

-1.90 

0.40 

0.040 

0.272 

1.00 

12.53 

6.35 

-2.00 

0.41 

0.050 

0.275 

1.00 

12.32 

6.28 

-2.16 

0.41 

0.06 

0.278 

1.00 

12.12 

6.23 

-2.27 

0.42 

0.07 

0.281 

1.00 

12.02 

6.19 

-2.36 

0.43 

0.08 

0.285 

1.00 

11.90 

6.14 

-2.43 

conve 

0.09 

0.289 

1.00 

11.80 

6.10 

-2.49 

M 

0.10 

0.294 

1.00 

11.77 

6.07 

-2.54 

M 

0.15 

0.323 

1.00 

11.38 

5.94 

-2.74 

II 

0.20 

0.360 

1.00 

11.15 

5.84 

-2.88 

II 

0.25 

0.407 

1.00 

10.95 

5.76 

-3.00 

II 

0.30 

0.460 

1.00 

10.77 

5.69 

-3.11 

H 

a35 

0.518 

1.00 

10.60 

5.62 

-8.21 

11 

0.40 

0.580 

1.00 

10.43 

5.56 

-3.31 

II 

0.45 

0.642 

1.00 

10.27 

5.49 

-3.41 

M 

0.5 

0.704 

1.00 

10.10 

5.42 

-3.52 

II 

0.6 

0.817 

1.00 

9.72 

5.28 

-3.74 

It 

0.7 

0.908 

1.00 

9.29 

5.11 

-4.00 

It 

0.8 

0.969 

1.00 

8.72 

4.87 

-4.34 

tl 

0.9 

1.000 

1.00 

7.85 

4.52 

-4.87 

II 

1.0 

1.000 

1.00 


- 

- 

M 
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TABLE 28.8 


Model for white dwarf of 0.9 solar masses, (Chandrasekhar, Stellar 
Structuret p. 496.) 

M R 

— =0.886,^ =0.00924. 

^0 


r M 

r 


R 

M 

logP 

log p 

U 

V 

0.00 

0.000 

24.205 

7.196 

3.000 

0.000 

0.02 

0.000 

24.202 

7.194 

2.996 

0.008 

0.04 

0.001 

24.198 

7.191 

2.989 

0.029 

0.06 

0.002 

24.191 

7.186 

2.974 

0.064 

0.08 

0.005 

24.181 

7.179 

2.953 

0.113 

0.10 

0.010 

24.166 

7.169 

2.927 

0.176 

0.12 

0.016 

24.149 

7.157 

2.896 

0.252 

0.14 

0.025 

24.130 

7.144 

2.859 

0,342 

0.16 

0.037 

24.108 

7.128 

2.816 

0.444 

0.18 

0.051 

24.082 

7.110 

2.770 

0.557 

0.20 

0.069 

24.053 

7.090 

2.720 

0.683 

0.22 

0.089 

24.023 

7.069 

2.665 

0.821 

0.24 

0.112 

23.989 

7.046 

2.606 

0.970 

0.26 

0.137 

23.952 

7.020 

2.545 

1.129 

0.28 

0.166 

23.914 

6.994 

2.480 

1.298 

0.30 

0.196 

23.872 

6.965 

2.412 

1.477 

0.32 

0.229 

23.828 

6.935 

2.342 

1.667 

0.34 

0.263 

23.782 

6.903 

2.270 

1.866 

0.36 

0.299 

23.733 

6.870 

2.196 

2.075 

0.38 

0,336 

23.682 

6.835 

2.120 

2.294 

0.40 

0,373 

23.628 

6.798 

2.044 

2.522 

0.42 

0.412 

23.573 

6.761 

1.966 

2,761 

0.44 

0.450 

23.514 

6.721 

1.888 

3.011 

0.46 

0.489 

23.453 

6.680 

1.809 

3.273 

0.48 

0.527 

23.390 

6.638 

1.729 

3.546 

0.50 

0.565 

23.325 

6.594 

1.649 

3.834 

0.52 

0.601 

23.257 

6.549 

1.569 

4.137 

0.54 

0.637 

23.186 

6.502 

1.489 

4.456 

a 56 

0.672 

23.114 

6.454 

1.409 

4,795 

0.58 

0.705 

23.037 

6.403 

1.330 

5.155 

0.60 

0.736 

22.959 

6.352 

1.252 

5.541 

0.62 

0.766 

22.877 

6.298 

1.174 

5.955 

a 64 

0.794 

22.792 

6.243 

1.096 

6.404 

0.66 

0.820 

22.703 

6.185 

1.019 

6.893 

0.68 

0.845 

22.610 

6.125 

0.943 

7.430 

0.70 

0.860 

22.513 

6.063 

0.868 

8.027 

0.72 

0.888 

22.411 

5.998 

0.793 

8.6% 

0.74 

0.906 

22.303 

5.929 

0.720 

9.453 

0.76 

0.923 

22.189 

5.857 

0.648 

10.32 

0.78 

0.938 

22.067 

5.780 

0.577 

11.33 

0.80 

0.951 

21.937 

5.698 

0.509 

12.51 

0.82 

0.962 

21.797 

5.611 

0.442 

13.96 

0.84 

0.972 

21.641 

5.514 

0.376 

15.76 

0.86 

0.980 

21.467 

5.405 

0.313 

18.04 

a 88 

0.986 

21.273 

5.286 

0.253 

21.05 

0.90 

0.991 

21.047 

5.146 

0.1% 

25.28 

0.92 

0.995 

20.778 

4.982 

0.143 

31.56 

0.94 

0.998 

20.440 

4.776 

0.094 

42.02 

0.96 

0.999 

19.972 

4.492 

0.052 

62.87 

a 98 

1.000 

19.164 

4.020 

0.018 

125.5 

1.00 

1.000 

— 

— 

aooo 

oc 
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29. Evolutionary Tracks in the Bertzsprung-Russell Diagram 

The physical laws and equilibrium conditions which we have assem¬ 
bled in Chapter 11 determine uniquely the physical state and structure for 
a sftar of given mass and initial composition from phase to phase through¬ 
out the star’s evolution. Among the various physical characteristics of a 
star which are thus determined as functions of time there are two of 
special importance, the luminosity and the radius. Their special im¬ 
portance arises from the fact that—as we have seen in §1—they can be 
observed with good accuracy for many stars. 

Stellar luminosities and radii can be represented in the Hertzsprung- 
Russell diagram as shown in Fig. 1.5. Hence a given star must follow a 
uniquely determined track in the Hertzsprung-Russell diagram during its 
evolution. These evolutionary tracks have become the most powerful 
tool we have at present for checking the theory of stellar evolution with 
observed data. 

Let us then assemble and review the evolutionary tracks we have 
derived in the preceding chapters, first for massive stars, heavier than 
say two solar masses, and then for medium-weight stars, with masses 
between approximately one and two solar masses. We shall ingore here 
the small stars with masses less than one solar mass, since their evo¬ 
lution is so slow that none of them can have evolved noticeably beyond 
the initial main-sequence state during the lifetime of our galaxy. 

Evolutionary Tracks of Massive Stars 

In the Hertzsprung-Russell diagram of Fig. 29.1 the evolutionary tracks 
for three stars heavier than two solar masses are shown. With an eye on 
one of these tracks let us follow the major events in the life of such a 
star. 

The star makes its appearance in the observable part of the Hertzsprung- 
Russell diagram during its original contraction from the interstellar gas. 
It appears in the right-hand part of the diagram at a point corresponding 
to large radius and low surface temperature. As the contraction proceeds 
the star moves corresponding to decreasing radius. In the meantime the 
luminosity increases somewhat, because of a reduction in the internal 
opacity. When the central temperature, which is steadily growing during 
the contraction, becomes high enough for the nuclear hydrogen burning to 
reach a significant rate, the contraction slows down, the gravitational 
energy release is replaced by nuclear energy release, and the internal 
structure of the star undergoes a change which causes a slight but rather 
abrupt reduction in the luminosity. Now the star settles down in its 
initial main-sequence state. 

During the following phases evolution proceeds much more slowly than 
during the preceding contraction phases, owing to the large store of 
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Fig. 29.1. Evolution tracks in the Hertzsprung-Russell diagram (data taken 
from Figs. 19.1, 22.4, and 24.3). 


nuclear fuel. As a matter of fact, the star is most likely to spend the 
major part of its entire active life (excluding the final white-dwarf state) 
in the phases immediately following the initial main-sequence state. 
During these phases the hydrogen content in the core steadily diminishes, 
as shown in Figs. 22.2 and 22,3, while the hydrogen content of the outer 
parts of the star is unaffected by the nuclear processes. This growing 
inhomogeneity in composition produces a slow change in the structure of 
the star and causes the luminosity and the radius to increase somewhat. 
It is during these long phases of hydrogen burning in the core that the 
vast majority of the massive stars are observed. 

After the hydrogen content of the core has dropped to about one percent, 
the depletion of the fuel—now proceeding percentage-wise fairly fast— 
has to be compensated by an increase in temperature to keep the energy 
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production in balance with the luminosity. The required temperature 
increase is provided by a contraction of the whole star. Thus the evo¬ 
lutionary track in the Hertzsprung-Russell diagram takes a sudden turn 
to the left. This secondary contraction phase gets soon terminated when 
the hydrogen content of the core is exhausted and the hydrogen burning 
shifts outward into a shell surrounding the now inert core. 

The subsequent evolutionary phases have not yet been computed through 
in detail. But qualitative investigations suggest the following picture. 
While the hydrogen-burning shell steadily moves further out and the 
helium core continues to grow in mass, this core cannot settle down into 
an isothermal state since for a massive star an isothermal core cannot 
provide the necessary pressure to support the outer layers. In consequence 
the helium core must continue to contract until it reaches the temperature 
at which helium burning commences. The combination of a helium core 
heated first by contraction and later by helium burning, a hydrogen¬ 
burning shell, and a hydrogen-rich envelope produces a stellar structure 
very different from that of the main-sequence phases. In particular, it 
produces a rapidly expanding envelope so that the star on its track in the 
Hertzsprung-Russell diagram moves to the right, rapidly crossing the 
“Hertzsprung gap,” which separates the main-sequence stars from the 
red giants. 

The fate of a massive star during and after the red-giant phase is still 
quite unclear. One dominating question arises: does mass ejection play 
a decisive role in the red-giant phase? We shall return to this question 
after we have reviewed the evolution of less massive stars. 

Evolutionary Tracks of Medium-Weight Stars 

The Hertzsprung-Russell diagram of Fig. 29.1 shows the evolutionary 
track of one medium-weight star (1.2 solar masses). This track, just as 
those for the more massive stars, begins with the original contraction 
phase, which leads the star fast to its initial main-sequence state. The 
following phases are only roughly sketched in our figure. To start with 
they proceed in much the same way as the corresponding phases in the 
more massive stars; the burning in the core depletes the hydrogen content, 
as shown in Fig. 23.1, and eventually the hydrogen in the central region 
is exhausted, an inert helium core forms, and the hydrogen burning occurs 
further out in a shell surrounding the core. 

At this state a significant difference appears between the massive 
and the medium-weight stars. When the hydrogen is exhausted in the 
core, the central density in a medium-weight star is so high that the 
electron gas is degenerate there. With the higher degenerate pressure 
an isothermal core turns out to be capable of providing the necessary 
support for the outer parts of the star. In consequence the helium core of 
a medium-weight star will not immediately undergo a violent contraction. 
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and hence the commencement of helium burning will be postponed to a 
much later phase. 

Thus, after hydrogen exhaustion at the center, a medium-weight star 
will consist of a partially degenerate isothermal helium core which 
steadily grows in mass, a narrow hydrogen-burning shell which provides 
the entire energy, and an envelope with the original hydrogen-rich compo¬ 
sition. Such a structure—much like the corresponding structure of 
massive stars with non-degenerate but contracting cores—produces a 
steady increase in the extent of the envelope and thus leads the evo¬ 
lutionary track to the right. This envelope expansion is slowed down, 
however, by the appearance of a deep convection zone characteristic of 
stellar envelopes with low surface temperatures. 

As the helium core grows in mass and the envelope expands, the 
luminosity steadily increases, a consequence of the continuous increase 
of the average molecular weight for the star as a whole. Thus the evo¬ 
lutionary track in the Hertzsprung-Russell diagram will lead to the right 
and upwards, and the star will become successively a subgiant, a giant, 
and a supergiant. 

When the mass of the helium core has reached about forty percent of 
the total stellar mass, the luminosity has increased by about a factor of 
a thousand compared with the luminosity of the initial main-sequence 
state. This very high luminosity requires a very high rate of hydrogen 
transmutation, which in turn causes a rapid change in the structure of the 
star. These structural changes produce a compression of the core which 
steadily accelerates, so that eventually in spite of the degeneracy the 
core heats up to the temperature critical for helium burning. The starting 
of the helium burning appears to terminate the red-giant branch of the 
evolutionary track of a medium-weight star. 

What happens next in the evolution of a medium-weight star we do not 
know. It appears fairly likely that the envelope will contract again. It 
is completely uncertain, however, whether the central helium burning 
could cause convection extensive enough to mix the hydrogen from the 
outer parts of the star into the core and thus profoundly influence the 
subsequent evolutionary phases. Furthermore, the same dominant question 
which went unanswered for the massive stars faces us again for the 
medium-weight stars: does the star suffer a substantial loss of mass by 
ejection from the surface in those phases of its evolution when it is a 
red giant or supergiant with a greatly extended envelope? 

Mass Ejection 

Before we proceed with the main point of this section, the test of the 
theory of stellar evolution with the help of the Hertzsprung-Russell 
diagram, we should interject here a short but critical inspection of one 
major assumption which we have made implicitly throughout this book 
thus far, the assumption that the mass of the star remains substantially 
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constant throughout its evolution. This assumption is far from trivial. 
As a matter of fact, both mass growth by accretion and mass diminution 
by surface ejection have been investigated extensively. 

Regarding mass growth, the theory of accretion has shown that sub¬ 
stantial increases of a stellar mass by accretion from an interstellar 
cloud will occur only if the relative velocity of star and cloud is very 
small, much smaller than the average relative velocities. Substantial 
accretion appears therefore most likely quite a rare phenomenon. 

In contrast, a substantial mass loss by ejection from the surface may 
well happen to a large class of stars in a critical phase of their evolution. 
These critical phases do not include the main-sequence phases, at least 
not for the majority of stars. The present rate of mass loss of the sun, 
for example, is entirely negligible, and the same appears likely for most 
of the main-sequence stars, with the exception of some of the extremely 
massive stars of spectral types 0 and early B. These exceptional cases 
show spectroscopic evidence of significant mass ejection, possibly 
caused or at least aided by their strong radiation pressure. 

In contrast with the main-sequence phases several indications suggest 
that mass ejection in the red-giant phases may occur with such speed as 
to greatly influence evolution. The most direct evidence comes from the 
spectroscopic observation of one double star, OC Herculis, In this binary 
one component is a red supergiant while the spectrum of the other com¬ 
ponent shows absorption features most likely explained by circumstellar 
matter ejected from the red giant to large distances. Additional less 
direct evidence comes from the investigation of galactic clusters such 
as the Hyades or Praesepe. In these clusters the number of red giants 
is so low and their luminosity so moderate that it is hard to see how, in 
the red-giant phases, more than just a few percent of the total hydrogen 
store of a star could be burned. The addition of this small amount of 
hydrogen consumption to that occurring in the preceding main-sequence 
phases gives a total hydrogen consumption during the entire life of a 
star of probably less than 20 percent. It would thus appear likely that 
these stars do not end their active life by running out of hydrogen fuel, 
but instead perhaps by ejecting more than half of their mass (and hence 
most of their remaining hydrogen fuel store) back into interstellar space. 
Additional statistical evidence for this mode of ending a star’s active 
life will come up in §30. 

On the other hand, from theoretical considerations does it seem likely 
that a red giant is at all capable of ejecting a large fraction of its mass? 
Yes—for example, the following mechanism might cause such large-scale 
ejection. The average velocity of the macroscopic turbulence in the 
photosphere of red giants is known from spectroscopic investigations to 
approach sound velocity. Such violent turbulence will act as a strong 
source of acoustic noise. Some of these noise waves will progress up¬ 
wards and will represent a mechanical energy flux from the photosphere 
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into the chromosphere and corona of the star. The order of magnitude of 
this energy flux can be estimated, and turns out quite sufficient to provide 
the necessary rate of mass ejection, even if only a small percent of it is 
transformed into kinetic energy for escape. 

Altogether, we have to conclude that according to various indications 
it seems possible, if not even likely, that many stars suffer in the red- 
giant phase a substantial mass loss, and that this mass-ejection mecha¬ 
nism will have to be investigated before we can follow these stars 
securely through their final evolutionary phases. 

Time Lines in the Hertzsprung-Russell Diagram 

We are finally ready for the key test of the theory of stellar evolution, 
the comparison of the theoretical evolutionary tracks shown in Fig. 29.1 
with the observed Hertzsprung-Russell diagrams of clusters shown in 
Figs. 1.1 to 1.5—with a proper caution regarding all red-giant phases 
because of the uncertainty of possible mass losses. 

The line on which the stars of a cluster are found to fall in the Hertz- 
sprung-Russell diagram cannot be an evolutionary track. On the contrary, 
it must represent a time line, that is a line on which all stars of various 
masses must fall at a definite time after the birth of the stars. This 
interpretation of the line of the cluster as a time line presupposes that 
all the stars of one cluster were born essentially at the same moment, 
possessed essentially the same initial composition, and differ only in 
their mass, a presumption we have discussed already in §1. Therefore, 
to make the comparison between theory and observations possilbe, we 
have first to derive theoretical time lines from the theoretical evolutionary 
tracks. 

The derivation of the theoretical time lines follows directly from the 
model construction work described in the preceding chapters where we 
have not only determined evolutionary model sequences but have also 
computed the age at which a given star reaches a particular model in a 
given sequence. These ages are related to the luminosity of the star and 
also to the amount of hydrogen burned according to Eq.22.10. 

The results of these computations are shown in Fig. 29.2 for stars 
ranging in mass from 2.5 to 5.6 solar masses. In this figure are drawn 
the evolutionary tracks for eight stars of different masses for those 
evolutionary phases in which these stars spend probably more than three 
quarters of their active life, starting from the initial main-sequence phase 
(onset of hydrogen burning) to the phase of near-exhaustion of the hydrogen 
in the core (just preceding the short secondary contraction and the fast 
subsequent expansion into the red-giant phase). On each evolutionary 
track are marked those points which the star will reach at an age of 100, 
200, 400 and 800 million years respectively. Finally, the points corre¬ 
sponding to a fixed age are connected by a line across the evolutionary 
tracks, the time line corresponding to the age considered. 




§29. EVOLUTIONARY TRACKS IN H-R DIAGRAM 


269 



Comparison of the time lines of Fig. 29.2 with the Hertzsprung-Russell 
diagrams of galactic clusters shown in Fig. 1.5 (in which we here ignore 
the red giants ) shows an agreement qualitatively striking and quantitatively 
satisfactory—a most encouraging first result of our key test. 

An equally happy result is found when the theoretical time lines are 
compared with the observed Herzsprung-Russell diagrams of globular 
clusters. To make this comparison possible, approximate evolutionary 
tracks are given in Fig. 29.3 for three stars ranging from 1.15 to 1.25 
solar masses. These tracks cover the phases from the initial main- 
sequence to the final red-giant phase in which helium burning is sus¬ 
pected to commence at the center. On each of the three teacks the point 
is marked which corresponds to a stellar age of six billion years and a 
line is drawn through these three points across the three evolutionary 
tracks, thus forming the six-billion-year time line. This time Hne is, b; 
general character, in excellent agreement with the corresponding line 
the observed Hertzsprung-Russell diagram of the globular cluster M3, 
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shown in Figs. 1.4 and 1.5. Even quantitatively the agreement is satis¬ 
factory if one remembers the approximate nature of the theoretical evo¬ 
lutionary tracks, in particular the uncertainty caused by the possible 
mass loss during the red-giant phases and the inaccuracy of the radii of 
the red-giant models (caused by the unknown efficiency of the convective 
energy transport in the surface layers, discussed in §11). 

One more item can be checked, at least qualitatively. According to 
the theoretical evolutionary tracks in Fig. 29.1, the faintest dwarfs in 
the youngest clusters should still be in the pre-main-sequence contraction 
phase, and hence should lie to the right of or above the initial main 
sequence. That this is in fact the case is shown by the Hertzsprung- 
Russell diagram of the very young cluster NGC 2264 shown in the upper 
graph of Fig. 1.3. 

In summary, it appears that the observed Hertzsprung-Russell diagrams 
of clusters have provided a significant and positive check on the theory 
of stellar evolution, at least as far as the initial main-sequence state 
and the subsequent early evolutionary phases are concerned. This 
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positive outcome of our key test is worth great emphasis. But equal 
emphasis needs to be put on our present bad lack of understanding of the 
late evolutionary phases of a star which, though comprising only a small 
fraction of the total active stellar life, probably include all the more 
sparkling events, particularly those in which the heavy elements are 
formed. 

Age and Composition of Clusters 

The comparison of the time lines derived from theory and the observed 
Hertzsprung-Russell diagrams of clusters not only proves valuable as a 
check on the theory but also provides two sets of fundamental data, the 
first regarding the ages of the clusters and the second regarding the 
difference in initial composition between the stellar populations. 

The method of determining the age of a cluster follows directly from 
our preceding discussion of the theoretical time lines. All that is neces¬ 
sary to do is to fit the observed Hertzsprung-Russell diagram of a cluster 
into a family of theoretical time lines such as that of Fig. 29.2, determine 
by interpolation that time line which fits the observed diagram, and read 
off the age corresponding to this time line. 

If one applies this method to typical galactic clusters one finds, for 
example, for the age of the Pleiades about 100 million years and of the 
Hyades as well as Praesepe about one billion years. With very few ex¬ 
ceptions, such as M67 (shown in the lower graph of Fig. 1.3), the galactic 
clusters are found to have ages less than two billion years; some galactic 
clusters with extremely bright stars, such as NGC 2264 (shown in the 
upper graph of Fig. 1.3), turn out to be even younger than 10 million 
years. This short time scale for the very youngest clusters is in agree¬ 
ment with the ages determined by the observed expansion rate for some 
of these clusters. 

On the other hand, when one fits the Hertzsprung-Russell diagram of a 
globular cluster such as M3 (shown in Fig. 1.4) into a family of theoreti¬ 
cal time lines—the most relevant of which is shown in Fig. 29.3—one 
finds an age of approximately 6 billion years, even a little longer than 
the 4.5 billion years estimated for the sun's age from geophysical evi¬ 
dence. This age determination for the globular clusters, however, must 
still be considered with appreciable caution; it may well be wrong by 
30 percent. This distressing uncertainty is caused in part by the present 
uncertainty of the transformation from apparent to absolute magnitude of 
the observed Hertzsprung-Russell diagrams of globular clusters and in 
part by the present lack of accurate evolutionary model sequences for a 
variety of stellar masses and initial compositions. 

But in spite of these inaccuracies in the present age determinations 
for clusters it now seems certain that the majority of the galactic clusters, 
representing the young Population I stars, are less than one billion 
years old, while the globular clusters, characteristic for the extreme 
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Population II stars, are more than three billion years old. This approxi¬ 
mate quantitative determination of the age difference between the extreme 
populations is perhaps the strongest argument for interpreting the sequence 
of stellar populations represented in Table 3.1 as an age sequence. 

In addition to the ages of the clusters one other datum can be derived 
from the theoretical evolutionary tracks, namely a confirmation of the 
difference in initial composition between the stellar populations which 
previously had been derived from spectroscopic observations. The dif¬ 
ference in the theoretical evolutionary tracks for medium-weight stars of 
different heavy-element abundances is shown in Fig. 24.3. If one com¬ 
pares this graph (with its decrease in effective temperature of the red- 
giant branch with increasing metal content) with the Hertzsprung-Russell 
diagrams for the old galactic cluster M67 and the typical globular cluster 
M3 (Fig. 1.5), one finds the spectroscopic observation confirmed tbat 
Population 11 has a low heavy-element abundance compared with Popu¬ 
lation I. This qualitative confirmation of the composition difference 
between stellar populations should be fairly secure since it is based on 
differential effects, even though the theoretical evolutionary tracks for 
the red-giant phases used here are much less certain than those for the 
early evolutionary phases used in the age determinations. 

The determination of the ages of stellar clusters and the confirmation 
of the composition differences between stellar populations appear to be 
the first fruits of the theory of stellar evolution which provide some of 
the basic data on which a theory of the evolution of our galaxy as a 
whole may be built. 


30, Vital Statistics of the Stars 

In the preceding section we have applied the theory of stellar evolu¬ 
tion to individual stars and special families of stars as represented by 
stellar clusters. In this final section we shall apply the theory to the 
statistics of the entire assembly of stars in the solar neighborhood and 
to some extent even to the whole galaxy. 

Clearly the theory of stellar evolution is as yet too inaccurate and too 
incomplete to give secure and definite answers to most of the central 
questions in this wide application. Accordingly the main point of this 
section is not so much to describe the present tentative answers to these 
questions as to bring out the main problems of the vital statistics of the 
stars for which the theory of stellar evolution may provide definite 
answers in the forseeable future. 

Before we start with these theoretical problems let us review in brief 
the statistical data derived from observations of the stars in our immedi¬ 
ate galactic surroundings. 
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Galactic Densities and Luminosity Functions 

Teible 30.1 gives a very condensed and approximate summary of the 
statistical results obtained from the observations of the stars in the 
solar neighborhood. This table lists the major types of objects in the 
solar neighborhood, including the interstellar gas, and gives for each 
type an estimated mass density, in units of solar masses per cubic 
parsec. The main-sequence stars are here divided into two types, the 
bright ones and the faint ones, with the division line placed at approxi¬ 
mately that luminosity which divides those with lifetimes shorter than 
5 billion years from those with lifetimes longer than this value. 

Tad^le 30.1 shows that the bright stars, be they main-sequence stars or 
red giants, contribute little to the total mass density, that the inter¬ 
stellar gas represents about 20 percent of the total mass, and that the 
main contribution, approximately 70 percent, rests in the most unstirring 
stellar type, the faint main-sequence stars which evolve so slowly that 
little has happened to them since they were bom. 

Even for our rough survey purposes the summary of Table 30.1 is not 
quite sufficient since it groups together in each type stars of widely 
varying luminosities, that is stars with great differences in speed of 
evolution and hence in vital statistics. More detailed information re¬ 
garding the frequency distribution of stellar luminosities is given by the 
luminosity function, which represents the number of stars per cubic 
parsec in the solar neighborhood per magnitude interval as a function of 
the visual absolute magnitude. The choice of the visual absolute magni¬ 
tude as the independent variable for the luminosity function is purely a 
matter of convenience in handling the observational data. Theoretically 
the basic quantity for which we should investigate the frequency dis¬ 
tribution is the stellar mass. The transformation from the visual absolute 
magnitude to the mass is an unnecessary complication, however, since 
these two quantities are uniquely related to each other, at least for the 
bulk of the stars, those of the main sequence. 

TABLE 30.1 

Approximate mass densities in the solar neighborhood. (Lectures 

by J. Oort in Princeton, 1952, unpublished.) __ 


Density 

Objects (Mq/cu. ps.) 


Interstellar gas 0.012 

Bright main-sequ. stars (Myjg < + 3) 0.002 

Faint main-sequ. stars (Afyig > + 3) 0.04 

Red giants 0.001 

White dwarfs 


Total 0*06 


Table 30.2 gives not only the luminosity function for all stars, 

but also the luminosity functions and <^j{q for the main-sequence 
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TABLE 30.2 


Luminosity functions, (van Rhijn, Groningen Pub., No. 47, 1936; 
Trumpler and Weaver, Statistical Astronomy, p. 409, Univ. 
of California Press, 1953.) 


^vis 

log 

^MS 

log 9^MS 

log ^RG 

-6 

1.63-10 

0.45 

1.28-10 

1.37-10 

-5 

2.77 

0.50 

2.47 

2.47 

-4 

3.58 

0.55 

3.32 

3.23 

~3 

4.12 

0.60 

3.90 

3.72 

-2 

4.71 

0.65 

4.52 

4.25 

-1 

5.32 

0.60 

5.10 

4.92 

0 

5.98 

0.50 

5.68 

5.68 

+ 1 

6.59 

0.50 

6.29 

6.29 

+ 2 

6.71 

0.80 

6.61 

6.01 

+ 3 

6.98 

0.90 

6.93 

5.98 

+ 4 

7.29 

1.00 

7.29 

_ 

+ 5 

7.40 

1.00 

7.40 


+ 6 

7.45 

1.00 

7.45 

— 


stars and for the red giants respectively. The division of all the stars 
into main-sequence stars and red giants can be accomplished for the 
brighter magnitudes in a fairly well-defined manner by the use of the 
Hertzsprung gap, which separates the red giants from the upper main 
sequence. In the F stars, however, where the subgiants merge with the 
main sequence, the division is somewhat arbitrary, and in consequence 
the two separate luminosity functions are slightly less well defined in 
this region. 

As a first preliminary application of the luminosity functions let us 
compute the total luminosity emitted by all the main-sequence stars, as 
well as that emitted by all the red giants, in one cubic parsec. To 
derive these total luminosities we multiply the respective luminosity 
functions by the luminosity (in units of the solar luminosity) and inte¬ 
grate over the visual absolute magnitude. We thus obtain 



L L 

- dM . = 0.13-^ 


Lq cu. ps. 

II. , dM . = 0.017 —. 
L cu. ps. 


(30.1) 

(30.2) 


To see which stars contribute most to these total luminosities the inte¬ 
grands of Eqs.(30.1) and (30.2) are shown in Fig. 30.1. 

The left-hand graph of Fig. 30.1 shows the situation for the main- 
sequence stars. Here the major portion of the total luminosity is pro¬ 
vided by the B and 0 stars. Unfortunately the size of this major con¬ 
tribution is very uncertain owing to the great uncertainty in the bolo- 
metric correction. This correction is needed for the transformation from 
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the observed visual luminosities to the over-all bolometric luminosities, 
which for the hot 0 and B stars fall largely in the unobserved ultra¬ 
violet. Accordingly, the bolometric corrections which are listed in Table 
30,3 for the main-sequence stars are very uncertain at the brightset 
luminosities and the curve in Fig. 30.1 is rather a pure extrapolation for 
visual absolute magnitudes brighter than -2. 



Fig. 30.1. Total luminosity emitted from one cubic parsec by main- 
sequence stars (left) and by red giants (right). 


The right-hand graph of Fig. 30.1 shows a simple situation for the red 
giants: the ordinary red giants with visual absolute magnitudes around 
+ 1 provide most of the total luminosity, but also the supergiants (nega¬ 
tive visual absolute magnitudes) contribute a substantial fraction. For 
the red giants the bolometric correction does not present a serious 

problem. Since the majority of them are of spectral types G and K the 

constant bolometric correction of-“0.2, which was used for the computa¬ 
tion of Eq. (30.2), should be sufficiently accurate for our purposes. 

In spite of the serious uncertainty in the main-sequence luminosity 
function, two conclusions seem safe. First, stars as faint as or fainter 
than the sun contribute virtually nothing to the total luminosity emitted 
per cubic parsec; their very large number does not make up for their very 
low luminosity. Second, the main-sequence stars emit a total luminosity 
exceeding that emitted by the red giants by a factor of at least 5. 

These conclusions have a direct bearing on the statistics of stellar 
evolution since the total luminosity is a direct measure of the total rate 

of nuclear fuel consumption. It thus follows, first, that the amount of 

nuclear fuel burned by the stars less massive than the sun is negligible 
compared to that burned by the stars heavier than the sun, and second, 
that the heavier stars burn much more fuel in their main-sequence phase 
than in their red-giant phase. This second deduction lends further 
weight to the suspicion that the heavier stars spend most of their active 
life in the main-sequence phases and a much shorter time in the subse¬ 
quent red-giant phases, a suspicion which we have discussed already in 
the preceding section. 
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Birth-Rate Function 

As our second and principal application of the luminosity function let 
us derive the central item of the vital statistics of the stars, their birth 
rate. Let us define a birth-rate function xj/ as the number of star births 
per cubic parsec per year per magnitude interval as a function of the 
visual absolute magnitude. To derive this function we have to consider 
separately the faint and the bright main-sequence stars. For the faint 
stars the time spent in the main-sequence phases rj^g> ^iU be longer 
than the relevant time of galactic development, say 5 billion years. 
Accordingly, their average birth rate during this interval can be computed 
by simply dividing the present number of main-sequence stars, by 

5 billion years. For the bright stars this procedure would give erroneous 
results because a majority of the bright stars bom during the past 5 
billion years will have passed the main sequence phases in their evolu¬ 
tion long ago and will by now be white dwarfs. All the bright stars now 
on the main sequence must have been bom in a time interval equal to 
their life time on the main sequence, r^^g. Accordingly, to obtain their 
birth rate one has to divide their present number, not by 5 billion 

years but by their main-sequence lifetime. Thus the birth-rate function 
for stars of all brightnesses can be derived by the formulae 




^MS 


5 xio" 

^MS 

^MS 


if Tj^g > 5 X 10® yrs., 
if fj^g < 5 X 10® yrs. 


(30.3) 


Eqs. (30,3) give the birth rate as a time average, over a time interval 
that is short and recent for the brightest stars but very long for the 
fainter stars. Since the birth rate may well have varied systematically 
during this long time interval, we shall have to be much more cautious 
in the use of the birth-rate function for the fainter stars than in the use 
of that for the brighter stars. 

Before we can apply the second of Eqs. (30.3) we have to determine 
the main-sequence lifetimes for the bright stars._ During the main- 
sequence phases a star burns a certain fraction AYj^g of its hydrogen 
content. Multiplying this fraction by the total mass of the star gives the 
mass of hydrogen burnt. Multiplying this mass by the transmutation 
factor defined in Eq. (10,21) gives the total energy released by the 

hydrogen burning, and, finally, dividing by the luminosity gives the time 
the star spends on the main sequence: 


MS_ c c 


L 


(30.4) 
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According to the computations of §22, the fraction of hydrogen burned 
during the main-sequence phases is about 13 percent, i.e. = 0.13, 

and this value appears to be fairly constant over a rather wide range of 
stellar masses. With this numerical value Eq.(30.4) takes the convenient 
form 

M L 

log (yrs). = 10.11 + log --log — . (30.5) 

L 0 

If we introduce into this equation the masses and luminosities of main- 
sequence stars listed in Table 30.3 we obtain the lifetimes given in 
Table 30.4. 

We now have all the data necessary to compute the complete birth-rate 
function with the help of Eqs.(30.3). The results of the computations are 
given in the last column of Table 30.4. 

The birth-rate function thus derived is shown in Fig. 30.2, in com¬ 
parison with the observed main-sequence luminosity function. The slope 

TABLE 30.3 

Luminosities and masses for main-sequence stars. (Spectral types from 
Trumpler and Weaver, Statistical Astronomy, p. 359 and p. 409; colors 
from Johnson and Morgan, Ap,J» 117, p. 313, 1953; bolometric correc¬ 
tions from Table 1.1; masses from Fig. 2.1.) 



Sp. T. 

B-V 

B. C. 

^ol 

, L 
log-y 

M 

‘”*50 

-2 

B2 

-0.24 

-2.8: 

-4.8: 

+3.77: 

+1.26 

-1 

B5 

-0.16 

-1.8 

-2.8 

+ 2.97 

+0.86 

0 

B8 

-0.09 

-1.19 

-1.2 

+2.33 

+ 0.60 

+1 

AO 

0.00 

-0.72 

+ 0.3 

+ 1.84 

+0.40 

+2 

A5 

+ 0.15 

-0.29 

+1.7 

+ 1.17 

+0.24 

+3 

FI 

+0.33 

-0.07 

+2.9 

+ 0.69 

+ 0.14 

+4 

F7 

+ 0.50 

0.00 

+4.0 

+ 0.25 

+ 0.04 

+5 

G2 

+ 0.63 

-0.05 

+4.9 

-0.11 

-0.04 

+6 

KO 

+ 0.82 

-0.20 

+5.8 

-0.47 

-0.10 


TABLE 30.4 

Lifetime of main-sequence stars, (in yrs.) and the birth rate function 
ijj (in no. of births per cubic parsec per year). 


M . 

VIS 

Sp. T. 

'"ms 

log ill 

-2 

B2 

7.60 

6.92-20 

-1 

B5 

8.00 

7.10 

0 

B8 

8.38 

7.30 

+ 1 

AO 

8.67 

1.62 

+2 

A5 

9.18 

7.43 

+3 

FI 

9.56 

7.37 

+4 

F7 

[ 9.90' 

7.59 

+5 

G2 

[10.18 

7.70 

+6 

KO 

LlO.48 

7.75 
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Fig. 30.2. The birth-rate function (left) compared with the luminosity function 
for the main-sequence stars (right). 

of the birth-rate function is surprisingly shallow; relatively faint stars 
like the sun « + 5) have a birth rate only about four times higher 

than bright stars like typical B stars «“1). In contrast, the ob¬ 

served luminosity function has a very steep slope for stars brighter than 
the sun. We can now explain this observed scarcity of the brightest 
stars, not so much by a low birth rate on their part, but rather by the 
very short time which they spend in the main-sequence phases, which 
automatically reduces the number of bright stars existing at any one 
time. 

The derivation of the birth-rate function is based cleeirly on a highly 
simplified picture of the statistics of stellar origin and evolution. Under 
the circumstances it is particularly valuable that a check on the birth¬ 
rate function is provided by the stellar clusters—which have given us 
again and again major clues and checks in these investigations. If we 
consider a very young galactic cluster, and if we assume that the star- 
forming process in the cluster is similar to that in the general neighbor¬ 
hood of the sun, then we should expect the present frequency distribution 
in visual absolute magnitudes of the cluster stars to be directly pro¬ 
portional to the birth-rate function, as long as we exclude from our 
considerations those extremely bright stars which may have left the 
main-sequence phases by now in spite of the short age of a young clus¬ 
ter. The available data for the luminosity functions in young clusters 
are still rather limited, but as far as they go they indicate a frequency 
distribution of stellar magnitudes in these clusters which is satis¬ 
factorily close to the derived birth-rate function and has definitely a 
much shallower slope than the observed luminosity function of the soleir 
neighborhood. Thus the first check on the attempts of deriving the vital 
statistics for the stars has turned out positive. 
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With the help of the birth-rate function we can immediately gain an 
approximate answer to the question: what fraction of the interstellar gas 
that goes into star formation is forming bright stars (brighter than, say, 
+ 3 in visual absolute magnitude). If we multiply the birth-rate function 
of Table 30.4 by the masses of Table 30.3 and integrate over all visual 
absolute magnitudes brighter than + 3 we obtain 


L 


+ 3 ^ 7Jif 

^ - • m . 


9.10“ 




cu. ps. yr. 


(30.6) 


Furthermore, if we multiply this rate of mass consumption for the forma¬ 
tion of bright stars by the relevant time interval we find 

M 

0.05- in 5 X 10® yrs. (30.7) 

cu. ps. 


This value represents the total mass per cubic parsec which has gone 
into the formation of bright stars during the past 5 billion years. This 
value is much larger than the value given in Table 30.1 for the presently 
existing bright main-sequence stems, as was to be expected since the 
vast majority of the bright stars formed during the past 5 billion years 
have long ago passed beyond the main-sequence phases. 

On the other hand, the value we have just found for the mass that has 
gone into the formation of bright stars is just about equal to the value 
given in Table 30.1 for the mass of the present faint main-sequence 
stars. This latter value must of course be equal to the total mass that 
has gone into the formation of faint stars all through the past 5 billion 
years, since practically none of these faint stars can have evolved 
beyond the main-sequence state. Even though the close coincidence of 
these two numerical values is purely fortuitous—both of them being very 
uncertain, especially the one given by Eq.(30.7)—we may conclude that 
by order of magnitude an equal amount of interstellar matter goes, in a 
given time interval and space volume, into the formation of bright stars 
as goes into the formation of faint stars. We shall make use of this 
deduction in the last part of this section. 

We must not omit reminding ourselves of one serious limitation in the 
whole preceding discussion- All the observed statistical data which we 
have used refer to the solar neighborhood. This solar neighborhood is at 
best representative of one specific short portion of one specific spiral 
arm in our galaxy, and can thus hardly be taken as representative of the 
whole galaxy. In particular, the vast majority of stars in the solar 
neighborhood belong to Population 1, and our results therefore refer to the 
vital statistics of this population only. On the other hand, for the galaxy 
as a whole Population 11 most likely represents a substantial fraction of 
the total mass, and the vital statistics of this population, of which thus 
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far we know very little, must have a decisive influence on the over-all 
galactic development. Specifically, the question whether the result we 
have just derived for Population I (that is, that a large fraction of the 
mass goes into the formation of the brighter stars) held also for Popula¬ 
tion II during its formation time is a major unsolved problem at present 
and a serious stumbling block for the theory of the over-all galactic 
evolution- 

Death Rate 

For the brighter stars, which have life times shorter than say 5 billion 
years we may expect the average death rate to be in approximate balance 
with the birth rate. Consequently we can compute the total number of 
star deaths per cubic parsec per year by simply integrating the birth-rate 
function of all the brighter stars down to that value of the visual abso¬ 
lute magnitude at which the total stellar lifetime is approximately equal 
to 5 billion years. 

Earlier in this section we have found arguments indicating that the 
brighter stars spend most of their active life in the main-sequence 
phases. Consequently we may assume that the total lifetime of these 
stars will exceed by only a little the lifetime for the main-sequence 
phases given in Table 30.4. Accordingly, we find from the table that to 
obtain the total death rate we should integrate the birth-rate function 
down to a visual absolute magnitude of about + 3. Thus we find 

f dM^.^ = 1.3 X io-» ^ 

cu. ps. yr. 

If we multiply this death rate by 5 billion years we obtain for the total 
number of stars that died in the past 


0.006 ^2?^ in 5 X 10» yrs. (30.9) 

CU. ps. 

Obviously we should compare this total number of star deaths with the 
number of observed white dwarfs, which we feel sure represent the very 
stars that died. The observational determination of the number of white 
dwarfs per cubic parsec is as yet difficult and uncertain. Present esti¬ 
mates give approximately 


0.005 


white dwarfs 


cu. ps. 


(30.10) 


The close coincidence of this number with that for the past star deaths 
given in Eq. (30.9) is entirely accidental; each of the two numbers may 
easily be wrong by a factor 2 and possibly by a rather larger factor. It 
is, nevertheless, most encourging to find that our statistical data do not 
at all disagree with the hypothesis that the white dwarfs now existing 
might all be the consequence of previous star deaths. 
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Again we should remind ourselves that our vital statistics thus far all 
refer to Population I stars, but that their uncertainties are so great that 
it is far from excluded that a substantial fraction of the observed white 
dwarfs have come into being by deaths of Population .11 stars. 

should discuss one more phenomenon that is thought to be asso¬ 
ciated with star deaths, the supernovae. It is estimated that in a galaxy 
supemovae occur at a rate of 1 in approximately 500 years. If we assume 
that this rate is representative for the past 5 billion years, and if we 
reduce the rate per galaxy into a rate per cubic parsec by using the ratio 
of the mass of the galaxy to that of a cubic parsec in the solar neighbor¬ 
hood (which is approximately 10^^), we find for the total number of past 
supernovae 

0.00001 - in 5X 10^ yrs. (30.11) 

cu. ps. 

If we compare this number with the total number of star deaths given in 
Eq.(30.9) we have to conclude that the vast majority of star deaths do 
not lead to the supernova phenomenon, but on the contrary that at the 
very most 1 percent of all stars go through the supernova process at the 
end of their active life, do not know as yet whether in order to 

become a supernova the star must fulfill very narrow conditions regarding 
mass and composition, or whether the selection occurs according to a 
condition on a secondary characteristic, such as unusually low rotational 
momentum. 

Irreversible Developments 

Let us close this book by considering the problem of the over-all long- 
range development of matter in our galaxy—or, more precisely and more 
modestly, of the matter in the solar neighborhood. Specifically, two 
processes in this development appear of cosmological interest because 
of their one-way character: the transformation of interstellar matter into 
white dwarfs and the transmutation of hydrogen into the heavy elements. 
It must be clear from the preceding discussions that our knowledge of the 
evolution and vital statistics of the stars is far from sufficient to deduce 
a secure picture of these one-way processes, l^e can, however, draw a 
tentative picture of them which appears to fit the available theoretical 
and observational data and which, though far from certain, may be useful 
as a working hypothesis for future investigations. This picture runs as 
follows. 

Let us suppose that the matter of the solar neighborhood started in the 
form of interstellar matter. Then stars condensed out of it, first the 
Population 11 stars and then the Population I stars. The rate of star 
formation may possibly have been very high during the initial phases of 
galactic development, but then presumably settled down to values 
approximating the birth-rate function given in Table 30.4. 
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According to the third line of Table 30.1 and Eq.(30,7) about half of 
the condensing mass goes into the formation of bright stars with rela¬ 
tively short lifetimes, and the other half into the formation of faint stars 
with long lives. A bright star spends most of its active life in the main- 
sequence phases, subsequently spends a limited time in the red-giant 
phases, and may then terminate its active life by ejecting a large portion 
of its mass (possibly as much as 85 percent) while the rest settles into 
a white dwarf. Thus most of the mass condensing into bright stars is 
again and again returned to the interstellar gas; only about 10 percent of 
all the mass in the solar neighborhood has as yet been permanently 
bound by transformation into white dwarfs at the death of bright stars 
(according to the fifth line of Table 30.1). 

The matter that has at any time during galactic life condensed into 
faint stars still exists largely in the form of faint main-sequence stars 
because of their long main-sequence lifetimes. According to the third 
line of Table 30.1 this matter amounts to about two thirds of the total 
mass in the solar neighborhood. It is not known whether these faint 
stars, upon termination of their active life, will eject any substantial 
fraction of their mass. It seems plausible, however, that this fraction 
will not exceed, say, one third, since even without any ejection the 
masses of these faint stars fall below the limit permissible for white 
dwarfs. If the last assumption is right, we can conclude that about 50 
percent of the mass of the solar neighborhood is by now permanently 
bound within stars (roughly 40 percent in the faint main-sequence stars 
and 10 percent in the white dwarfs) while in the interstellar gas, accord¬ 
ing to the first line of Table 30.1, there is left at present only about 20 
percent of the total mass. This latter percentage may, however, be 
supplemented in the future by another 30 percent through ejection from 
dying faint stars. 

Thus it seems likely that at the present time the permanant trans¬ 
formation of the interstellar matter into stars is not far from having 
reached the halfway mark. 

How does it stand with the second one-way process, the transmutation 
of hydrogen into the heavy elements? Here the principal questions are: 
first, can we uphold the assumption that the galaxy initially had a com¬ 
position of pure hydrogen, and second, how far has the transmutation 
into heavier elements proceeded by now? 

The first step of the nuclear transmutations, that from hydrogen to 
helium, is the main source of stellar energy. Its over-all rate in the 
solar neighborhood can therefore be estimated by dividing the total 
luminosity of one cubic parsec, as given by the sum of Eqs.(30.1) and 
(30,2), by the total mass of the same volume, as given by the last line 
of Table 30.1. This ratio turns out to be about 2.5 times larger than the 
corresponding ratio for the sun. Since the sun has transformed approxi¬ 
mately 5 percent of its mass into helium during the past 5 billion years 
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we may conclude that all the stars in the solar neighborhood together 
have produced a 12 percent helium abundance during the past 5 billion 
years. 

This amount of helium is sufficient to supply the material necessary 
for the formation of the existing white dwarfs. It is not sufficient, 
however, to account for the helium content of Population I stars such as 
the sun. Nor should it be, since this helium (amounting to roughly 
another 12 percent of the galactic mass) must have existed in the inter¬ 
stellar matter at the time of the very beginning of the formation of Popu¬ 
lation I stars. Thus, if we want to hold on to the assumption of a pure 
hydrogen composition of the initial galaxy, we have to burden the early 
born, fast living, bright Population II stars (whose number appears 
completely unknown) with the task of producing and ejecting all the 
helium now found in Population I, a heavy but not impossible task. 

The second step of the nuclear transmutations, that from helium to the 
intermediate elements such as oxygen, does not appear to present any 
over-all problems different from those of the first step. We have seen 
that the bright stars, soon after having transformed all the hydrogen into 
helium in their cores, will raise their central temperatures by contraction 
to those values necessary for the transmutation of helium into the inter¬ 
mediate elements. Thus whenever helium is produced and ejected during 
the evolution of a bright star, the same is likely to be true for the inter¬ 
mediate elements to a lesser but sufficient degree. 

The last step in the nuclear transmutations, that from the intermediate 
elements to the heavy ones such as iron, poses a new problem. This 
step requires such high temperatures that it appears unlikely that they 
are reached anywhere except in the special evolutionary phases just 
preceding or during the supernova phenomenon. If the present supernova 
rate given in Eq.(30.11) had had to provide the total iron abundance in 
Population I stars, which according to Table 4.1 amounts to approxi¬ 
mately 0.1 percent, each supernova would have had to eject six solar 
masses of pure iron—an improbably large amount. In reality, however, 
this requirement does not exist since the heavy elements now contained 
in Population I stars must have been produced prior to the beginning of 
the formation of these stars. Thus we must burden the bright stars of 
Population II evolving early in galactic history also with this task, 
heavy again but not impossible. 

Our present tentative answers to the principal questions regarding 
galactic composition may then be these. We may retain the assumption 
of an initial galactic composition of pure hydrogen; nothing can contra¬ 
dict this assumption until we gain some knowledge about the number and 
evolution of the bright stars early in galactic history. And regarding the 
present degree of transmutation into the heavier elements, some 25 
percent of the whole galactic mass appears to have made at least the 
first step to helium. 
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Vni. SUMMARY AND REVIEW 


Do we then live in an adult galaxy which has already bound half of its 
mass permanently into stars, and has consumed a fourth of all its fuel? 
Are we too late to witness the turbulent sparkle of galactic youth but 
still in time to watch stars in all their evolutionary phases before they 
settle into the permanence of the white dwarfs? 
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luminosity distribution in stars, tables, 254ff 
luminosity function: 273ff galactic clusters, 278 


magnetic A stars, 28 

magnitude: apparent, 6; bolometric, 7ff; visual absolute, 1 

main sequence: evolution of upper, 184ff; life time on, 276ff; lower, 131ff; lumi¬ 
nosity function, 274; observations, 1; tables for stars, 254ff; upper, 121ff 
mass, observations of stellar, 12ff 
mass distribution in stars, tables, 254ff 
mass ejection: 266ff; red giants, 282 
mass limit for white dwarfs, 233ff 

mass-luminosity relation: approximate theory, 42ff; observational determination, 
15ff; upper main-sequence models, 130 
mass-radius relation for white dwarfs, 232ff 
meridianal circulation: rotating star, 175ff; speed, 179ff 
metallic-line A stars, 28 
mixing length, convection, 49, 133, 218 

model characteristics: evolution of upper main sequence, 191, 193; initial lower 
main sequence, 136; initial upper main sequence, 129; prennain-sequence con¬ 
traction, 160; present sun, 204; red giants, 214, 217; simplified evolution, 
170; subdwarfs, 143 
models for stars, tables, 254ff 
modified Kramers* law, 69 
molecular weight, 54 
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neutrino loss: carbon cycle, 76; proton-proton reaction, 75 
neutrons, production, 88 
noise, 267 

non-dimensional variables, 103 
nuclear energy, 34ff 

nuclear energy generation: rates, 81ff, 85; summary, 250ff 

nuclear reactions: 73ff; equilibrium abundances produced by, 80ff; instability 
caused by, 240ff; rates, 77ff 
nuclear transmutations, galactic rate, 282ff 
numerical integration: 113ff; formulae, 119 

opacity, see absorption coefficient 
over-all problem, %ff 

partial degeneracy, 60ff 

partially degenerate cores, 21 Iff 

perturbation: rotating star, 175ff; tidal force, 147ff 

photo-ionization, 63 

Poisson equation, transformation, 151 

poly trope, 125 

poly tropic index, 109 

polytropic index in stellar models, tables, 254ff 
populations, see stellar populations 
pre-main-sequence contraction, 156ff 
pressure, order of magnitude, 32 
pressure in stars, tables, 254ff 

proton-proton reaction: 75ff; at high densities, 241; for lower main sequence, 
132; in subdwarfs, 141; in white dwarfs, 239ff; summary of occurrence, 250 
pulsational instability, white dwarfs, 242ff 

radiation energy density, 39 
radiation flux: 39; rotating star, 177 

radiation pressure: 39, 55ff; relation with temperature, 41; summary of impor¬ 
tance, 249; upper main-sequence stars, 122, 128 
radiation transfer equation, 38ff 
radiative envelopes, 91 
radiative equilibrium: 39ff; stability, 44ff 
radius, observations of stellar. Iff 

rate of evolution: during core contraction, 226; summary, 263ff; upper main se¬ 
quence, 195ff; white dwarfs, 243ff 
rate of star deaths, 280ff 
rate of star formation, 276ff 

red dwarfs: luminosities and radii. Iff; masses, 15; models, 131 ff 
red giants: luminosities and radii, 2; luminosity function, 274; mass ejection, 
267; masses, 16ff; models, 21 Iff; table of model, 260ff; top of branch, 228; 
total hydrogen consumption, 267 
relativistic degeneracy: 58ff effect, 234 
relativistic gravitational red shift, 13 
rotation velocity: critical, 182ff; observed, 183 
rotational distortion, 178ff 

rotational mixing: 175ff; effects of inhomogeneities, 183ff 

secular instability, in white dwarfs, 240ff 

series developments: at center, 114ff; at surface, 115ff 

shell source models, 208ff 

shell, energy producing, 215ff 

simplified example of evolution, 165ff 

spectroscopic binaries, 13ff 

spectroscopic differences between populations, 21ff 
S-stars, 28, 88 
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stability: condition at composition discontinuity, 167ff; radiative equilibrium, 
44ff; thermal equilibrium, 43ff; white dwarfs, 240ff 
standard transformation, 103 
statistics, vital, 272ff 
stellar models, see models 

stellar populations: 17ff; composition differences between, 27; differences be¬ 
tween evolution tracks, 219ff; difference in age, 271ff; difference in initial 
state, 139ff; kinematics, 19ff; sequence, 23 
stimulated emission, 66 

subdwarfs: helium abundance, 145ff; models, 139ff; observations, 11 
subgiants: masses, 16ff; models, 213ff 

sun: age, 18; bolometric magnitude, 8; change in luminosity, 206ff; composition, 
24ff, 206; effective temperature, 8; evolution, 199ff; hydrogen depletion, 199ff; 
luminosity, 8; mass, 13; model for initial state, 137ff; model for present state, 
204ff; radius, 8; table of model, 259 
supemovae, frequency, 281 
supplementary transformation, 106 
surface layers: 89ff; red giants, 217ff 

temperature-density diagram: equation of state, 54; four representative stars, 
248; opacity, 72; stellar envelopes, 92 
temperature in stars: order of magnitude, 32; summary, 247ff; tables, 254ff 
thermal energy: 33; in white dwarfs, 243ff 
thermal equilibrium: 35ff; stability, 43 
Thompson scattering, 64 

time lines, Hertzsprung-Russell diagram, 268ff 
time scale of evolution, see rate of evolution 
transformations, 103ff 

transmutation: heavier elements, 86ff; hydrogen and helium, 85ff 
triple-alpha process: 83ff; occurrence, 226, 228 
turbulence in interstellar matter, 21 

uniqueness of solution, 97ff 

upper main sequence: evolution, 184ff; initial state, 121ff 

UV plane: contracting cores, 223; evolution of upper main sequence, 189; iso¬ 
thermal cores in heavy stars, 210; present sun, 203; samples of, llOff; sim¬ 
plified evolution, 169; upper main sequence, 127 

virial theorem, 34 

visual binaries, 14ff 

vital statistics of stars, 272ff 

white dwarfs: cooling time, 243ff; instabilities, 240ff; internal temperatures, 
237ff; luminosities and radii, 2, llff; mass-radius relation, 232; masses, 16ff; 
non-degenerate surface layers, 237ff; number, 280; structure, 230ff; table of 
model, 262; thermal energy, 243ff; thermodynamics, 236ff 


zero boundary conditions, 89 
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Mass and composition of the stars are also discussed. Chapters 2 &: 3 cover 
the basic physical laws and processes and mathematical techniques that are 
fundamental to a theory of the stellar interior, including such subjects as 
hydrostatic and thermal equilibrium, radiative and convective energy trans¬ 
port, equation of state and opacity, nuclear reactions, surface layers, transfor¬ 
mations and invariants, and numerical integrations. The next four chapters 
provide a detailed account of stellar model construction, starting with the 
initial main-sequence models, continuing with sequences of models for succes¬ 
sive evolutionary phases, and ending with the final white-dwarf models. In his 
final chapter. Professor Schwarzschild summarizes and reviews the major 
physical results that arise from the model construction work, covering: tem¬ 
peratures and densities, nuclear energy sources, evolutionary tracks of massive 
and medium-weight stars, the compari.son of theoretical evolutionary tracks 
with observed Hertzsprung-Russell diagrams of clusters, galactic densities and 
luminosity functions, the birth-rate function, etc. 
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